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PREFACE  TO  FIRST  EDITION. 

In  the  preeent  Work  I  have  endeavoured,  without  exceed- 
ing the  usual  size  of  an  Elementary  Treatise,  to  give  a 
comprehensive  account  of  the  Analytical  Geometry  of  the 
Conic  Sections,  including  the  most  recent  additions  to  the 
Science. 

For  several  years  Analytical  Geometry  has  been  my 
special  study,  and  some  of  the  investigations  in  the  more 
advanced  portions  of  this  Treatisle  were  first  published  in 
Papers  written  by  myself.  These  include :  finding  the 
Equation  of  a  Circle  touching  Three  Circles ;  of  a  Conic 
touching  Three  Conies ;  extending  the  equations  of  Circles 
inscribed  and  circumscribed  to  Triangles  to  Circles  in- 
scribed and  circumscribed  to  Polygons  of  any  number  of 
sides;  the  extension  to  Conies  of  the  properties  of  Circles 
catting  orthogonally ;  proving  that  the  Tact-invariant  of 
two  conies  is  the  product  of  Six  Anharmonic  Batios ;  and 
some  others. 

Of  the  Propositions  in  the  other  parts  of  the  Treatise, 
the  proofs  given  will  be  found  to  be  not  only  simple  and 
dementary,  but  in  some  instances  original. 

In  compiling  my  Work  I  have  consulted  the  writings  of 
various  authors.  Those  to  whom  I  am  most  indebted  are : 
Salmon,  Chasles,  and  Clehsch,  from  the  last  of  whom  I 
have  taken  the  comparison  of  Point  and  line  and  Line 
Oo-ordinateB  (Chapter  II.,  Section  III.) ;  and  Aronhold's 
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notation  (Chapter  VIII.,  Section  III.),  now  published  for 
the  first  time  in  an  English  Treatise  on  Conic  Sections. 
For  recent  Geometry,  the  writings  of  Brocard,  Nbuberg, 
Lemoinb,  M*Cay,  and  Tucker. 

The  exercises  are  very  numerous.  Those  placed  after 
the  Propositions  are  for  the  most  part  of  an  elementary 
character,  and  are  intended  as  applications  of  the  proposi- 
tions to  which  they  are  appended.  The  exercises  at  the 
ends  of  the  chapters  are  more  difficult.  Some  have  been 
selected  from  the  Examination  Papers  set  at  the  Uni- 
versities, from  Roberts'  examples  on  Analytic  Gteometry, 
and  Wolstenholme's  Mathematical  Problems.  Some  are 
original ;  and  for  a  very  large  number  I  am  indebted  to 
my  Mathematical  friends  Professors  Neubehg,  B.  Curtis, 
S.J.,  Crofton,  and  the  Messrs.  J.  and  F.  Purser. 

The  work  was  read  in  manuscript  by  my  lamented  and 
esteemed  friend,  the  late  Rev.  Professor  Townsbnd,  f.r.s.  ; 
by  Dr.  Hart,  Vice-Provost  of  Trinity  College,  Dublin ; 
and  Professor  B.  Williamson,  f.r.8.  Their  valuable 
suggestions  have  been  incorporated. 

In  conclusion,  I  have  to  return  my  best  thanks  to  the 
last-named  gentleman  for  his  kindness  in  reading  the 
proof  sheets,  and  to  the  Committee  of  the  "Dublin 
University  Press  Series"  for  defraying  the  expense  of 
publication. 


JOHN  CASEY. 


86,  South  Gibcular  Eoad,  Dubuk, 
October  b,  1885. 
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PREFACE  TO  SECOND  EDITION. 

The  present  edition  isentirely  the  work  of  my  father-in-law, 
the  late  Dr.  Casey,  f.r.s.  At  the  time  of  his  death,  in 
1891,  he  had  seen  nearly  400  pages  of  it  through  the 
press,  and  left  me  the  responsibility  of  bringing  out  the 
remainder. 

In  the  preparation  of  this  edition  Dr.  Casey  had  the 
valuable  assistance  of  Professor  Neuberg  of  the  Univer- 
sity of  Li^ge,  who  sent  him  numerous  important  theorems, 
notes,  and  suggestions,  almost  all  of  which  he  adopted. 
Knowing  that  Professor  Neuberg  was  Dr.  Casey's  inti- 
mate friend  and  constant  correspondent,  and  that  he  had 
assisted  him  in  correcting  all  the  proof-sheets  of  what 
had  been  printed  prior  to  his  death,  I  naturally  turned  to 
him  for  advice  and  aid  before  proceeding  with  the  printing 
of  the  remaining  portion.  He  most  willingly  promised 
me  his  valuable  assistance.  Having  revised  the  proofs, 
I  submitted  them  to  him,  and  he  had  the  kindness  to 
correct  them  and  approve  of  them,  before  they  were 
printed  off. 

For  all  his  generous  help  and  advice  I  beg  to  re- 
turn Professor  Neuberg  my  grateful  acknowledgments 
and  very  sincere  thanks.  I  have  also  to  thank  the 
Eev.  Bobert  Curtis,  8.j.,  p.r.u.i.,  for  many  useful  sug- 
gestions, and  for  the  trouble  he  took  in  revising  the 
proofs. 
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ULj  beet  thanks  are  also  due  to  the  Board  of  Trinity 
College,  Dublin,  for  the  generous  manner  in  which,  on 
the  death  of  Dr.  Casey,  they  undertook  to  defray  all  the 
expense  of  publication. 

The  first  edition  contained  330  pages,  the  present  ex- 
tends to  564  pages.  All  parts  have  been  very  carefully 
revised;  the  proofa  are  very  rigid,  though  simple  and 
concise.  The  principal  additions  will  be  found  in  the 
theory  of  "  Mean  Centre,"  of  *'  Anharmonic  Ratios,"  of 
"nomographic  Division  and  Involution,"  of  "Recent 
Geometry,"  and  in  the  Chapter  on  "The  Invariant  Theory 
of  Conies."  This  last  theory  is  expounded  with  more^ 
developments  than  in  perhaps  any  other  Classic  work  on 
the  subject.  The  Exercises  have  also  been  considerably 
increased,  many  of  those  added  being  original. 

In  conclusion  I  trust  that  this  new  edition,  enriched  by 
the  results  of  the  latest  progress  of  Analytical  Gteometry, 
will  receive  from  the  public  the  same  favourable  reception 
accorded  to  the  first. 

P.  A.  E.  BOWLING,  B.A.,  B.U.I., 

Frof$Mor  of  Mathsmatiet^VhivirHty  College,  Dublin, 

4,  UxBBIDOB-TEBBiLCB,  LxESON  PaBK, 

Dublin,  January  Utf  1893. 
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)} 

4, 

12, 

10, 

18, 

10, 

26, 

6, 

40, 

19, 

44, 

8, 

46, 

4, 

ERRATA. 

Page    8,  line  3,    /or  "19  or-3,"  fvorf  "7  or- 1." 
„      8,     „  20,     omit  the  factor  *' 2'*. 

4,    for'*if>-  V,  and  ^"- ^","  read  "  ^  -  ^',  and  <>'  -  ^"/ 
„  "=oo,"r«irf  **-«." 
„  'V"(Ex.l.4''),  reW  "y2»». 
„  "mnltiplee,**  r^ffrf  "  real  muldplee." 
„  "arV  '•*«<'  **xyr 

„  **  (Artan4>")  *'  [EacA-S'],  r«arf  «  (*tan^",  *  cot^").' 
„  **  («  cos  o,  sin  o),"  read  "  (a  coe  a,  ^  sin o)." 
49,  2nd  last,  euppfy  "are,"  after  "parallels." 
60,  line  12,    qfter  "  a,"  supply  "in  the  same  sense.*' 
„      „  18,      „        „        „        "in  the  other  sense.** 
56,    last,       for  "  (A^B'CTD),''  read  "  {A'B'CTIf):' 

66,  lines  16  &  17, /or  "mBA,'*  read  "  IBAr 

67,  line  12,  for  "  o,  ±  i8,  ±  7,"  read  "  a',  ±  /8',  ±  7'." 

68,  „     9,      „  "jp,**  r^«^  "jp'.'* 
76,     „     6,  after  the  word  %line,"  supply  «* through.*' 

78,  Ex.1,    /or"ain2i8,*'rtfarf  "sin2-fl." 

79,  „     3,      „  "V(a»4-i8H2a3cot(7)," 

read  "Vai»4-i8i»+  2oi/8i  cosC.'* 

80,  Cor.  2,      „  "  m',"  read  "  f«i." 

84,   3rd  last,    „  "  B'C,''  and  "  drawing,**  read  "  5(7,*'  and  "  draw." 
"^lB,"r#arf  "ufP." 
"  externally,'*  read  "  internally.** 
"  CA'y/2,'"  and  '' ABy/l^ 

read  "(T^y^,"  and  ''AB'y/lr 
"sin(i8  +  «),"r«irf  "sin(B+«)." 
"  line  at  infinity,"  read  "  line  2a  +  miS  +  M7  «  0. 

„    99,  Ex.  13,  2nd  line, /or  '<  of  the  tangent,"  read  "  to  the  tangent." 

„  102,  4th  last, /or  "  =»  4,"  read  "  =  0." 

„  112,  line  6,      „  "5,"  read  "  5)^." 

„  116,  line  lO,      „  "  VS^  read  "  *-S'." 

„  126,    Ex.  4,      „  "iS«5,,  nn,  5,5i,"  read  "5g5^  nn,  5,5i." 

,,144,  line  10,      „  "5-3o8in58inC7," 

read  "/S-8o(«8in^ +  /8sinJ?  +  78inC7)^^^5^  =  0." 


86, 

line  1, 

90, 

iMt, 

91. 

line  7, 

92, 

„    6, 

93, 

„    8, 
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Errata — continued. 

Page  160,    last,      Ana.  thouid  be  "  2c^Bin2A  (sin' J?  +  sin' (7) 

^2anABmBanC:i$yB\n(B-C)  «  0." 
„  163,  line  12,    for  "  (a+  2Am  +  Am')^,"  read  "  («  +  2Am  +  Am^j^T" 

,,160,     „    2,      „  "a*a:  +  A*y+(a*ir  +  *V) /(«  +  *)," 

,,164,     „    8,      ,,  *'(Si-\-m8i)x,'' read  '*2(Sl-k-n^)xr 

,,166,  6th  last,  „  *\aS2-2hSuS2,''  read  **a8i^-2hSi8i:' 

**  192,    Ex.  3,      „  "  <f,  <J,"  read  "  <?,  <?'.»' 

„  194,  line  13,      „  **yy\''  read  **/,  y'V'  ^^k*  <w»»^  <^  "'o*'^  "it-" 

,,196,    „  16,      „   **lie8,"«i/?p/y  *'on.*' 

,,220,     „    6,      „  ^'ylyrread^^y'lyr 

„  239,     „  16,      „  ''POP,''  read  ''FOFr 

„  240,     „     1,      „  "  TU=  TS,''  read  "  TU=  TS'^ 

„     „      „    8,      „  "008  JTPr',"rMrf  "2cosJTPr /' 

„  244,     „  13,      „  "polar,"  read  "  pole." 

„  247,     „     9,      „  "at  rto  5,"  read  "at  Tto  5'." 

,,280,    last,         „  "  +  Ar,"r«irf  "-A;." 

„  286,    last,        „  "  AA"  /  A" A,''  read  ''AA"  /  A"A'.'* 

„  286,  line  8,      „  "  J'5','»  read  "  J'5." 

„  300,     „     9,      „  "  two  figures  inversely  similar," 

read  "  two  inverse  figures. '* 
„  304,  line  6,      „  "  ABC,''  read  "  the  circle  ABCV 
„  388,     „  6&8,  „  ''AB'C\''  read  "^i^iCi." 
„  389,     „  3&8,  „  ''A'B*C,''  read  **AiBiCi,'' 

„     „      last,        „  "cot-4',cot5',cotC',"rtfa<^"cot.4|,coti?i,cotCi." 
„  390,  lines  7,  8, 11,/ar  '*A\  B%  (7',"  read  "^i,  J?i,  Ci." 
„  400,  2ndlast,/or  "5'i^»ft,"  read  "  QiQiQs." 
„  407,  line  12,     „  "  SKS :  0,"  read  "  iSJT :  50." 
„  491,  7th  last,    ,,  "antipolar,"  read  "autopolar." 
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CHAPTER    I. 

THE  POINT. 

SBCTIOlf  I. — RiTLB  OF  SiGNS. — RESULTANTS. — PeOJECTIONS. 

1.  Rule  op  Signs. — When  we  consider  several  points  -4,  j5,  C, 
.  .  .  upon  the  same  right  line,  in  order  to  render  formulsB  general, 
it  is  necessary  that  the  segments  comprised  between  these  points 
may  be  submitted  to  a  rule  ofsigiM. 

The  segment  denoted  by  AB  is  supposed  to  be  described  by 
a  point  moving  from  A  its  origin^  to  B  its  extremity.  The 
segment  BA  by  a  point  moving  from  B  towards  -4,  B  being 
origin,  and  A  extremity.  All  the  segments  described  in  the 
eame  sense  are  positive.  Those  in  the  opposite  are  negative. 
Hence  it  follows  from  this  convention  that  AB  =  -  BA, 

Prop. — Jff'  A^  B  .  ,  .  Ky  Lhe  any  system  of  points  on  a  line 

AB  +  BC+  .  .  .JSrZ  +  ZA^O,  (1) 

In  fact  if  the  moving  point  describe  in  succession  the  segments 
AB,  BC  .  ,  .  LA,  it  commences  at  A  and  returns  to  A.  Hence 
it  describes  as  much  in  the  negative  as  in  the  positive  directions. 
Hence  the  sum  is  zero. 

Cor.  1  .—If  0,  ^,  ^ be  three  coUinear points,  AB^^OB-OA, 

For  OA^AB^BO^O;  .'.  AB^OB'OA.       (2) 

This  equality  serves  to  refer  all  segments  on  the  same  line  to  a 
common  origin. 

Cor,  2. — If  if  be  the  middle  point  of  AB 

OM^iiOA-^  0B\  OA'OB^  OM^^iAB*, 

B 
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2  The  Point. 

Demonstration.— OA  +  AM-\-  MO  =  0,  OB^  BM+  MO  =  0. 
Adding,  and  observing  that  AM-^-  BM^  0,  we  get 

0A+  0B  +  2M0  =  0.    Hence  Oif  =  i{OA-h  OB).     (3) 
Again,  from  (1),  we  have 

OA  =  OM-  AM,  OB  =  Oif -  BM:=  0M+  AM. 
Hence     OA.OB^  OM^ -  AM^  =  OJP -  i^^.         (4) 

2.  SioNS  OF   Abias. — The  notation  OAB  denotes  the  area 
described    by   the  line    OM, 
turning   round    0  in  such  a  Y 
manner  that  its  extremity  M 
describes  the  line  AB  in  the 
direction   AB,    or,    in    other 
words,  OA  is  turned  round  in 
the  direction  indicated  by  the 
arrow.    Thex^  if  we  make  the 
conveDtion  that  tha  area  OAB    ^  ^ 
is  positive,  then  the  area  OB  A,  which  is  described  in  the  opposite 
direction,  viz.,  from  OB  to  OA,  is  negative.    Hence  we  have 
the  following : — 

EuLE. — The  notation  ABC  denotes  the  absolute  value  of  the 
area  of  the  triangle  ABC  taken  with  the  sign  -v  or  the  sign  -, 
according  as  the  rotation  ABC  is  in  the  positive  or  the  negative 
sense,  ffence  we  have  ABC^BCA  =  CAB  =  -  ACB  =  -  BAC 
=  -  CBA. 

3.  Geometric  Sum  ob  Resultakt.  Def. — Being  given  several 
segments  AiBi  .  AzB^  .  .  .  A^B^.  If  we  draw  the  lines  OCi  . 
C1C2 '  -  '  C^i  (7„,  respectively  equal  and  parallel  to  AiBi,  A^B^ 
.  . .  A^Bf^,  and  in  the  same  seme  the  line  OC^is  called  the  resultant 
of  the  segments. 

Peop. — Th^  magnitude  and  the  direction  of  the  resultant  of 
several  segments  is  independent  of  the  order  of  sequence  of  these 
and  of  the  origin. 
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Mule  of  Signs — ResultanU—Projectiom.  3 

1®.  For,  drawing  d  C  parallel  and  equal  to  A^B^y  the  figure 
CiC^C^C  is  a  parallelogram,  then  CC^  is  equal  and  parallel  to 
A2B2.    Hence  in  this  construction  it  is  evident  we  invert  the 


order  of  sequence  of  drawing  parallels  to  A^B^,  AtB^.  Similarly, 
we  can  invert  the  order  for  any  two  consecutive  segments,  and 
therefore  we  can  take  the  segments  in  any  order  whatever. 

^.  Taking  a  different  origin  (y,  and  drawing  O'Cj',  C/C/,', 
C/Cs'  .  .  .  equal  and  parallel  to  AiBiy  A^B^  .  .  .  then  the 
figures  OCiCi'O',  C1C2C2C1' ,  .  .  are  parallelograms.  Therefore 
the  lines  OCy,  CiCi  ,  .  .  C«C/  arc  equal  and  parallel.  Hence 
OC^y  O'C^  are  equal  and  parallel. 

4.  Projections. — The  projection  of  the  resultant  of  several 
segments  upon  any  axis  is  equal  to  the  sum  of  the  prqfeotions  of 
these  segments  upon  that  line, 

Bern. — If  0,  (?i,  <J2  •  •  .  be  the  projections  of  the  points  0,  Ci, 
^» ...  we  have 

OCi  +  <?i(?2  +  <?2<?3  .  .  .  +  c^iCn  +  c^o  =  0. 
Hence  oc^^  oci  +  CiC^  *  .  .  +  ^«-i<?«. 

But  two  equal  and  parallel  lines  have  parallel  and  equal 
projections,  and  of  the  same  sign.  Hence  projection  of  00^  = 
projection  of  AiBi  +  projection  of  A2B2  , . .  +  projection  oiA^B^, 

Cor. — llie  projections  may  be  oblique,  that  is,  the  projecting 
lines  can  be  parallel  and  inclined  at  any  angle  to  the  axis. 
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4  The  Point. 

Peop. — The  prqfeetum  of  a  segment  AB  upon  any  axis  OX  is 
equal  in  magnitude  and  sign  to  the  product' of  AJB  hy  the  cosine 
of  the  angle  of  the  positive  directions  of  the  axis,  and  of  the  line 
projected, 

Dem. — Let  A'B'  be  the  projection  of  AB  upon  OX. 
Draw  AB"  parallel  to  OX,  Suppose  AB  positiTe.  If  we  make 
AB  turn  round  A^  the  sign  of  AB"  is  always  equal  lo  that  of 
the  cosine  of  the  angle  B"AB\  also  in  absolute  values  A'B'  = 
ABcobB"AB.  UAB  18 
negative,  the  angle  of  posi- 
tive direction  of  OX  and 
AB  is  equal  to  the  angle 
B"AB  ±  IT,  Hence  the 
cosine  changes  sign.  Hence 
the  proposition  follows. 

Cor.  —  If  the  projec- 
tants  AA',  BB*  make  an 
angle  0  with  OX,  we  havd 

A'B'  =  AB^in{e-a)lsine,  (6) 

Section  II. — Cabtesian  Co-ordixates. 

Defiwitiok  I. — Two  fixed  fundamental  lines  XX' ^  Yy  in  a 
plane,  which  are  used  for  the  purpose  of  defining  the  posi- 
tions  of  all  figures  that  may  bo  drawn  in  the  plane,  are  called 
axes.  "When  these  are  at  right 
angles  to  each  other  they  arc 
called  rectangular  axes,  other- 
wise they  are  called  oblique  axes, 

Def.  II.— The  lines  XX', 
YY'  are  called  respectively  the 
axis  of  abscissa,  and  the  axis  of  T 

ordinates.     XX'  is  also  called,  for  reasons  that   will   appear 
further  on,  the  axis  of  x,  and  YY  the  axis  of  y. 
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Def.  in. — The  point  0,  the  intersection  of  the  axes,  is 
called  the  origin. 

Def.  iy. — ^The  origin  divides  each  axis  into  two  parts,  one 
poHtwBy  the  other  negative.  Thus  X'X  is  divided  into  the 
parts  OX,  OX'^  of  which  OX  measured  to  the  right  is  usually 
considered  positive,  and  OX!  negative,  because  it  is  measured 
in  the  opposite  direction.  Similarly  the  upward  direction,  OF, 
is  regarded  as  positive,  and  the  downward,  OF,  negative. 
When  the  axes  are  oblique  the  angle  XOY  between  their 
positive  directions  is  denoted  by  a>.  The  axes  vtdll  be  rect- 
angular unless  the  contrary  is  stated. 

Dkt.  v. — Any  quantities  serving  to  define  the  position  of  a 
point  in  a  plane  are  called  its  co-ordinates.  Three  different 
systems  of  co-ordinates  are  in  use,  namely  parallel  or  Cartesian 
(called  after  Descartes,  the  founder  of  Analytic  Geometry), 
Polar,  and  Trilinear  co-ordinates, 

Def.  VI. — ^The  Cartesian  co-ordinates  of  a  point  P  are  found 
thus: — Through  P  draw  PM  parallel  to  OF;  then  the  lines 
OM,  MP  are  the  co-ordinates  of 
P;  and  since  OM  is  measured 
along  OX  it  is  positive,  and  MP 
parallel  to  OF  is  also  positive. 
Thus  both  co-ordinates  of  P  are  ^" 
positive.  Similarly  the  co-ordi- 
nates of  jB,  viz.,  OITy  ITR  are  p- 
both  negative;  and  lastly,  the  Y' 
points  Q,  /Shave  each  one  co-ordinate  positive  and  the  other 
negative. 

Def.  vn. — The  Cartesian  co-ordinates  of  a  known  or  fixed 
point  are  usually  denoted  by  the  initial  lettejrs  of  the  alphabet, 
such  as  a,  h.  They  are  also  denoted  by  the  letters  a?,  y,  with 
accents  or  suflixes,  thus :  ^r',  y' ;  ^r",  y",  &c. ;  a?i,  yx ;  x^t  y«,  &c. 

Digitized  byVjOOQlC 


M 


W 


N 


M 


6 


The  Point. 


The  co-ordinates  of  an  unknown  or  of  a  variable  point  are 
denoted  by  the  final  letters,  such  as  x^  y,  without  either 
accents  or  suffixes,  and  sometimes  by  the  Greek  letters  a,  ft ; 
but  these  are  more  frequently  employed  in  trilinear  co-ordi- 
nates, which  will  be  explained  further  on. 

(  5.  To  find  the  diitanee  S  between  two  points  in  terms  of  their 

eo-ordinates, 

Y 

1^.  Let  the  axes  be  rectangular. 

Let  A,  B  he  the  points,  a^  y', 
4/'  y"  their  co-ordinates.  Draw 
BC  parallel  to  OX;  AD,  BE 
parallel    to    OF.     Then,    since 


the  co-ordinat 

;es  of  -4  are  ii/  y'. 

we  have 

OD  =  af,            DA^  /. 

Similarly 

OE^af\           EB^f, 

Hence 

BC^xf-xf',     CA^^-f; 

but 

AB'^BC^^  CA*; 

therefore 

S««(:r'.0'  +  (y 

-yT 

(6) 

Hence  we  have  the  following  rule : — Subtract  the  x  of  one 
point  from  the  x  of  the  other,  also  the  y  of  one  point  from  the  if  of 
the  other;  then  the  sum  of  squares  of  the  remainders  is  equal  / 
}to  the  square  of  the  required  distance. 

2^.  Let  the  axes  be  oblique. 

Since  the  angle  ACB  is  the  supplement  of  XOT^  we  have 
ui(72?=  180^-0,.^    -  -^'^'"^ 
Hence        AB^  '»BC*+  CA^  +  2BC .  CA  cos  «, 
thatis,  8'-(«'-«")*+(y'-y'7  +  2(:r'-«")(y'-y")co8ca.   (7) 
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In  applying  these  formnlse  it  is  necessary  to  take  the  signs 
of  ^,  y' ;  a?",  y" ;  coaw  into  acconnt. 
Thus,  in  the  annexed  figure, 


S'mCB'  +  AC*  -  2CB .  ACcobBCA. 
But  AC^AE^  JE'C  =  /  +  (-  y")  =  y'  -  y", 

Hence  substituting  we  get  equation  (7). 

In  practice,  oblique  axes  are  seldom  employed ;  but  as  they 
sometimes  are,  we  shall  give  the  principal  formula  in  both 
forms. 

EXBB0I8B8. 

/^l.  Find  the  distance  of  the  point  d;V  from  the  origin — 

r.  When  the  axes  are  rectangidar.  An$,  J'ec^  +  y^.     (8) 

V.  When  they  are  obHqne.    Am.  J« = a?**  +  y^  +  2«y  cos  «.    (9) 

^  2.  Find  the  distance  between  the  points  {root  ft ,  rsintf'),  (r  cos9",  r  sin  $"), 

Am.  S^2riasL\{B' "B").        (10) 

3.  Find  the  distance  between  the  points  {"-Zi  ^y    (o,  -^)« 


C 


V.  When  the  axes  are  rectangular.  Am.  «  «  ^^  V-4«+-B*.    (11) 


V.  When  oblique.     -4#i#.  «  =  —  Vuf « + ^*  +  2^^  cos  ».       (12) 
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^  4.  If  the  axes  be  rectangular  determine  y — 

1*.  If  the  diftanoe  between  the  paints  (6,  y),  (2,  3)  be  equal  to  5. 


An$, 

2*.  If  the  distance  between  (2,  y),  (4,  -  6)  be  >/68.        /  ^"^ ' 

Am.  3  or  -  13. 

5.  Find  the  distance  between  the  points  {a  cos  (a  +  i9),  (  sin  (a  +  i9) } , 
{ffC0s(a~i9),  3sin(a-i3)). 

Am,  8»2sini9{a*8m>a+3*cos<a}i.     (13) 

Dbf. — The  lim  joining  tito  points  will  for  thortms*  be  eaUed  the  join  of 
the  two  points. 

6.  Find  the  condition  that  the  join  of  the  points  x'y\  x'*y"  may  subtend 
a  right  angle  at  xy.  Since  the  triangle  formed  by  the  three  points  is  right- 
angled,  the  square  on  one  side  is  equal  to  the  sum  of  the  squares  on  the 
other  two.    Hence 

and  reducing,  we  get 

(a;-a:')(x-o  +  (y-y')(y-y")«o.  (i4) 

If  the  axes  be  oblique,  the  condition  is 

(^-*')(x-o  +  (y-y')(y-y") 

+^{(*-0(y-y")+(«-0(y-yO}oos«=o.   (is) 

6.  To  find  the  canditum  that  three  paints  a//,  x^Y,  ar"y" 
shall  he  ooUinear, 

Let  Ay  By  C  be  tlie  points :  drawing  parallels  we  hare,  from 
similar  triangles,     BD :  AB  \\CE\  EB. 


Hence 


}f-y"    y"-y" 


(16) 


or    (;c'y"-«'y)+(«'y" - 9f'Y)  +  («'Y-^y"0 -0.    (17) 
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=  0. 


(18) 


This  may  be  written  in  the  form  of  the  determinant 
^,       y',       1, 

^",      r,       1, 

7.  This  proposition  may  be  proved  otiierwise,  and  by  a 
method  which  will  connect  it  with  another  of  equal  impor- 
tance. 

Lbmma. — The  area  of  the  triangle  whose  summits  are  ar'y',  ar"y", 
and  the  origin  is  J  (or'y"  -  iP'V)  sin  a>. 

Dem. — ^Through  the  points 
^y't  ^y  draw  parallels  to 
the  axes ;  then  the  parallelo- 
grams OJDCH,  OQFR  are  re- 
spectively  equal  to  a/y"  sin  w, 
3f'y'  sin «.  Hence  the  tri- 
angle OABy  which  is  evi- 
dently equal  to  half  the  dif- 
ference of  these  parallelo- 
grams, is 

i(ar'y"-a?'y)sino). 

Cor  1. — If  the  axes  be  rectangular,  the  triangle 


H 

B^'V' 

c 

/ 

9          ^\ 

A  ,  . 

^ 

L^^ 

ccy 

0 

C 

;              D 

(19) 


(20) 


To  apply  this,  let  -4,  i?,  C  be  three  collinear  points.    Join 
OA,  OB,  00 \  then  we  have  A  DAB  +  A  OBC  =  £k  OAC; 
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therefore       ar'y"  -  ar"/  +  mfY'  "  «"'/ '  =  ^Z"  -  «"'/» 

or  («'y"  -  a:"/)  +  (ar'V"  -  a/'VO  +  (^V  "  ^'/'O  =  0. 

8.  The  Lemma  of  §  7  enahles  us  to  find  the  area  of  a  triangle 
in  terms  of  the  co-ordinates  of  its  summits. 

For,  if  any  point  0  within  the  triangle  he  taken  as  the  origin 
of  rectangular  axes,  and  the  co-ordinates  of  the  yertices  he 
^Z,  ^Y>  ^"y"',  then  join  OA,  OB,  OC.    Since  the  triangle 

ABC^  OAB+  OBC+  OCA, 

we  have 

A^i?(7=j{«y'-ar'y+«'y"-«'Y'+«"y-«'y'")»  (21) 
^,      y',       1, 

or  =i      :r",       y",        1,      .  (22) 

^".       y,       1, 

It  is  evident  that  we  get  the  same  result  if  we  take  the 
origin  outside  the  triangle  hy  attending  to  the  signs  of  the 
areas  (see  §  2). 

From  this  proposition  it  follows  that  the  geometrical  interpre- 
tation of  the  condition  that  three  points  should  he  coUinear  is, 
that  the  area  of  the  triangle  formed  hy  them  is  zero. 

9.  The  area  of  any  polygon,  in  terms  of  the  co-ordinates  of  its 
summits,  is 

i  ((^iya-^yi)  +  (^y8-«3ya)+  .  .  .  (a?»yi-a:iy»)}.     (23) 
For,  let  A  BCDJEF  he  any  closed  non-intersecting  polygon, 


whatever  may  he  the  point  0,  we  hove  area  «  OAB  +  OBO 
+ .  .  .  OFA,  whence  we  get  the  formula  (23). 
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If  it  be  an  intersecting  polygon  (Folygone  6toil6),  by  defini- 
tion its  area  is  OAJB  +  OBC  .  .  .  OFA ;  but  in  this  case  it  is 


necessary  to  verify  that  the  origin  0  may  be  any  whatever,  we 

have 

OAB  =  (yOA  +  (XAB  +  O'BO, 

OBC^  ooB^  aBc^  a  CO... 

Adding  these  equalities,  and  remarking  that  (/BO  =  -  0*  OB^  &c., 
we  get 

OAB  +  OBC .  .  .  +  OFA  =  OAB  +  OBC .  .  .  +  OFA. 

EXBBOISES. 

Find  the  areas  of  the  triangles  whose  summits  are — 

1.     (1,2);     (3,4);     (6,2).  2.     (3,4);     (6,3);    (6,2). 

3.     (-6,4);  (-6,6);  (6,2).        4.     (2,  1) ;  (3,  -  2) ;  (- 4,  -  1). 

5.  (.V),    (:^,o),     (o,::/). 

Substitate  the  co-ordinates  in  equation  (21),  and  we  get 
«',  y'        1, 

2areft  =      -  C/-4,      0,        1,     i 
0,        -C\B,    1,    • 
-  C»'\B  +  Cy'\A  +  C^\AB  =  C{Ax'  +  By*  +  C)\AB.         (24) 

6.  («<'*,  2ar),     (a^'»,  2a<"),    af"*,  2«r"). 

Ant.  -^«'  (r  -  o  (r  -  <"')  (<"'  -  i).   (26) 

7.  {«rr,a(<'  +  o};    K'r',a(r  +  n};    {arr,  a(r'  +  o}. 

^n«.  Half  the  area  of  Ex.  6. 


r:i 
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8.        («co«^*,  ft  sin  ^'),  (aco8«",  ft  sin  ^^j  {«oo8^'",  ft  sin  ^"'). 

An$,  lab  sin  i  (^'  -  <»")  sin  J  (^"  -  <»"')  sin  ^  (^'"  -  <»').     (26) 


(*  tan  ^,  *  cot  ^),     (*  tan  ^',  A?  cot  ^'),     (*  tan  ^",  *  cot  0"). 
sin  (^  -^')  sin  (^'J-  ^")  sin  (^"  -  ^) 


4*«. 


sin  2^  sin  2^'  sin  2^" 


(27) 


10.  Let  there  be  upon  the  same  right  line  two  fixed  points, 
Ay  By  and  a  variable  point  (7,  the  quotient,     y        A        B        X 

CA I CB  is  called  the  ratio  of  section  of  the  ' ' 

point  C,  and  is  denoted  by  {AB^  C).  When  C  moves  from  A 
to  B  the  ratio  {AB,  C)  is  negative,  and  varies  continuously 
from  0  to  =-oo.  When  C  moves  along  BX  we  have  CA/  CB 
=  {€B^  BA)ICB  =  1  +  BAjCB.  This  ratio  is  +,  and  varies 
from  +  00  to  1.  When  C  moves  upon  -4F  we  hfi^ve  CA/CB 
=  {CB  -  AB)ICB  =  1  -  ABICB,  the  ratio  is  +,  and  varies 
from  0  to  1.  From  this  discussion  it  follows — 1°  that  the  ratio 
of  section  {AB,  C)  can  take  all  values  positive  and  negative,  and  each 
only  once  ;  2^  that  the  point  at  infinity  upon  the  line  corresponds  to 
a  ratio  of  section  equal  to  •\' I  ^  the  middle  of  AB  to  a  ratio  equal  to 
"  1,  and  the  points  A,  B  to  ratios  equal  to  0  and  qd. 

11.  To  find  the  co-ordinates  of  the  point  which  divides  in  a  given 
ratio  -  Ijmy  the  join  of  two  points^  a/y*,  «"y". 

11  Ay  B  be  the  given  points,  let  C  be  the  point  of  division, 
xy  its  co-ordinates ;  then,  drawing  parallels,  we  have 


I     CA      CrA!_     OA'-OC'    of  -X 
w"  CB^  Cff"  OB'  ^OC  ^ixf'-x 

lx^'-\-mx'\ 


therefore  x 
Similarly,  y 


l-¥m 
ly"+fny' 


/  +  f»    J 


(28) 


e^'w- 


^/z:^ 


E 


A      d       B 
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If  the  join  of  the  two  points  be  cut  externally,  we  get 

Hence  x  =  -= 

'""    '  (29) 


and  y  = 


y-my'l 


I  -m 
Cor.  1. — If  the  ratio  l\m,  be  denoted  by  X,  we  have 

Hence,  by  varying  X  we  get  the  co-ordinates  of  any  point  in  the 
line  AB^  in  terms  of  a  single  parameter  X.  , 

Cvr.  2. — If  X  be  equal  to  unity,  we  get 

Hence  we  have  the  following  : — 

Rule. — Th$  eo-ordinates  of  the  middle  point  of  the  Join  of  two  ^ 
given  points  are  respectively  half  the  sums  of  the  corresponding  co- 
ordinates of  these  points, 

Def.  I. — Two  points,  C,  D,  which  divide  AB  internally  and 
extemaUy  in  ratios  which  differ  only  in  sign  are  said  to  he  harmonic 
conjugates  to  -4,  B.     Their  co-ordinates  are  of  the  forms 

1  -  X  '        ^        1  -  X  ^  ^ 

Def.  II. — Two  points,  C,  D,  equidistant  from  the  middle  point  of 
AB,  are  said  to  he  isoUmic  conjugates  with  respect  to  AB,     Their 
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V 

eo-ordinatei  are  o/thefortns 

"       1  +A 

(34) 

y"+V 

(35) 

EZEBOISES. 

1.  Find  the  co-ordinates  of  the  points  which  bisect  the  joins  of  (8,  12)  ; 
(4,-6);  (-12,-6). 

2.  The  join  of  the  points  (3,  4)  (6,  -  6),  is  divided  1*  into  3,  2*  into  6, 
3°  into  7  equal  parts ;  find,  in  each  case,  the  co-ordinates  of  the  division 
which  is  next  to  the  point  (3,  4). 

3.  The  joins  of  the  middle  points  of  opposite  sides,  and  the  join  of  the 
middle  points  of  the  diagonals  of  a  quadrilateral,  are  concurrent.  For,  if 
'1^1}  ^2ytt  xzyzt  ^iVi  he  the  co-ordinates  of  its  angular  points,  then  the 
co-ordinates  of  the  point  of  bisection  of  the  join  of  the  middle  points  of  ita 
diagonals,  or  of  either  pair  of  opposite  sides,  are 

i  (xi  +  afa  +  a?s  +  xi),    J  (yi  +  y%  +  ys  +  Vi)-  (36) 

Theory  op  the  Mean  Centbe. 

12.  Dep. — Let  there  he  given  n  points,  Ai,  A%  .  ,  .  A„,  and  a 
corresponding  system  of  multiples,  m^  m^  .  .  .  m^,  connected  with 
them,  then,  if  a  point  Bi  he  determined  on  the  join  of  A^y  A^,  so 
that  the  ratio  of  section  (AiA^,  Bi)  may  he  equal  to  -  m^i  mi. 
Again,  if  B2  he  a  point  on  ths  join  of  Bi,  A^,  so  that  (BiA^,  B^) 
=  -  fWa :  »»i  +  Wj,  Sfc, ;  lastly,  let  B^i  he  on  the  join  of  B^^,  A^, 
such  that  {B^iA^,  B^i)  =  -  w„  :  wii  +  w,  .  .  .  m^^,  B^_i  is  called 
the  mean  centre  of  Ai,  Az  .  .  ,  A^  for  the  system  of  multiples 
nil,  W2  .  .  .  m^. 

It  will  be  seen  that  the  foregoing  construction  is  the  same  as  that  giyen 
in  statics  for  finding  the  centre  of  gravity  of  masses  mi,  mj,  .  .  .  tttn,  at  the 
points  A  I,  A2,  .  .  .  An',  but  as  Analytical  Geometry  is  altogether  inde- 
pendent  of  that  science — although  it  may  employ  some  of  its  terms^ — we  have 
thought  it  best  to  give  a  purely  geometrical  definition  of  mean  centre. 
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13.  Pbop. — 1/  Zijfu  Xjy,,  .  .  .   «,y,  be  the  eo-oriUnate*  of 
Ai,  At,  . . .  A„  the  eo-ordinatet  of  the  mean  centre  are 

In  fact,  from  §  11  we  get  the  abscisssB  of  the  points  J?i,  B^ 
.  .  .  viz., 

nil  +  iWj  w>i  +  ^3  +  in% 

tniXi  +  ^n^d^  +  tn^x^ 

as  — — 


,  &c., 


similarly  for  the  ordinates. 

Cor,  1. — ^The  mean  centre  is  independent  of  the  order  in 
which  we  combine  the  given  points. 

Cor.  2. — In  order  to  find  the  mean  centre  of  a  system  of  points 
for  a  system  of  multiples  we  may  divide  them  in  groups ;  find 
the  mean  centre  of  each  group ;  then  find  the  mean  centre  of  their 
mean  centres  for  multiples  equal  to  the  sum  of  the  multiples 
belonging  to  each  group. 

Car.  8. — If  f»i  +  mj  . . .  +  m«  =  0,  the  mean  centre  is  inde- 
terminate or  at  infinity  on  a  determinate  line. 

Let  B,^  be  the  mean  centre  of  Ax^  A2,  .  . .  A^-xj  then  the 
point  Bft.1  must  satisfy  the  proportion 

(B^x B^i)  '.\B^x  An)  =  -  Wn :  Wi  4  «Wa . . .  m^x  =  !• 

If  Bn-t  does  not  coincide  with  An,  the  point  J^^-i  is  at  infinity 
on  the  line  B^-x  -4»,  if  ^»-a  coincide  with  -4„,  B^-x  niay  be  any 
point  whatever  in  the  plane. 

14.  If  M  he  the  mean  centre  of  the  summits  A,  B,  C  of  a 
triangle  for  the  system  of  multiples  a,  /3,  y,  then  a:  fi:  y  ::  the 
triangle  BMC :  CMA  :  A2£B. 
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Dem.^In  order  to  find  the  point  Jf  we  divide  A3  in  C  so 
that  the  ratio  of  section  {AB,  C")  =  -  /8 :  a,  that  is  BC :  C^ 


:  :  a  :  /8  ;  hut  BC  :  CA  :  :  triangle  BMC  :  ClfA.  Hence 
a :  /8  : :  BMC:  CMA.    Similarly  /8  :  y  : :  CMA  :  AMB. 

Cor,  If  a  +  ^  +  y  =  0,  hut  o,  ^,  y  variahle,  the  locus  of  the 
point  if  is  the  line  at  infinity. 

Def. — If  fWi  =  m,  =  m,  . . .  =  m„  the  mean  centre  is  eaUed  the 
centre  of  mean  distances, 

BXEBOISES. 

1.  The  medians  of  a  triangle  are  concurrent,  for  each  passes  through  the 
mean  centre  of  the  summits. 

2.  The  orthocentre  of  a  triangle  is  the  mean  centre  of  its  summits  for 
the  multiples  tan  Af  tan  B,  tan  C. 

3.  If  J^y'y  x"\f*y  x'"y'"  be  the  summits  of  a  triangle,  a,  h^  e  the  lengths 
of  its  sides,  the  co-ordinates  of  its  incentre  are 

ax'  +  bx"  +  ex"*      ay'  -I-  hy'*  ^  cy" 

4.  If  B  be  the  centre  of  mean  distance  of  A\,  A^,  . . .  A^  the  sum  of  the 
projections  of  the  lines  JBAi,  BA%y  . . .  BAn  upon  any  axis  whatever  is  =  0. 
Take  B  as  origin,  and  the  axis  of  x  the  line  on  which  the  projections  are 
made. 

5*.  Find  the  co-ordinates  of  the  centre  of  mean  position  of  the  points 

(a  COB  a,  (  sin  a),    (a  cos  i9,  ^  sin  3),    (a  cos  7,  6  sin  7), 

{aco8(o+i8  +  7),    -*sin(o  +  ^+  7)}. 
Ant,  «=acosJ(a  +  i8)  cosj(i8  +  7)cosj(7  +  o), 

y  =  *sinJ(o  +  )8)smJ08  +  7)sinJ(7+o).  (3») 
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6.  If  8'be  the  mean  centre  of  the  points  A,  B,  C,  . , .  Z  tor  the  multiplee 
a,  (,«,.. .  /,  the  sum  of  the  products  of  the  projections  of  the  lines  SA,  SB, 
. . .  8L  apon  any  line  whatever  by  a,  3,  ...  J  »  0.    In  fact,  from  (37)  we  get 

%axi  "  xl/a  s  0,    or    I/a  (xi  -  ^]  s  0.  (Stiinbe.) 

7.  With  the  same  hypothesis  if  T  be  any  arbitrary  point, 
a2!^+3rB»...fri«=.W^«  +  J55»+.../5X«+a(a).r5«.   (Ibid,)     (40) 

If  OP,  y  be  the  co-ordinates  of  T,  and  8  be  taken  as  origin,  we  have 
liOXi  =  0,     Iflyi  =  0 ; 
but        a(a)r^«  =  2^{(«-j?i)«  +  (y-yi)«}  =  2a(^+y«)  +  3a(ari*  +  yi*) 
-  2*2aa?i  -  2y 2ayi  =  (3a)  5r»  +  2(a^^«). 

8.  In  the  same  case 

2a.8A^'*^.:iab.AB*.  (Ibid.)     (41) 

Taking  8  as  origin,    Jaxi'^0,  Sayis  0,    square  and  add  and  we  have 
aa»  {«i*  +  yi')  +  220*  («i  «a  +  yi  yj)  =  0, 
or    2i^(afi»  +  yi*)  +  2a*{aJi2  +  yi'+afi*+y2»-(a?i-««)*-(yi-ya)«)oO, 
or  3a» .  SA*  +  'Xab(SA^  -\-8B^-  AB»)  =  0. 

Hence  lia8A^  (a  +  3  +  .  .  .)  =  aa*-4^. 

SsOnON    III. — POLAB  CO-OBDIKATBS. 

15.  The  polar  co-ordinates  of  a  point  P  are — 

1°.  Itt  distance  OP  from  a  fixed  point  0,  called  the  origin, 
OP  is  usually  denoted  hy  p,  and  is  called  the  radius 
vector  of  the  point  P. 

2®.  The  angle  $y  which  OP  makes  with  a  fixed  line  {called 
the  initial  Une),  passing  through  the  origin. 

^rom  these  definitions  it  is  evident  that  any  equation  in 
Cartesian  co-ordinates  will  be  transformed  into  polar  co-ordi- 
nates if  the  initial  line  coincide  with  the  axis  of  x,  by  the 
substitution  x  ^  p  cobO,  y  =^  p  em  0;  or  hj  the  substitution 

c 
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X  =  p  COB  {6  -  a),  y  =  p  sin  (tf  -  a),  if  it  make  an  angle  a  with 
the  axis  of  x. 


The  angle  6  has  the  same  meaning  as  in  Trigonometry.  If 
with  0  as  centre  with  a  unit  radius  we  descrihe  a  circle  meeting 
0-Pin  3£,  M';  6  is  the  arc  AM  or  more  generally  AM-\-  2iMr. 
In  some  questions  the  radius  vector  OP  is  negative ;  then  6  is 
the  arc  AM\ 

EXBBOISBS. 

1.  Change  the  following  equationa  to  polar  co-ordinates. 

V.    «»  +  y»  =  2aa;.  3».    af»  =  y*  (2a  -  «). 

2\     «»-y«=2fl^.  4«.     ^^^         ^ 

'^  ^  a-x 

2.  Change  the  following  equations  to  rectangular  co-ordinates : — 

!•.    p»  =  a«  cos  2d.  3".    p«8in2«  =  a«. 

2*.    p*cosl«  =  ai.  4".    p*  =  ai  cos  §d. 

3.  What  is  the  condition  that  the  points  pi 0i ;  fnOft  ps 03  may  be  col- 
linear?    Am.  pipa8in(di-d2)  +  P2f>3Bin(e2-ds)  +  p8pi  8in(d3-6i)  =  0. 

4.  Express  the  area  of  any  rectilineal  figure  in  terms  of  the  polar  co- 
ordinates of  its  angular  points. 

16.  In  some  special  questions  we  use  with  advantage  biradial 
co-ordinates  or  hiangular  co-ordinates.  These  are  defined  as 
follows  : — ^Being  given  two  fixed  points  F,  F,  the  biradial  co- 
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ordinates  of  a  point  P  are  the  distances  PF=  p,  PF'^  p';  to 
every  system  of  values  of  these  radii  vectors  correspond  two 
points  symmetriques  with  respect  to  F,  F'.  p,  p'  are  the  biradial 
co-ordinates  of  P.    The  biangular  co-ordinates  of  P  are 

cot  FFP=X,    cot  FF'P  =  fi, 

SscnoK  III. — Tbaksfoamatiok  of  Co-obdinates. 

17.  The  eo-ordinates  of  any  point  P  with  respect  to  one  system  of 
axes  heing  hnoum^  to  find  its  co-ordinates  with  respect  to  a  parallel 
systein. 

Let  OXf  Off  be  the  old  axes,  (yX,  O'F  the  new,  so  that  0' 
is  the  new  origin ;  then  let  the  co-ordinates  of  (/y  with  respect 
to  Ox,  Of/,  be  ar',  y' — ^that  is,  let  0L  =  9f,L0^-ff,  Again,  let 
4?,  y  be  the  old  co-ordinates  of  Py  that  is,  let  Oif  -  x,  MP  -  y. 
Lastly,  let  X,  F  be  the  co-ordinates  with  respect  to  the  new 


y 

Y 

d 

p 

N 

X 

0. 

I 

IS 

I 

X 

axes ;  then  we  have 

aN^Xy    NP^Y; 
therefore,  since 

0Mr.0L\aN,    and    MP^La^NP, 
we  have 

x^af^-X,     and    y-y'+F.  (42) 

Sence^  if  in  any  equation  we  replace  x^  y  hy  7/  ■{  X,  y '  +  F,  we 
have  it  referred  to  parallel  axes  throuyh  the  point  z^y\ 

c2 
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EXBBOISES. 

1 .  Refer  the  following  equations  to  parallel  axes : — 

!••    «•  +  y'  -  12x  -  16y  -  44  a  0.    New  origb,  6,  8. 

Ah$,  *«  +  y«  -  144  =  0. 

2'.     Za^  -  4«y  +  2y*  +  7«  -  6y  -  3  =  0.     New  origin,  1,  1. 

2.  Find  the  co-ordinates  of  a  point,  so  that  when  the  following  equations 
are  referred  to  parallel  axes  passing  through  it  they  may  he  deprived  of 
terms  of  the  first  degree : — 

!•.     3««  +  Say  +  y«  -    8j?  +  2y  +  21  =  0.  Am,  -  «,  f }. 

2'.    dflf*  +  2ii?y  +  y2  -  \0x  +  2y  +  10  =  0.  Ant,  f ,  -  J. 

3*.     ix^  +  4j:y  +  y'  -    8j?  -  6y  -  10  =  0.  Ant.  oo ,  oo . 

18.  The  co-ordinates  of  a  point  P  with  reepect  to  a  rectangular 
syitem  Oxy  Oy  of  axes  being  knoum,  to  find  its  co-ordinates  with 
respect  to  another  rectangular  system  OX,  OTy  having  the  same 
origin,  hut  making  an  angle  $  with  the  former. 

Let  OM,  MPy  the  co-ordinates  with  respect  to  the  old  axes, 


be  denoted  by  a?,  y ;  and  ONy  NP  the  new  co-ordinates,  by 

X,  r. 

Let  OP  be  denoted  by  p,  and  the  angle  PONhj  ^.     Now 
since 

cos  (tf  +  ^)  =  cos  tf  cos  ^  -  sin  ^  sin  <f>, 

and  sin  (^  +  ^)  ^  sin  0  cos  ^  +  cos  0  sin  ^, 
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multiplying  each  by  p,  and  substituting,  we  get 

X  =  XcobO  -  Fsin  0, 

y  =  Xsintf  +  TqobO 

Cor. — K  the  equations  (43)  be  solved,  we  get 

X=arcostf +  y  sintf,\ 

F=yco8tf -a?sin^  ) 
Observation. — Those  who  are  acquainted  with  the  Diffe 
rential  Calculus  will  see  that 


(43) 


(44) 


dy         ,  dx 

*  =  ^,     and    y=-^. 

The  following  more  general  demonstration  is  due  to  Briot 
et  Bouquet. 

Let  OZhe  an  axis  of  projection,  then 


proj.  of  Oif  =  proj.  of  OP  +  proj.  of  FM 
=  proj.  of  or  +  proj.  of  PM. 
Hence  x  cos  ZOX  +  y  cos  ZO  Y 

=  ar'cos  ZOX+ y' cosZO  r . 
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Supposing  OZto  be  successively  perpendicular  to  OF,  OX,  and 
we  get 

a-  sin  tf  =  a/  sin  (tf  -  a)  +  y'  sin  {6  -  a'),  (45) 

y  sin  0  «  a;'  sin  a  +  y'  sin  a'.  (46) 

If  both  systems  are  rectangular,  we  have 

and  the  equations  are 

iP^a/cosa-y'sino,     y^^sina  +  y^cosa, 
which  are  the  same  as  equations  (43). 

BXBBOISES. 

1.  If  we  transform  from  oblique  coordinates  to  rectangular,  retaining 
the  old  axis  of «;  prove  r=y8in«,  Z=a;  +  yoo8«. 

2.  If  a;,  y ;  ^r',  y'  be  the  co-ordinate  of  a  point  referred  respectively  to 
rectangular  and  oblique  axes  having  a  common  origin;  prove  that  if  the 
axes  of  the  first  system  bisect  the  angles  between  those  of  the  second, 

«  =  {«'+y')cosJw, 
y  =  (j?'  -  y')  sin  ^. 

3.  Show  that  hoth  transformations  are  included  in  the  formulas^ 

x^xx  +/*y  +  »'> 
y  =  x'*  +  M'y+/, 
by  giving  suitable  values  to  the  constants  A,  /u,  &o. 

*4.  If  the  old  axes  be  inclined  at  an  angle  «,  and  the  new  at  an  angle  »\ 
and  if  the  quantic  aa^  +  2hxy  +  hj^^  referred  to  the  old  axes,  be  transformed 
to  o'JP  +  2VXr+  *'r»,  referred  to  the  new ;  prove— 

!•.  ?i^„£I_l..  (47) 

rto    a  +  *-2Acos»     a'+&'-2Vcos«'  ,.^. 

sin'w  sin'» 
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If  Jf  be  the  point  xy  referred  to  one  system,  and  ZF  referred  to  the 
other  system, 

OM^  =  aj»  +  y»  +  2aycoe«  =  Z*+y»+  2Zrcoe«'; 

but 

«r«  +  2hxjf  +  V  -  a'^'  +  2A'XF  +  b'  r«  (hyp.). 

Hence  if  X  be  any  multiple 

«r«  +  2hxff  +  *y»  +  X  («*  +  y*  +  2iry  ooew) 

=  «'  Z«  +  2h'XT+  b'T^+\(X^  +  r»  +  2ZFcoea.'), 

or 

(a  4  X)  «•  +  2(A  +  \  coea»)  «y  +  (i  +  \)y' 

XT  («'  +  X)  z»  +  2  (v  +  X  0080,0  jr+  (A'  +  X)  r*. 


No'w,  if  the  first  side  of  this  identity  be  a  perfect  square,  the  second  will  be 
a  perfect  square ;  but  if  the  first  be  a  perfect  square, 

(«  +  X)  (*  +  X)  -  (A  +  X  co8«)*  =  0,  or 

,a  +  &-2Aco8«      ab-  h^     ^ 
X»+ r-r +      .   ,       »0; 

and  if  the  second  be  a  perfect  square, 

^     «'  +  y-2Voos«'     a'y-A'«     ^ 
sinV  sin'tt 

Since  the  same  yalues  of  x  satisfy  both  equations,  the  coefficients  must  be 
equal.    Hence,  &c. 
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♦Section  IV. — Complbx  Vaeiables. 

19.  An  exprM8%07i  x  +  »y,  in  which  «,  y  are  the  r$etangular 
Cartesian  oo-ordinatea  of  a  point  P,  and  i  the  imaginary  radical, 
\/  -lie  called  a  complex  magni- 
tude. If  p^  y^Tp  =  OP, 
p  is  called  the  modulus,  and  the 
angle  $,  made  by  OP  with  the 
axis  of  Xy  the  inclination  or 
argument. 

The  modulus  p  is  always  positive,  the  argument  is  determined 
except  a  multiple  of  2?r.  We  say  that  the  imaginary  x  +  yi  is 
represented  by  the  point  P,  and  also  by  the  vector  OP. 

Complex  magnitudes  were  introduced  by  Cauchy  in  1826, 
in  a  memoir,  '*  Sur  les  integrales  d^finies  prises  entre  des  Umites 
imaginaires  :^^  the  method  of  representing  them  geometrically 
is  due  to  Oauss.  The  introduction  of  these  yariables  is  one 
of  the  greatest  strides  ever  made  in  Mathematics.  The  whole 
of  the  modem  theory  of  functions  depends  on  them ;  and  they 
are  so  connected  with  modem  Mathematics,  that  some  know- 
ledge of  them  is  essential  to  the  student.  We  shall  give  only 
their  most  elementary  principles. 

20.  If  the  complex  variables  Zi,  %%,  %^ .  .  ,  z,^  be  represented  by 
the  vectors  OAi,  OA^,  OA^,  .  .  .  OA^,  the  sum  ]S(si)  is  represented 
by  the  resultant  of  the  vectors. 

First,  to  find  the  sum  of  Si,  s^,  draw 
AiBt  parallel  and  equal  to  OA^,  we 
have  proj.  OB2  =  proj-  OAi  +  proj. 
-4iPj  =  proj.  0-4i+proj.  OA^.  Hence 
if  the  co-ordinate  axes  OX,  OT  he 
taken  as  axes  of  projection,  we  have . 
abcissa  of  ^3  =  ^1  +  ^,  ordinate  of 
P3 »  yi  +  ysi  aiid  continuing  thus  draw  P3P3  equal  and  parallel 
to  OAt,  BiBi  equal  and  parallel  to  OAi,  &c.,   we  find  the 
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abcissa  of  B^  =  S(a?i),  ordiuate  of  B^  =  2(yi).      Hence  the  pro- 
position is  proTed. 

21.  To  eatutruet  the  vector  which  represents  the  difference 
between  two  complex  variables, — If  we  put  «i  +  22  =  «i»  we  have 
81  =  ssj  -  «i.  Hence  we  have  the  following  construction  for 
finding  the  vector  and  the  point  which  represent  the  difference 
of  two  complex  magnitudes.  Brow  from  the  origin  a  line  OA2 
equal  and  parallel  to  the  line  AiBtj  joining  the  representative  points, 
•^19  Bt  0/  %ij  S3 ;  then  OA2  will  be  the  vector,  and  A^  the  point 
required. 

22.  Being  given  the  vedtors  OAi,  OA^  of  the  complex  magni- 
tudes «i,  Zf  to  construct  the  vectors  y 

1°.  Their  product. — Let  «i,  s,  be 
the  given  points,  pi,  p2  their  mo- 
duli, and  6iy  O2  their  arguments; 
then  we  have 

«i  =  Pi  (cos  tfi  +  »  sin  ^1), 

«a  =  />a  (cos  ^,+ »  sin  ^a) ; 
therefore      «i«i=pip»  {co8(tfi  +  O^j  +•  8in(^i  +  0^\ 

=  f)8(c08tf8  +  »8intf8). 

Hence,  if  is  be  the  point  required,  p^  its  modulus,  and  0^  its 
argument,  we  see  that  the  product  of  two  complex  magnitudes 
is  a  complex  magnitude,  whose  modulus  is  equal  to  the  product  of 
their  moduli,  and  argument  equal  to  the  sum  of  their  arguments. 
Hence,  if  we  make  OA  equal  to  the  linear  unit,  the  triangle 
A Ozi  ia  similar  to  t%(hs,  and  the  method  of  constructing  the 
point  %2  is  known. 

2^.  Their  quotient. — This  follows  from  1°.     For  we  have 


ffenee  the  quotient  Ss  -r  Sj  makes  with  axis  of  x  an  angle  equal  to 
that  which  %^  makes  with  %%,  and  the  modulus  is  a  fourth  propor- 
iionalto  p2f  pi,  and  1. 
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BZBBOISBS. 


1.  Trantfonn  «  +  »y  to  polar  co-ordinates.  Am,  p^. 

2.  Find  the  point  which  represents — 


z 


»       A, 


3.  If  ci,  ft,  «3  be  three  coinitial  complex  variables,  prove  that  if  three 
-  {  multiples  /,  m,  it  can  be  found  satisfying  the  two  equations 

lt\  +  mz%  +  ft£8  B  0,        ;  +  m  +  ft  ■  0, 

the  corresponding  points  are  collinear. 

4.  If  0  be  the  origin,  a,  fi,  y  complex  magnitudes  representing  the 
angular  points  of  the  triangle  ABC,  prove  that  if  fe  +  m^  +  «7  =  0,  the 
points  A',  B\  C,  in  which  the  lines  AO,  BO,  CO  meet  the  sides  of  the 
triangle,  are  denoted  by  either  of  the  systems 

-la       -mfi      -ny ,      mfi  +  ny     ny+  la      la  +  mfi 
m+~»*     n  +  l'    7+m'         m -^  n  *      n  ■¥  I  *      l  +  n  ' 

6.  If  at  $,  y^  9  represent  any  four  coplanar  points  A,  B,  C,  D,  and  if 

the  multiples  /,  m,  n,  p  faitisfy  the  two  equations  la  +  mfi  •\- ny  -^  pZ  ^  0, 

i  +  ffi  +  n+i9  =  0,  prove  that  the  point  of  intersection  of  AB  and  CD  is 

la-\-mfi      -^^^•v.«»^  +  W7         ,.^^^^.fe  +  «7 
-; ,  of  BC,  AD  IS  — -,  and  of  CA,  BD  is  -; -, 

l+m  *  m  +  »  *  l  +  n 

6.  If  ;  be  the  complex  magnitude  which  represents  the  mean  centre  of 
the  points  ci,  cs  .  .  .  Sn,  &c.,  for  the  system  of  multiples  a,  b,  e  ,  ,  .  I,  prove 

-_3(afi) 
2(a)- 

7.  If  c  denote  any  complex  magnitude,  prove  that  the  points  i^,  t\  z^,  ^, 
Ac,  represent  the  summits  of  a  polygon  whose  angles  are  equal,  and  whose 
sides  are  in  OP. 

Dbf. — The  polygon  of  this  Ex.  if  called  a  logarithmie  polygon. 

8.  Prove  that  the  n  values  of  zm  represent  the  summits  of  a  regular 
polygon. 

9.  Between  the  points  s^  and  c,  prove,  that  can  be  described,  n  logarithmic 
polygons  each  of  n  sides. 

10.  If  a  figure  be  given,  the  vectors  of  whose  summits  are  ii,  ei,  19,  &c., 
prove  that  a  translation  of  the  figure  is  expressed  by  adding  a  complex 
magnitude,  a-V  fii^  to  the  vector  of  each  summit ;  and  a  rotation  through 
an  angle  ^  about  the  origin  by  multiplying  t\,  Ht  S9»  &c.,  each  by 
cos  ^  +  i  sin  ^. 
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MISOBUiANBOlTS  BZBBOISBS. 

1.  Show  that  the  polar  co-ordinates  {p,  B);  {-  p,  x-\-  $);  {-  p,  $  -  w),  all 
represent  the  same  point. 

2.  Proye  that  the  three  points 

(33  33\ 

form  a  right-angled  triangle. 

3.  Find  the  perimeter  of  the  quadrilateral  whose  Terticee,  taken  in  order, 
are 

(fl,a\/3);     (-3V3,  *);     (-^,  -^V^);     (rfy^,  -rf). 

4.  If  the  opposite  sides,  AB^  DC  of  a  quadrilateral  be  divided  in  the  same 
ratio  in  the  points  £,  F\  and  the  sides  AD,  BC  in  the  same  ratio  in  the  points 
Gj  JI;  proye  that  EF^  OH  intersect  in  a  point  /,  so  that 

IS     EB'    IF"  GD' 

5.  If  the  points  (ab),  (a*  b')^  (a  —  a',  b  —  b')  be  oollinear,  prove  ab'  =  a'b, 

6.  If  the  co-ordinates  («'  y*),  («"  y"),  («'"  y"')  of  three  variable  points 
satisfy  the  reUtions 

{3f  -  X")  =  X (x"  -if") -11  (y"  - y'"), 
(y'-y")=x(y"-y"')  +  M(«"-0, 

where  \  and  ii  are  constants,  prove  that  the  triangle  of  which  these  points 
ue  vertices  is  given  in  species. 

7.  If  two  systems  of  co-ordinates  have  the  same  origin  and  the  same  axis 
of  Xy  prove  Aat 

,  sin  («  -  «')  ,  sin  «' 

x^x+y' — i; •',  y^y*-. —  . 

sinw  smw 

8.  For  what  system  of  multiples  is  the  circumcentre  of  a  triangle  the 
mean  centre  of  its  angular  points  ? 

9.  If  ^  be  the  mean  centre  of  the  points  ^,  3,  (7 ...  X  for  the  multiples 
«)  i,  0  . . .  /,  prove,  if  The  any  arbitrary  point,  that 

(2a)  TS*  xs  (2a)  2tf .  m«  -  So*  .  AB^,  (49) 

Lao&anob,  Mecanique  Analitique, 

10.  ir^»  =  1x4^  +  nTS^.  (60) 

It 
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11.  ProTO  that  the  degree  of  any  equation  cannot  be  altered  by  transfor- 
mation of  co-ordinates. 

12.  liA,  B,  Cf  Dhe  four  ooUinear  points,  proye  that 

AB,CD-\-  BC,  AD+CA.BD^O, 

13.  Proye  the  following  formulss  of  transformation  from  oblique  axes  to 

polar  co-ordinates : — 

sin  (w  ~  0)  one 

x  =  p — i '-,     y  =  p-: — . 

sm  w  sm  » 

14.  Prove  that  the  diameter  of  the  circle  passing  through  the  two  points 
p'  ^,  p"  $",  and  the  origin,  is 


Vp^  -t-  p"*  -  2p'  p"  cos  (g'  ~  ff') 
sin  (0'  -  r) 

16.  Find  the  area  of  the  triangle  whose  vertices  are  the  three  points 
(a,    a),      (2a,     (>  +  |),        (sa,    «+y). 

16.  If  i^  be  the  centre  of  mean  distances  of  the  points  A\^  At ,  ,  ,  An 
2  (AiA%A%Y  =  fi  5  (5^i^a)".— Dbsirb  Andrb.  (61) 

17.  If  ^  be  the  mean  centre  of  ^i,  A%t  An  ior  the  multiples  mi,  mi .  .  . 
mn,  2  mimams  (^lyis^)^  =  2  (mi)  2  mima  {BAiA%y. — (Nbubbro.)     (62) 

Multipl3ring  the  matrices 


mi. 

ma     .  . 

.  m«, 

1,  . 

1  . . 

.1, 

mia?i, 

m^xt,  . 

-mn^nj 

a?i, 

Xt. 

.«»» 

miyi, 

mays  .  . 

•  mMyn, 

yi» 

ya- 

•  yn, 

The  product  wUl  be  42mimam3  {AiAtAtf  (Mum.  Dbt.,  }  72),  and  also 
2  mi,         2mx«i,        2miyi, 


2mi«i,      2mxariS       2miiriyi, 
2  miyi,      2  minyi,     2  miyi*. 


=2mi 


2mia?i»,       2mi«uri, 
2mi«iyi,    2miyi*, 


if  3  be  the  origin  of  co-ordinates. 
But  the  last  determinant  is  the  product  of  the  matrices 


mi«i,      ma^  .  .  .  mnXn, 
wiyi,      maya  —  mnynf 
which  is  equal  to  42mima  (BAiAt)^. 


yi>     ysf 


,Xnj 

y»» 
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18.  In  the  same  case  if  Ci,  (hyCz.  .  -  Cn  be^a  second  system  of  n  points, 

ImiMiim  (AiAzAt)  (CiCtCz)  =  2mx  2  miiftj  (BAiAt)  {£CiGi).^{Ibid.)   (63) 

If  («i'yi') (Wya')  •  •  •  i^'yn)  ^  the  co-ordinates  of  (7i,  (^  . . .  C*,  replace 
the  second  matrix  by  * 

1,        1     ...1, 

Xi\        X%    ,  ,  .  afny 

yi',     ya' . . .  y'n, 

19.  If  2>  he  the  mean  centre  of  Ou  0%  .  ,  ,  Cn  for  mi,  ma  .  .  .  !»»> 

1  mims  (3-4x^a)  {-B(7iC7a)  =  1  miWa  (2>^U2)  (DCiC,).— (iJui.)     (64) 

20.  If  the  sides  AB^  BC,  CD,  Ac,  of  a  polygon  be  each  diyided  in  the 
same  ratio,  the  centre  of  mean  distances  of  the  summits  coincide  with  that 
of  the  points  of  division. 

21.  If  ^1,  ^2>  Az^  A\  be  four  coplanar  points,  and  if  A\A%  be  denoted 
by  12,  &c.,  then. 


0, 

2i^ 


31' 


itr» 

0, 
32*, 


4r,       42", 
I,  1, 


ll', 


28^, 
0, 
43'» 


14», 
24^ 


0, 
1, 


1, 
1, 
1, 
1, 
0, 


=  0. 


(66) 
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THE   RIGHT  LINE. 


Section  I. — Caktesian  Co-oedinatbs. 


23.  To  represmt  a  right  line  hy  an  equation^  there  are  three 
cases  to  he  considered. 

1^.   When  the  line  inter secU  both  axee,  hut  not  at  the  origin. 
\     First  method. — Let  the  line  he  SQ^  and  let  it  cut  the  axes 


A 


<k    0 


p/-' 


M 


in  the  points  A,  B;  then  OA^  OB 

\  are  called  the  intercepts  on  the  axes, 

;and  are  usually  denoted  hy  a,   h. 

!Also  when  the  axes  are  rectangular, 

the  tangent  of  the  angle  which  the 

line  makes  with  the  axis  of  x  on  the 

positive   direction    (viz.    the  angle 

PAX)  is  denoted  hy  w.     Now  take  ' 

any  point  P  m  8Qy  and  draw  PM  parallel  to  OF;  then  OJf, 

MP  are  the  co-ordinates  of  P;  and  if  the  axes  he  rectangular, 

y^  have,  drawing  ^T  parallel  to  OX,  since   TP':^MP-  OB 

=  y-6, 

TP 

,=  tan  PAX, 


BT 


-i 


or 


therefore 


y  =  mx+  b. 


(66) 
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If  we  had  taken  any  other  point  in  SQ,  and  called  its 
co-ordinates  x,  and  y,  we  should  have  obtained  the  same 
equation.  On  this  account  y  =  »«:  +  J  is  called  the  equation  of 
the  line.  If  the  axes  were  not  rectangular,  the  equation  would 
still  be  of  the  same  form.  For  in  that  case  TP-f  BT^  OB  ^  AO 
=  sin  OAB  4  sin  ABfi  =  sin  A^  sin  (w  -  A\ 


or 


- —  =  sin  -4  V  sin  (o)  -  -4)  =  m ; 


therefore 


'  =  wa:  +  ^, 


and  the  only  thing  changed  is  the  quantity  represented  by  m. 
Since  x^  y  denote  the  co-ordinates  of  any  point  along  the 
line,  they  are  called  current  co-ordinates.  They  are  also  called 
variahlesy  because  they  vary  as  the  point  which  they  represent 
moves  along  the  line. 

The  quantities  m,  h  are  called  eonstantSf  because  they  retain 
the  same  values  while  the  line  remains  in  the  same  position, 
and  vary,  only  when  the  position  of  the  line  varies ;  b  is  called 
the  ordinate  at  the  origin  and  m  the  coefficient  of  direction. 


Second  method, — ^Let  AB  be  the 
line;  and  denoting  the  co-ordinates 
C£  any  point  P  in  it  by  ar,  y,  and  the 
intercepts  (see^r*^  method)  OA,  OB 
by  a,  b,  we  have,  from  similar  tri- 
angles, 


X     PB      :,y    AP 
-a^AB^'^h^AB'^ 


therefore 


a     0 


(57) 


a,  h  are  subject  to  the  rules  of  signs. 
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Third  method,— Jj^t  AB  be  the  line, 
dicnlar  OP  from  the  origin ;  and  de- 
noting OP  by  p,  and  the  angles  A  OP, 
POP  by  a,  )S,  respectively,  we,  from 
(38),  have 

X 


Let  fall  the  perpen- 


OA 


-^  =1- 
OB 


hence         -^, 


or 


P  P 

OA^     OB 


y^Py 


a:  eosa  + y  <S08j8  =^.  (58) 

In  this  equation  the  positive  direction  oip\&  from  the  origin 
towards  the  line,  and  a,  j3  are  the  angles  which  the  positive 
directions  of  the  axes  make  with  the  positive  direction  of  ^. 
Hence,  if  the  axes  be  rectangular, 

a;  cos  a -f  y  sin  a  s  jp.  (59) 

This  form  of  equation,  which  in  many  investigations  is  more 
manageable  than  any  other,  has  been  called  the  standard  farm. 
See  Hesse,  VorUiungen  Analytieche  Oeometrie. 

Fourth  method, — The  general  equation  Ax  +  By  +  C  ^^  0^  of  the 
first  degree^  represents  a  right  line. 

Dem. — By  transposition,  and  dividing  by  B,  we  get 
A        C 

y-^B'^'B'^ 

and  this  (see  first  method)^  being  of  the  form  y  =  »m?  +  ft,  re- 
presents a  right  line. 
24.  2°.  WT^en  the  line  passes  through  the  origin. 
Let  OA  be  the  line.     Take  any 
point    P    in    it,    and    draw    PM 
.  parallel  to  OF;  then,  if  the  angle 
POM  be   denoted  by  a,  we  have 
MP:  OM: :  sin  a :  sin  (a>  -  a), 
or      y : «  :  :  sina  :  sin  (w  -  a)  ; 
;  therefore 

sin  a 
sin  (w  -  o) 
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Hence,  putting         ..  .    ^    .  =  w,  we  get  y^mx.  (60) 

sill  (<i>  -  a) 

This  equation  may  be  inferred  from  (56)  by  putting  i  =  0. 
Sence — If  the  equation  of  a  line  contain  no  abioJute  term,  the 
line  passes  through  the  origin. 

25.  3^.  WTien  the  line  is  parallel  to  one  of  the  axes. 
Let  the  line  AB  be  parallel  to  the  axis  of  x,  and  make  an 
.  intercept  h  on  the  axis  of  y.     Kow 
/  take  any  point  P  in  AB^  and  draw 
:  the  ordinate  iff,  which  is  equal 
to  h  [Etc.  I.  xxxiv.].    Hence  the 
I  ordinate  of  any  point  P  in  the  line 
.  AB  is  equal  to  h ;  and  this  state- 
ment is  expressed  algebraically  by  the  equation  y  «  ^,  which  is 
therefore  the  equation  of  the  line  AB. 

This  result  can  be  obtained  differently,  and  in  a  way  that 
will  connect  it  with  a  fundamental  theorem  of  Modem 
Geometry. 

X     y 
From  equation  (57)  we  have  -  +  ^  =  1^  where  a  and  h  are  the 

intercepts  on  the  axes.    Now  if  the  intercept  a  be  infinitr, 

that  is,  if  the  line  meet  the  axis  of  x  at  infinity,  the  term  -  will 

y  * 

Tonish,  and  we  get  ^  =  1 ,  or  y  =  ^ ;  but  y^h  denotes  a  line  parallel 

to  the  axis  of  x.  Hence  a  line  which  meets  the  axis  of  x  at 
infinity  is  parallel  to  it ;  and  we  have  tj|ie  general  theorem,  that 
knes  which  meet  at  infinity  are  parallel.  In  a  sunilar  manner 
X  =  a  denotes  a  line  parallel  to  the  axis  of  y  at  the  distance  a. 
Hence  we  have  the  following  general  proposition: — If  the 
equation  of  a  line  contains  no  x,  it  is  parallel  to  the  axis  of  x;  and 
^  it  contains  no  y,  it  is  parallel  to  the  axis  of  y.  -^ 

From  the  discussion  ib  the  preceding  §§  23-25  we  infer  the 
following  definition : — 

The  equation  of  a  line  is  such  a  relation  between  the  co-ordinates 
of  a  varieible  point  that  if  fulfilled  the  point  must  he  on  the  line. 

j> 
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BXEBCI8ES. 

1.  What  line  is  represented  by  the  equation  y  =  0  ? 
Am.  The  axis  of  x.    For  if  6  «  0  in  the  equation  y  =  i,  we  get  y  =  0. 

»2.  Prove  that  if  the  equations  of  two  lines  differ  only  in  their  absolute 
termS|  the  lines  are  parallel. 

—3.  Find  the  intercepts  which  the  line  Ax  +  By  -{^  C  =  0  makes  on  the 
axes.  A  ^      C 

4.  If  the  equation  of  a  line  be  multiplied  by  any  constant  it  still  repre- 
sents the  same  line ;  for  the  intercepts  made  by  \Ax  +  A^y  +  xC  =  0 
on  the  axes  are  the  same  as  those  made  hj  Ax-\-By-{-C=  0. 

5.  Proye  that  the  line  which  divides  two  sides  of  a  triangle  proportion- 
ally is  parallel  to  the  third  side. 

6.  Find  the  locus  of  a  point  which  is  equally  distant  from  the  origin 
and  the  point  {2x\  2y'). 

If  {xv)  be  equally  distant  irom  (0,  0)  {2x\  2y'),  we  have 
a^  +  y»=  («  -  2xy  +  (y  -  2y')«. 
1    ace  a«p'  +  yy'  =  a:'»  +  y'".  (61) 

And  since  this  contains  x  and  y  in  the  first  degree,  the  locus  is  a  right 
line. 

7.  Find  the  loci  of  points  equally  distant  from  the  following  pairs  of 
points : — 

1*.    («  cos  ^,  &  sin  ^) ;  (a  cos  ^',  *  sin  ^'). 

cos  J  (4>  +  4> )     sin  ^  (^  +  ^  ) 
2*.  {acos(o  +  i3),  *8in(a  +  ^)};   {acos(a-^),  *8in(o-i3)}. 

Am,   -^    -   ^=  (a«-*2)co8^.  (63) 

cos  a      sin  a 

3-.    (..,  f);    (.r,-^). 

Am.  2a:-  ^  =  *  (  1  -  ^)  (^  +  0-  (64) 

4^     (a/»,  2at) ;  (at'^y  lat'). 

Am.    2  (<  +  <')  a:  +  4y  =  a  (f  +  f  )(<«  +  ^'i  +  4).         (65) 

5°.    (a  sec  4>,  6tan  4>) ;  (a  sec  ^\  6  tan  ^'). 

2a:r  2Ay  ff^-f*» 

Am.   ,  +   .    ,     — 77  = :.  (66) 

cos^  +  co8  4>      sm(^  +  ^)      cos^cos^'  ^ 
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26.  If  the  equations  Ax  ^  By  •{■  C  ^0  \  ^lm^  a  -^  y  tt'ti  ■  J^  ■  ft; 
represent  the  same  line,  it  is  required  to  find  the  relations  between 
their  coefficients. 

1°.   When  ihe  axes  are  reetangtUar. 

Dividing  the  first  equation  by  R,  and  equating  |with  the 

second,  we  get 

A  B      . 

-— ■  =  cos  a,     —  =  sm  a. 

it  Jx 

Square,  and  add,  and  we  get 


-  =  1 ;  therefore R^sIA^^  B". 

A B 

Hence  cos  a  -  v2iT^'  "^ ""  ^ ^W^TB^'  ^^^^ 

2°.  When  the  axes  are  oblique.    It 
is  required  to  compare  the  equations 

Ax^By-\-  C  =  0, 
and      4:cosa  +  y  cos)ff-jp  =  0. 

Let  OQ,  OR  be  the  intercepts ; 
then  we  have 

Q 

Hence  QR^-j='JA^-^  B*-2ABQo^i»>\ 

but  QR :  OR : :  sin  (D :  sin  Q  or  cos  a. 

A  sinw 
Hence  cos  a  = 


In  like  manner,        cos  P  = 


Bemo} 


s/A^  +  B^-2ABcosu} 
Cor.  1.— 

^-^COSCO  . u^  -  ^  cos  (ri  . 

'^  **  "  V^V^-2^^cosa)'  ^^"  v2^^-2^i?cosa)*         ^  ^ 

^        o        i.  -5-^  COS  to)  ^-4-^  cos  CD  ,  -  .V 

CV.  2.— tan  a  =  — r—: ,  tan  fi  =  — =r-^ .       (69) 

-4  sm  to)  '^        j5  Bill  to) 


d2 


Di^t^<rby'(560gk/  ^ 


a  IT 


^  The  Right  Line. 

27.  Ihfind  the  angle  between  the  linee  Ax  +  £g  +  C=0(l); 
andA'x  +  B'y+  C^=0(2). 

1^.  Let  the  axes  he  rectangular.    Then,  if  <^  be  the  angle 
between  (1)  and  (2),  it  is  equal  to  the  difference  of  their 
inclinations  to  the  axis  of  x ;  but  the  tangents  of  these  in- 
clinations are  (see  §  23,  fourth  method), 
A       ^     A' 

„       ^     ^    (A'     A\     (^      AA'\     A'B^AB' 
Hencetan*^^^  -  ^)  ^  (l  +  ^)  =  jjr^^.        (70) 

Cor*  1. — lithe  lines  (I)  and  (2)  be  parallel,  they  make  equal 
angles  with  the  axis  of  x ;  therefore 

A     ^A^ 

B"     B'' 

Hence  the  condition  of  parallelism  is 

AB'-'A'B^O.  (71) 

Cor.  2. — li  <l>  =r-,  tan  <^  is  infinite  ;  and  from  (70)  we  infer 
2 

the  condition  of  the  lines,  being  at  right  angles  to  each  other,  is 
AA'  +  BB'^O:  (72) 

That  is,  if  two  lines  whose  equations  are  given  Be  perpendicular 
to  each  other,  the  sum  of  the  products  of  the  coefficients  of  like 
variables  is  %ero. 

Cor.  3. — If  the  lines  y  =  wj?  +  ^,  y  =  m'x  +  ^'  be  perpen- 
dicular to  each  other, 

ifM»'+l-0.  (73) 

Cor.  4. — The  angle  between  the  lines  y  =  »m?  +  i,  y = m'x  +  b' 
is  given  by  the  formula 

tan^-i^^V  (74) 

Cor.  6. — If  the  equations  of  the  given  lines  be  in  the 
standard  form, 

«cosa +  ysina-jp  =  0,    a?  cos  j8  +  y  sin /3  -  jt/ =  0, 
we  have  <^  «  a  -  /3.  (75) 
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2°,  Let  the  axes  be  oblique. 

HOyff  denote  the  angles  which  the  given  lines  make  with 
the  axis  of  a:;  then  (§  26,  2°)  we  have  tf  =  a  +  90;  therefore 
^  sin  CD 


tantfs-cotaa 


Similarly, 
Hence 


tan^= 


A  cos  ia  —  B' 
u^'sino) 

A'C0B(O-B'' 


(See  equation  (69).) 


'^*-'^^^'^>AA^IbB'-U^'-.A'B)cos.'    (^'^ 
Cor.—  If  the  lines  he  perpendicular  to  each  other 

AA'  ^BBf  -  {AB'  +  A'B)  cos  w  =  0.  (77) 


BXBB0I8BS. 

1.  Find  the  angle  between  the  lines 


:rco8i9      ysin/g 


Ant.  dn^s- 


a              0 
0^  gin  0  -  y) 


>0. 


2.  Find  the  angle  between  the  lines  a;-y  «  0  and 


y 


tan^'+  tan ^"     cot  ^'  +  cot  4>' 

,  (l  +  tan4>'tan4>") 

Q       1 ' Ti  1  * 


.liiw.  tan-' 


(78) 


(79) 


p^y) 


tan^' tan^ 
Dep. — 2^  result  of  substittiting  the  co-ordinates  of  any  point 
in  the  equation  of  any  line  or  curve  is  called  the  Powee  of  that 
point  with  respect  to  the  line  or  curve. 

[This  definition,  first  given  by  Stbineb, 
is  now  employed  by  all  the  French  and 
Gennan  writeis.] 

28.  Tofind  the  lenffth  of  the  perpen- 
dicular from  the  point  ^y*  on  the  line 
Ax  +  By  +  C  r^  0. 

1^.  Zet  the  axes  be  rectangular. 
Let  the  line  intersect  the  axes  in 
the  points  Q,  B,  then  the  perpendicular  from  P  is  equal  to 
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twice  the  area  of  the  triangle  PQR  divided  by  the  base  QR ; 
but  the  areu  of 

PQR  =  2^  {Ao^  +  By'  +  C),  (Equation  (24).) 
and  ftfi  «  -^  y/A}  +  B".  (Equation  (11).) 


Therefore  the  length  of  the  perpendicular  is 


(80) 


The  area  PQR  changes  sign  when  R  goes  from  one  side  to 
the  other  of  the  line  QR.  Thus  the  formula  (80)  must  have 
the  sign  +  for  all  points  on  one  side  of  the  line,  the  sign  -  for 
those  on  the  other  side.  We  find  the  proper  sign  by  observing 
that  the  distance  from  0  to  the  line,  viz.  Cj  ^A^-k-B*  must  be  +. 

Hence  we  have  the  following  rule  for  finding  the  length  of 
the  perpendicular  from  a  given  point  on  a  given  line  : — 

Divide  the  power  of  the  given  point  with  respect  to  the  given  Une 
hy  the  square  root  of  the  sum  of  the  squares  of  the  eoefficients  of  the 
variahlesy  and  the  quotient  taken  with  the  proper  sign  will  he  the 
length  required. 

2°.  Let  the  axes  he  ohlique. 

Since  the  axes  are  oblique,  the  area  of  the  triangle  PQR  is 

C{Ax'  -^  By'  -^  Casino) 
2AB  ' 

and  the  length  of  QR  is 

C y/A*  +  ^  -  2AB  cos o>    ,_      ^     ,,^.  . 
^      —  .  (Equation  (12).) 


AB 
Therefore  the  perpendicular  is 

{Ax'  -i-  ^y^  -t-  (7)  sin  0) 


±v/^' +  ^-2^-5  cos o) 
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29.  If  the  equation  of  the  line  AB  be  given  in  the  form 


X  0O8  a  +  y  COS  )3  -  |i,  we  find  the  length  of  the  perpendicular 
from  the  point  M,  as  follows  : — 

Let  OP  ^  x',  PM «  f/y  and  MR  the  perpendicular  from  M 
upon  AB  a^.  Then  the  projection  of  OR  on  OQ  is  equal  to 
the  projection  of  the  contour  OPMR  on  OQ.    Hence, 

p^'X^  cosa  +  y'  coafi+p',  .'.  -p'  =  a/  cos  a  +  y'  cos  )8  -py 

.-.  ^  =  -  the  power  of  the  point  if.  (82) 

We  suppose  thaty  is  subject  to  the  same  rule  of  signs  Aap; 
p  is  always  +,  and  the  points  for  which  p'  is  positive  are  on  the 
same  side  of  the  line  as  the  origin  of  co-ordinates. 

Cor. — The  power  of  any  point  on  a  line  with  respect  to  the 
line  is  zero ;  and,  conversely,  if  the  power  of  a  point  with  respect 
to  a  line  be  zero,  the  point  must  be  on  the  line. 

30.  If  i8a^^  +  ^y+ (7«0,  S'^A'x  +  B'y+C'^O,  he 
the  equatiom  of  any  two  lines,  and  /,  m  any  two  mtdtiplee  {inehd- 
ing  unHy)y  either  positive  or  negative,  then 

W+mi8f=0  (83) 

if  the  equation  of  some  line  passing  through  the  intersection  of  the 
lines  Sand  S. 

For,  since  8  and  8'  are  of  the  first  degree  with  respect  to 
X  and  y,  18  +  m8'  «  0  will  also  be  of  the  first  degree,  and  there- 
fore will  be  the  equation  of  some  line.  Again,  if  Pbe  the  point 
of  intersection  of  8  and  8^,  the  powers  of  P  (§  29,  Cor.)  with 
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respect  to  iS,  j8'  are  respectively  zero.  Hence  the  power  of  P 
with  respect  to  /iS  +  mS'  =  0  is  zero,  and  therefore  the  line 
18  +  f»5'  =  0  must  pass  through  P, 

Cor.  1. — ^The  line  y  -  y* '-  m  {x  -  xf)  =0  passes  through  the 
point  xfy''y  for  the  power  oia^  y'  with  respect  to  it  is  zero. 

Or  thus :  y  -  y'  =  0  denotes  (§  25)  a  line  parallel  to  the  axis 
of  X  at  the  distance  y' ;  and  ^  >  ^r'  =  0  a  line  parallel  to  the  axis 
of  y  at  the  distance  xf.    Hence, 

y-y'-m(a:-.*')  =  0  (84) 

denotes  a  line  passing  through  their  intersection,  that  is,  through 
the  point  xf  y". 

Cor.  2. — In  the  same  manner  it  may  be  shown  that  if 
5  a  0,  iSf'  ts  0,  be  the  equations  of  any  two  loci  (such  as  a  line  and 
a  circle,  or  two  circles,  &c.),  IS  +  tnS'  =  0  will  denote  some  curre 
passing  through  aU  the  points  of  intersection  of  8  and  8'. 

31.  To  find  the  equation  of  a  line  paeeiny  through  two  points 

>     Take  any  Tariable  point  xy  on  the  line,  then  the  three  points 
;  xy,  xfyixf'y'^  tfre  coUinear.    Hence  (equation  (18)), 


=  0,  (85) 


:  which  is  the  required  equation. 

It  may  be  otherwise  seen  that  this  is  the  equation  of  a  line 

)  passing  through  the  two  given  points.     1°.  It  contains  x  and  y 

'  in  the  first  degree  ;  hence  it  is  the  equation  of  a  right  line. 

i^  2^.  If  we  substitute  x^y'  ior  xy  the  determinant  will  have  two 
rows  alike,  and  therefore  will  vanish ;  hence  the  co-ordinates 
xfy'  satisfy  it,  and  the  line  passes  through  xfy*.  Similarly  it 
passes  through  «"y".     The  determinant  (85)  expanded  gives 

(y'  ^f)x-{x/-  Oy  +  «'y"  -  ^Y  =  0 ;  (86) 

Digitized  by  LjOOQIC 


X, 

y> 

1, 

«', 

y'. 

1, 

*", 

y", 

1, 

Cartesian  Co-ordinates.  41 

from  whicli  we  infer  the  following  practical  rule  for  writing 
down  the  equation  of  a  line  passing  through  two  given  points 

;      Place  the  co-ordinates  of  one  of  the  given  points 
under  those  of  the  other y  as  in  the  margin  ;  then  the        a^,    y', 
difference  of  the  ordinates  of  the  given  points  will        «",   y", 

•  give  the  coefficient  ofx:  the  corresponding  difference 

:  of  the  abscissa  with  sign  changed  will  he  the  coefficient  of  y .  Lastly  ^ 
the  determinant,  with  two  rows  formed  hy  the  given  co-ordinates, 
:  wiU  he  the  absolute  term. 

Cor.  1. — ^If  the  equation  of  the  line  joining  ar'y',  «"y"  he 
i  written  in  the  fonn  Ax  -{■  By  +  C  t^  0.  we  have 

•  /-y"-^,     {xf-x")^-B,    a^y"-a:"y'=(7. 

I  Cor.  2. — Hence  may  he  inferred  the  condition  that  the  pointa 
f'y",  ar^'y"'  may  suhtend  a  right  angle  at  ar'y'. 
I  For,  let  the  joins  of  the  points 

x'y',  a:'Y'he^  +  ^y+C=0, 
a^  the  join  of  the  points 

*  ^V'y  *"Y"  lie  ^'a;  +  ^y  +  C'«  0  ; 

snL  since  these  are  the  right  angles  to  each  other, 

\  AA'  +  BB'^O; 

an4  suhstituting,  we  get 

^  (*'  -  «")  («'  -  *"0  +  (y'  -  y")  (/  -  y"')  =  0.     (Comp.  (14).) 

BXBB0I8B8. 

L  Rnd  the  equatimi  of  the  join  of  (2,  -  4),  (3,  -  5). 

Am.  «  +  y  +  2  =  0. 
2.  Find  the  medians  of  the  triangle  whose  vertioes  are  «y,  «'V'>  «"y"^\ 
Am.  (y"  +  jT'  -  2^0  x  -  («"  +  sf''  -  2af)  p  +  (x"  +  af")t^ 

-(/'  +  y'")«'-0,&c.    (87)  I 
I 
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3.  Find  the  equations  of  the  joins  of  the  pain  of  points — 
^   1**.  (r  COB  ip\  r  sin  ^') ;  (r  cos  ^"j  r  sin  ^"). 

Am.  cos  J  (f  +  ^")  a:  +  sin  J  (^  +  ^")  y  =  r  oos  J  (^'  -  ^").     (88) 

2°.  (a  cos  ^',  3  sin  ^') ;  (a  cos  ^",  3  sin  ^"). 

^iw.  cos  i  (^'  +  ^")  ^  +  sin  J  (^'  +  f ')  I  =  cos  J  (^'  -  ^").     (89) 

3'.   {aoos(a  +  /3),  *sin(a  +  ^)};   {a  cos(a  -  i5),  *  8in(a  - /3)}. 

X  y 

uliM.  C06a-  +  sina7BC0S/3.     (90) 
a  0 

4*.  (fl^,  2a0  ;  (a^»,  2«<').    Ant.  2a?  -  (<  -f  f)  y  +  2atV  =»  0.     (91) 
6''.  (a  sec  ^,  6  tan  ^) ;  (a  sec  ^',  h  tan  ^'). 

ui>M.  cosi  (^-♦')  *  -  sin  J  (^  +  ^')  I  =  cos  J  (^  +  ^').     (92) 
6*.  (*  tan  ^,  A  cot  ^) ;  (Ar  tan  ^',  h  cot  ^'). 

u<«*.    ' ;  +   —-^ ;  =  h.       (93) 

tan  ^  +  tan  ^      cot  ^  +  cot  ^ 

[4.  Find  the  equations  of  the  joins  of  the  middle  points  of  the  opposite, 
sides,  and  also  of  the  joins  of  the  middle  points  of  the  diagonals  of  the 
quadrilateral  whose  vertices  are  «V,  af'V,  «'"/"»  «""/"'  and  *show  that 
the  three  lines  thus  found  are  concurrent. 

32.  To  find  the  co-ordinates  of  the  point  of  intersection  of  two 
lines  whose  equations  are  given. 

Since  the  co-ordinates  of  the  point  of  intersection  must  satisfy 
the  equation  of  each  line,  this  problem  is  identical  with  the 
algebraic  one  of  solving  two  simultaneous  equations  of  the  first 
degree.  Thus  the  co-ordinates  of  the  point  of  intersection  of 
the  lines 

X      y     ^    X     y     ^             mn        mn  . 
+  -  =  1,   -  +  i  =  1,  are ,    


m      n  n     m  m  +  »    «i+  n 
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BXBB0I8BS. 

1.  Find  the  co-ordinates  of  the  points  of  intersection  of  the  following 
pain  of  lines : — 

r.  x€oe^  + y  sin^  s  r,    j;  cos ^' +  y  sin ^' s  r. 

^^.,.':£?ii(i±4)^  (94) 

cosJ(^-  ^')^      cosi(^  -  ♦) 

2*.  -  cos^+  Y«ua^=  1»  -ooe^'  +  ^sin^'"  1. 
tt  0  a  0 

^,u.^=.g-^><»-^»^U»^'^"*^^^^^^      (96) 

C08i(^-^r^         008i(^-^')  ^      ^ 

S*.  J?  -  <y  +  «/»  =!  0,     jr  -  ry  +  a<^  =  0. 

An8.x^aU\    y^a{t-\-f).  (96) 

2.  If    --  +  JLel---+iLssil)oone  pair  of  opposite  sides  of  a 

2a     26         2tf'      2J^ 

qnadnkteral,  and  the  co-ordinate  axes  the  other  pair,  find  the  co-ordinates 
of  the  middle    points  of  its  three  diagonals,  and  prove  that  they  are 
coIHnear. 
8.  Find  the  oo-ordinates  of  a  point  equally  distant  from  the  three  points 
(0  cos ^,  &  sin ^) ;  (a  cos  <p\  b  sin^*) ;  (a  cos  ^*',  b  sin p"). 
The  locos  of  a  point  equally  distant  from 

(a  006^,  &  sin  ^) ;  and  {a  cos  ^',  ^  sin  ^'), 

■  theline        —rr^ -_-^-— -  =  (a»  -  *»)  cosi(^ -^0- 

Simhttiy,  r^ jz^  -    .     ,/f ;;r  =  (o^  -  b^)  COS  J  (^'  "  <t>") 

''        oosj(^'  +  ^'0      sinj(^'+^")      ^  '        a\r      ^/ 

ii  die  locos  of  a  point  equally  distant  from 

{a  coBp'y  bainp');  and  (a  cos  ^'\  b  sin  ^"). 
Hence,  solving  from  these  equations,  we  get 


'  COS  J  (^  +  ^1  cos  J(^' +  ^")  cos  J  (^"  +  ^), 
y'«  ?!z^rinj(^  +  ♦')  sin J(^'  +  n  amj(^"  +  ^) 


(97) 
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*4.  Find  the  co-ordinates  of  a  point  equally  distant  from — ' 
1*.  (a<«,  2a0;  (a<'»,  2<U') ;  (<K"»,  2at"). 

An»,  ar  =  5  (<•  +  <^+  ^"^  +  ^<'  +  rr  +  <"<  +  4), 

♦2*.  (a  sec  ^,  3  tan  ^) ;  (a  sec  ^',  *  tan  ^') ;  (a  sec  ^",  *  tan  ^"). 

a  cos  ^  cos  ^'  006  ^"  ' 

g'  +  y  anjC^-*-^') sin \  (»'  +  »'') sin ^  (^"^ -f  ^) 
i  cos  ^  cos  ^'  cos  ^" 

*3«.  (*tan^,  Arcot^);  (*  tan  ^',  *  cot  ^') ;  (A?  tan  ^")t^  : » 


An$,  «  B  -  (cot  ^  cot  ^'  cot  ^^  4  tan  ^  +  tan  ^'  +  tan  ^"), 

y  =  -  (tan  ^  tan  ^'  tan  ^''  +  cot  ^  +  cot  ^'  +  cot  ^") 

•4".  (a  cos  o,  *  sin  o) :  [a  cos  (a  +  /3),  A  sin  (a  +  iB) } ; 
{a  cos  (a  -  /3),  d  sin  (a  -  iS) } . 

a*  -^ 
Am,  «B oo8(a-ii3)oosaoos(a+i/3), 


y  «  — T —  sin(a  -  J/3)  sina  sin (a+Ji5) 


(98) 


(99) 


(100) 


(101) 


33.  To  find  the  equation  of  the  line  through  otfy'^  making  an  angle 
<f>  with  Ax  -h  Bg  +  C  =^  0, 

Let  A'x  +  B'g  +  C"  =  0  be  the  required  line ;  and  since  this 
passes  through  ar'y',  we  have  -4V  +  B'g'  +  C"  =  0.  Hence 
-4' (a?  -  a?')  +  -5'  (y  -  y')  =  0  is  the  form  of  the  required  equation. 

Again,  we  have    tan  ^  =  -—p — ^-^.        (Equation  (70).) 

Hence  ^'(-^  -  ^  tan  ^)  =  -5'  (^  +  ^  tan  ^). 

And  the  required  equation  is — 


B  -  A  tan  ^  ^  ^  +  ^  tan  ^ 


=  .0, 


(102) 
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which  may  be  written  in  either  of  the  following  forms  : — 


=  0. 


(103) 


B  COB  <li  -  A  an  <f>     A  cos  <l>  +  £  an  <f> 

A  Bxn  if>  -  B  cos  <liy     A  cos  ^  +  ^  sin  ^,     0 

«j  y,  1=0.    (104) 

.   ^,  y'f  1 

If  the  angle  ^  be  right,  the  equation  becomes 

Hence  the  equation  of  the  line  through  x^y*,  perpendicular  to 
Ax  +  By  +  CyiB 

B(x^af)^A{y-y').  (105) 

This  may  be  otherwise  proved  as  follows  : — 

The  line  Bx-  Ay  ■\^  C  fulfils  the  condition  (72)  of  being 
perpendicular  to  Ax  +  By  -^  C;  and  if  it  pass  through  «'y',  we 
get  Bj^  -  Ay'  +  C"  =  0.  Hence  subtracting,  we  get  the  equation 
just  written. 

34.  The  line  through  x'y',  making  an  angle  ^  with  y^mx  +  hj 
is 

\  -tm  tan  ^     m  -  tan  ^"  ^       ^ 

(V.— The  line  through  xfy*  perpendicular  to  y  -mx^h  is 


y  -  y'  =  --(«-  ^). 


(107) 


BXEBCI8BS. 

1.  Find  the  line  through  (0,  1),  making  an  angle  of  30*,  with  a;  +  y  e  2. 

2.  Prove  that  the  linee   a;  +  yV3-6=sO,    3«-yV3-4  =  0  are  at 
ri|^  angilec  to  each  other. 
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3.  Find  the  eqiiations  of  the  perpendiculars  of  the  triangle  whose  *ngnUr 
points  are  x'y\  «"y"»  x*"^'' 

4.  Find  the  equation  of  the  perpendicular  to  the  line 

X  cos  a     y  sin  a  , 

+  — T —  =  1  at  the  point  (a  cos  a,\^  a). 

6.  Find  the  perpendicular  to 

d?  -  y  tan  ^  +  0  tan 2^  =  0,  at  the  point  (a  tan^^,  2a  tan  ^). 

85.  To  find  the  equation  of  a  line  dividing]  either  of  the  angles 
between  the  lines  Ax  +  Bg  +  C  =s  0,  A'x  +  B'y  +  C"  =  0,  into 
two  parte  whose  sines  have  a  given  ratio  a  :  h. 

Let  LL\  MM'  be  the  given'  linos  ;  OJN^  the  required  line. 
From  any  point  XFon  ON 
let  fall  perpendiculars  on 
the  given  lines :  these  per- 
pendiculars will  be  to  one 
another  in  the  ratio  of  the 
sines  of  the  angles,  and  will 
both  be  of  the  same  sign 
(§  28),  if  the  origin  of  co- 
ordinates lies  in  either  of  the  angular  spaces  ZOM,  LOM' ; 
and  of  different  signs,  if  in  either. of  the  two  remaining  spaces. 
Hence 

Ax-^tBy^^  C  .  A'x^By\(y 


^/A^  +  B"      '     y/A'^  +  B'^ 


-u^ 


the  choice  of  sign  depending  on  the  position  of  the  origin. 
Hence  the  equations  of  the  lines  dividing  the  angles  between 
-4a?  +  J?y  +  (7=0,  A'x  +  B'y  +(7=0  into  parts,  whose  sines 
are  in  the  ratio  a  :  ^,  are 

b{Ax  +  By^C)  ^  ^  ajA'x^B'y^C) 
y/A^  +  B^  ^A'^^B'^       ' 

the  sign  +  being  the  proper  one  for  one  of  them,  and  -  for  the 
other. 
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In  this  proof  it  is  assamed  that  the  powers  of  the  origin  with 
respect  to  both  lines  have  like  signs.  If  they  have  unlike  signs, 
the  conclusions  will  be  reversed. 

Cor.  1. — If  we  put 

^  a 

ly  and  — ■■  =  f»,  • 


1 


the  equations  (108)  are  transformed  into 

l{Ax-\-By-^  C)±m {A'x  +  ^y  +  C")  =  0.        (109) 

Now  if  a  and  h  are  given,  I  and  m  will  be  given.  Hence  we 
have  the  following  important  theorem : — If  the  equations  of 
two  given  lines  he  multiplied  respectively  hy  given  constants,  and 
the  products  either  added  or  subtracted,  the  result  will  be  the 
equation  of  a  line  dividing  one  of  their  angles  into  parts  whose 
sines  have  a  given  ratio. 
Cor.  2. — If  in  the  equation 

l{Ax  +  By-¥  C)  +  m {A'x  +  -ff/  +  C)  =  0, 
we  put 

m/l=^\y  we  get  Ax  +  By  +  C ^- k{A'x -¥  B'y -^  C")  =  0  ; 

and  giving  all  possible  values  to  A.,  we  get  all  possible  lines 
through  the  intersection  of 

^a?  +  %  +  C  =  0,   and  u^'a?  -h  5'y  +  C  =  0  ; 

Compare  §  30,  Cor.  1. 

Cor.  3. — If  the  equations  of  the  given  lines  be  in  the  stan- 
dard form,  the  ratio  of  the  sines  will  be  the  same  as  the  ratio 
of  the  multiples. 

Cor.  4. — Since  the  line  passing  through  a  fixed  point  xfy' 
and  the  intersection  of  the  lines 

^i;p  +  ^y+ C«0,     A'x^-B'y-^C^O 
diyidea  the  angle  between  the  lines  into  parts  whose  sines 
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are  in  the  ratio  of  the  perpendiculars  on  them  from  xfy^^  we 
have 

a  = —J    o  =         .-  _       — . 

v/^»  +  B"  ^A^  +  B^ 

Henc^  substituting  these  values  in  (108),  we  get 
{Ax  +  ^y  +  (7)(u4V  4-  ^y'  +  C) 

-  (^':c  +  ^y+  (r)(^44?'  +  ^y'+  (7)  =  0.      (110) 

36.  To  find  the  condition  that  three  given  lines  he  eoneurrenty 
kt  the  lines  be 

Ax^By-^C^O,  u4'a:  +  ^y+C  =  0,  ^"a?  +  ^'y  +  C"' =  0, 
we  see  (§  35,  Cor,  2)  that  the  third  must  be  of  the  form 

l{Ax  +  Bg-h  C)  +  m(^'a:  +  ^y  +  C). 
And,  comparing  coefficients,  we  get 

/^  +  m^'-^"=0, 
/^+m^-^'  =  0, 
IC  +  mC'  C"^0. 

Hence,  eliminating  /,  m,  the  condition  of  concurrence  is 

A,  A\    A" 

B,  B,    B"      =0. 
(7,     a,    C 

Cor, — If  the  coefficients  in  the  eqttatione  of  three  lines  be  such 
that  when  the  equations  are  multiplied  by  any  suitable  constamts 
they  vanish  identically,  the  Unes  are  concurrent. 

For  if 

X(^;r  +  ^y+C0  +  /t(^'a:  +  ^y+(r)  +  v(^"ar  +  ^'y+C'O»O, 
we  have,  comparing  coefficients, 

X^  +  /itJ?'  +  v^'  =  0, 

XC'  +  /LtC"  +  v(r'  =  0; 
and  eliminating  X,  /t,  v,  we  get  the  condition  (111)  of  concur- 
rence. 


(Ill) 
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BXEBOISBS. 

1.  Find  tiie  lines  which  divide  the  angles  between 

SjT  +  4y  +  12  =  0,    &r  +  15y  +  16  «  0, 
into  parts  whose  sines  are  in  the  ratio  2  :  3. 

Am.  61(3d;  +  4y  +  12)±10(8jr+15j^+16)«0. 

2.  Write  the  equations  of  the  bisectors  of  the  angles  between 

apooea  +  ysin  a-p  =  0,    a;co6/3 +  ysini3 -p' s  0, 
in  the  standard  form. 

3.  Form  the  equations  of  the  perpendiculars  of  the  triangle  whose  sides 
are 

uiiar+Jiy+Ci  =  0,  (1)    uia«+Jjy+Cb=0,  (2)  uis^+^ay+C^  =  0,  (3); 

the  peipendicnlar  on  (1)  must  be  of  the  form  (2)  -  A;  (3) ;  and  the  condition 
of  perpendicnlarity  giyes 

*  =  (AiA2  +  BiB%)  rr  (AUx  +  BtBi). 
Hence  the  perpendicular  is 

(AU\'^BtBi)(A2Pi-^B7y^Ct)-(AxA%'^BiB%)(AtiK-{-Bty-\'(h)^0.  (112) 

4.  Show  that  the  orthooentre  of  the  triangle  formed  by  the  lines 

«-<y  +  a<»  =  0;    «- f'y  +  a/'«  =  0;    a;-ry  +  «r'a  =  0 
is  the  point  -a,    a (<  +  <'  + r  +  ttT).  (113) 

5.  Find  the  equation  of  the  line  which  passes  through  the  intersection  of 

Aix  +  Jiy  4  Ci  «=  0,    Aipc  +  Jjy  +  Ci  =  0, 
and  IB  parallel  to  Aift  +  B^y  +  (7$  »  0. 

6.  If  the  distances  of  a  certain  point  from  the  lines 

JTOOSa  +  ysina-i^sO,  afcosc^  +  ysind'-^ssO,  «  cos  al"+ y  sin  a''- j/'s  0 
be  d^  (f ,  d^\  respectiyely,  and  if 

prove  Xsin(a-a")+A'sin(a"-a)  +  A"8in(a-a)  =  0.  (114) 

7.  Being  given  two  triangles  M\M%Mzy  N\N%Niy  to  find  the  condition  that 
the  parallels  through  Mu  -Sft,  Mz  to  N%Nz,  NzNiy  N\N%  may  be  concurrent. 

Let  the  co-ordinates  of  Mi,  Miy  Mi  be  ai^i,  ^3^2,  osh ;  and  the  co-ordi- 
nates of  i^Ti,  Ntf  Nz  be  cidi,  €24%,  czdz,  respectively,  then  the  equations  of  the 

pfMlU1f>lff     ' 

{^-hi){ct- ez) " {x - ai){d%'dz)  =  0,  &c. 
B 
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If  these  equations  be  added,  the  coefficients  of  x  and  y  vanish  identically. 
Hence,  in  order  that  the  lines  may  be  concurrent,  the  sum  of  the  absolute 
terms  must  yanish  in 

2ai(i8  -  <fe)  -  2*1  (ca  -  <!8)  =  0. 
Or 


«1» 

rfl, 

1 

Cl, 

hu 

1 

03, 

d2. 

1 

+ 

0%, 

K 

1 

«», 

dz. 

1 

<!Zy 

*8, 

1 

=  0. 


(116) 


(Nbttbsko). 

Cor,  1. — If  parallels  through  the  summits  of  the  first  triangle  to  the  sides 
of  the  second  be  concurrent,  parallels  through  the  summits  of  the  second  to 
the  sides  of  the  first  are  concurrent.  {IbidJ) 

Cor.  2. — If  two  triai^gles  dfe  such  that  lines  through  the  summits  of  the 
first  making  the  same  angle  oiwimme^cles  o^  toe  second  are  concurrent, 
the  lines  through  the  sunmiits  of  the  second  making  asi^^mgl^^^Sn  the 
sides  of  the  first  are  concurrent.  \lbid,) 

8.  To  find  the  condition  that  the  perpendiculars  through  the  summits  of 
MiMzMz  on  the  sides  of  N1N2NZ  may  be  concurrent. 
The  equations  of  the  perpendiculars  are 

(«-ai)(<?2-<?8)  +  (y-*i)(<^2-<?a)  =  0,  &c. 

And  we  find,  as  in  Ex.  7,  the  condition  of  concurrence 

^\{C2  -  ^)  +  Xbi{d2  -  dz)  =  0. 


Or 


«l. 

CI,       1 

K 

rfi,    1 

«3. 

«2,       1 

■+ 

»i, 

*,    1 

«J. 

e»,     1 

*., 

*,    1 

=  0. 


(116) 


{Ibid.) 

Cor.  1. — If  the  perpendicuhirs  from  the  summits  of  MiMtMz  on  the  sides 
of  iyiiV2iy3  are  concurrent,  the  perpendiculars  from  the  summits  of  NiIftNz 
on  the  sides  of  MiM%Mt  are  concurrent.  (Stbinba.) 

Two  such  triangles  are  said  to  be  orthologique. 

Cor.  2. — If  MvMiM^  NiNzNz  be  orthologique,  and  if  i>i,  Dz,  Jh  divide 
the  lines  Milfi,  M^Nzt  ^i^z  i^  the  same  ratio,  DiD^Ds  is  orthologique  to 
each  of  the  triangles  MiMzMs,  NiNzNk.     For,  if  we  substitute  in  (116)  for 


*nai  +  fwi   .      ,  mbi  +  ndi 
e\,     _  .  _    ,  for  di 


m  +  n 


m-\-n 


,  &c.,  the  resulting  determinant  will  vanish. 
(Nbvbbkg.) 
Cor.  8.— If  ExEiEi  divide  MyNi,  MzNzy  J/jiVa  in  the  same  ratio,  the 
triangles  Dilhlh,  SiJBtEz  are  orthologique.  (Ibid.) 
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37.  To  find  when  an  equation  of  the  second  degree  ie  the  product 

of  the  equations  of  two  lines, 

P.  Let  the  equation  contain  only  one  of  the  variables,  such 
as 

np^-  {a  +  h)x-\-ab. 

Since  this  is  evidently  the  product  of  the  equations 

z-a^^O,    x-h  =  0f 

we  see  that  an  equation  of  the  second  degree^  containing  only  one  of 
the  variables^  represents  two  lines  parallel  to  the  axis  of  the  other 
variable, 

2^.  If  the  equation  he  homogeneous  in  both  variahlesy  it  represents 
two  lines  passing  through  the  origin. 

For  example, 

«» -  bxy  +  Gy*  =  a  is  the  product  of  (or  -  2y )  =  0,  (4;  -  8y )  =  0 . 

3^.  If  the  general  equation 

<RB»  +  2^y  +  iy'  +  2^a;  +  2>V  +  ^  =  0 

denotes  two  lines,  throwing  it  into  the  form 

(<M:  +  Ay  +  y)»-{(A»-ai)y»  +  2(yA-fl/)y  +  (y»-ew))=0, 

we  see  that  the  second  member  must  be  a  perfect  square. 

Hence  (A»  -  ab){jg^  -  ac)  -{gh-  aff  =  0, 

or  abc-\-2fgh'-ap-bg^-ch^^0,  (117) 

This  important  function  of  the  coefficients  of  the  general 
equation  of  the  second  degree  is  called  its  discriminant.  It  may 
be  written  in  determinant  form  as  follows : 


«,        A,        9 

A,        h       f 

-  0.                   (118) 

Or  thus,  let 

9y        /,        ^ 

a«*  +  2^+^'  + 

2gx  +  2fy  +e^(lx  + 

wy  +  «)(/'j?  +  m'y  +  n'). 

s2 
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Hence,  comparing  coefficients,  we  get 

a  =5 IV  y    h  =  mm',    o  «  nn\ 

2/=mn'  +  m'»,     2y  =  n/'  +  «7,     2Ao/m'  +  rm. 

Now  the  product  of  the  matrices 

21V,        Im'-^Vm,      In'+Vn 
Iml  +  lm\      2mm' y      mn'  +  m'n 
In*  +  /'»,    mn'^m'n^       2nn' 

0. 


/,    V 

^  ^ 

m,  m' 

X 

m ,  m 

- 

n,  n' 

n',  n 

»0. 


Hence 


A, 


/, 


/ 

0 


The  student  should  carefully  commit  each  of  the  formuls 
(117),  (118)  to  memory.  The  minors  of  the  determinant  (118) 
will  be  denoted  hy  the  corresponding  capital  letters.     Thus, 

Amhe-py    Bmca-f,     Cmah-'h\    Fmgh-af, 

Q^hf'hg,    Emfg^ch. 

38.  If  the  general  equation  represent  two  linesj  it  is  required  to 
find  the  co-ordinates  of  their  point  of  intersection. 

Let 

a3t^  +  2hxy  +  iy*  +  2gx  +  2>^  +  <?  a  (&  +  my  +  n)[Vx + m'y  +  n'), 
2/=  mn'  +  m'fi,     2g  «  nZ'+  n%    2h  =  ^'+  /'m ; 
and  solving  for  x  and  y  from  the  equations 

/!r  +  my  +  »  =  0,     /'a?  +  m'y  +  n'  =  0, 
we  get         a? :  y  :  1,  : :  mn'-m'n  :  nV~n'l :  /m' -  /'m ; 
Hence  x:yi\  iiA^iB^i  C*, 

which  are  the  required  values. 
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Cor.  1. — ^If  the  general  equation  represent  two  perpendicular 
lines, 

a  4-  &  a  0  for  rectangular  axes.  (H^) 

«  +  &  -  2A  cos  «>  a  0  for  oblique  axes.  (120) 

Car.  2. — ^n  the  general  equation  represent  two  lines  making 
an  angle  ^,  we  have  for  oblique  axes, 


2v^A"-a^  .smctf 

tan  6  =        .     ^, . 

^      a+6-2Acos(a 

Hence,  if  A'  -  oi  a  0,  the  lines  are  paralleL 


(121) 


BXBBOISBS. 

1.  What  lines  are  represented  by  d^  -  y'  =  0  P 
■p^fHSnSes are  represented  by  «»  -  2«y  eec  6  +  y*  =  OP 

8.  Prore  that  the  two  lines  ax^  +  2hxy  +  ^  =  0  are  respectively  at  right 
ta^  to  the  lines  &E*  -  2A^  +  ay>  =  0. 

4.  Find  the  angle  hetween  the  lines  tufi  +  2hxy  +  iy'  »  0.    If  the 
eq[aatioQ  represent  the  two  lines  y  -  m^t  «  0,  y  -  tn'o; «  0,  we  get 


:  J ,m  = r » 


tndance  tan^  =  - ?,  wehave  tan^  « -7— •  (122) 

1  +  WW  0  T  V 

(.  The  angle  hetween  the  lines. 

(^  +  y*)(co^  sin'a  +  sin*^)  -  (ar  tan  a  -  y  sin  tf )»  is  a. 

6.  Find  the  hisectors  of  the  angles  made  by  the  lines  <m^+  2^  +  ^  s  0. 
The  hiseetors  of  the  angles  between  the  lines  y  -  mo;  «  0,  y  —  maf  e  0, 


Vl+m«     Vl+m'»  Vl+m      Vl+iw^ 

HmoSy  mnltiplying  and  restoring  values,  we  get 

A  (4f«  -  y8)  -  (a  -  *)  ajy  =  0.  (128) 

7.  The  lines  a^  +  2«y  seo2a  +  y*  «  0  are  equally  inclined  to  jt  +  y  =  0. 
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8.  The  difference  of  the  tangents  which  the  lines 

«»  (tan*«  +  cos'e)  -  2d?y  tan  e  +  y*  sin'tf  =  0 
make  with  the  axis  of  a;  is  2. 

9.  If  A  denote  the  discriminant  (118),  prore  the  following  relations — 

aA^BC'F^,    bA^CA'Gf^,    cA^AB-E*.       (124) 

10.  When  A  =  0,  prove    A:  B:  C:i-^:   — :   — .  (126) 

11.  If  ««»  +  2hxff  +  *y*  +  ^a?  +  2/y  +  tf  =  0  represent  two  lines,  prove 
that  the  lines  a^  +  2hxy  +  ^  =  0  are  parallel  to  them. 

J  2.  Find  the  discriminant  of 

(<w?  +  2hxy  +  by*  +  2^*+  2/y  +  c)  +  X  (j!»  +  y*  +  2*y  cosw). 
13.  Prove  that  if  in  the  result  (123)  we  change  x,  y  into 
Al  m 

we  get  the  equations  of  the  bisectors  of  the  angles  made  by 

(ax*  +  2hxy  +  Jy»  +  ^a;  +  2/y  +  «?)  =  0, 
when  it  denotes  lines. 

*U.  If  the  sum  of  the  angles  ^,  ^',  0",  ^"^  be  2«-,  piove  that  the 
points 

(«co8^,ft8in^);(aco8^',ftain^');  (a  cos  ^",  ft  sin  ^*') ;  (a  cos  ^'",  ft  sin  O 
are  ooncydio. 

By  hypothesis  i  (4>  +  4>')  =  *  -  I  (^"  +  ¥")*  and  J  (4>  +  ^  « 
ir  ~  I  (0'+  ^'")  making  these  substitutions  in  (97)  we  infer  that  the  point 
which  is  equidistant  from  the  let,  2nd,  3rd  of  the  given  points  is  equidistant 
from  the  2nd,  3rd,  4th.    Hence  the  four  points  are  concydio. 

•16.  If  <  +  «'  +  <^  +  t"'  =  0,  prove  that  the  points 

(afi,  2at) ;  {aC*,  2af) ;  (a^\  2at') ;  (a<"^,  laf") 
are  concydio.    This  follows  from  equations  (98). 

•16.  lix,^  denote  the  mean  centre  of  the  points  in  Ex.  14,  prove  that 
the  co-ordinates  of  the  oircumcentre  are 

__^,     -_y.  (126) 

Compare  the  co-ordinates  of  the  mean  centre  (39)  and  of  the  eireumoentre 
(97). 
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•17.  The  points 

(itan^,  *cot^);  (jfetan^*',  Acot^*');  (Atan^",  *cotO; 
(it  cot ^ .  oot ^'. cot ^",  ib  tan ^ . tan  ^'. tan ^'0> 
tre  eoncydic.    Make  nse  of  equations  (100). 

Theobt  op  Anharmonic  Eatio. 

39.  Dep. — The  anhMrmonie  ratio  of  four  collinear  points 
Ay  B,  C,  D  is  the  quotient  of  the  ratios  of  section  of  the  two 
kit  with  respect  to  the  two  first,  and  is  denoted  hy  {ABCD), 

Thus  ^^^(^J»'-CB-^'cB:m-  ^'^'^ 

Cor.  1. — ^The  anharmonio  ratio  is  inyerted  by  inyerting  either 
pair  of  points.    For 

Hence  {ABCD)  =  l/(ABJ)C).  (128) 

Similarly  (ABCD)  =  IJ(BACl)).  (129) 

Cor,  2. — ^The  anharmonic  ratio  remains  nnaltered  if  any  two 
of  the  fonr  points  be  inverted,  and  at  the  same  time  the  two 
remaining  points.    Thus 

{ABCD)  =  {BABC)  =  ( CBAB)  -  {BCBA).     (130) 

40.  lb  express  (ABCD)  in  terms  of  the  co-ordinates  of 
A,  B,  Cy  D. 

Let  OXy  OFbe  the  axes,  and  let  parallels  to  OF,  OX  through 
Ay  By  C,  i>  meet  the  axes  in  ^',  J&',  (T,  i>;  A",  B"y  0",  Z)"; 
and  putting  OA'  ^dy  OB*  ^  Vy  &c.    Then,  evidently, 

{ABCD)  =  (A'B'Cri^  =  ^':  ^  =  ^^^l,  ?Jl_t    (J  i) 
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SimUarly      i^ABCD)  =  [y^.^^j^V'-rf") *   , 

41.  To  expr9%%  {ABCD)  in  terms  of  the  ratios  of  section  mctde 
hy  the  points  Ay  B,  Cy  D  on  a  given  segment  FQ. 

P  A  B  c  p  Q 


Let  AF/AQ^a,.  .  From  AF/AQ  =  a  we  have  AF  ^  oAQi 
therefore 

QF'QA^aAQ.    Hence  <U  =  ftP/(l  -  a). 

Similarly  fi^  -  «P/(1  -  3),  &c. ; 

but  (^5Ci>)  =  q^ztqc'  QB^QD  ' 

and  substituting  for  QAy  QBy  &c.,  we  get 

(ABCD)^'^/^^.  (132) 

Def.— ^  {ABCD)  =  -  1,  ^,  ^,  t7,  D  are  called  a  har- 
monic system  of  points,  and  C,  D  are  said  to  he  harmonic  con- 
jugates  to  A,  B.    In  this  case  we  have 

CA        DA 
CB  "' DB' 

which  agrees  with  §  11,  Def.  i. 

42.  If  Ay  By  Cy  L  he  a  harmonic  system  of  points,  and  M  the 
middle  of  AB— 

\\  MB'^MC.MD,        2°.  %IAB  =  {\\A C  +  IjAI)). 
^    MC     AC*      BC*  ,      . 
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Let  0,  (,  0, 1^  be  the  abscisssB  of  A^  B,  C,  J)  with  respect  to 
an  oiigm  0  upon  AB.    Then 

j£^  =  -^    or    2(ai  +  ^  =  (a  +  *)(c  +  (0  (1).' 

1^.  If  0  be  the  middle  point  of  AB  we  have  a  »  -  &,  and  (1) 
becomes  (^  ^  cd, 

2?.  Ji  0  coincide  with  -4  or  a  =  0,  (1)  becomes  2od  =h{e-\'d)y 
and  dividing  by  led,  we  get 


2      1      1 
b^-c^d' 

A  M,  we  haye 

AC     e-a     e^Ved 
AD     d-a     *  T  '^ed 

AC*     e     MC 
ALf"  d"  MD 

Hence 


Cw.  1.— If  jY  be  the  middle  point  of  (7i>,  the  relation  (1) 

becomes 

OA.OB^^  OC.  OB  =  20if .  ON,  (134) 

or  the  sum  of  the  powers  of  0  with  respect  to  two  harmonic 
segments  is  doable  the  power  of  0  with  respect  to  their  middle 
points. 

Car.  2. — If  the  abscisssB  of  the  points  ^,  ^  be  given  by  the 
equation  eu?  +  2)84?  +  y  «  0,  and  those  of  C,  B  by  a'a?"  +  2ffx 
4-  /  s  0,  we  have  db  «  y/o,  a  +  ^  =  -  2)8/a,  &c.,  and  substituting 

in  (1),  we  get  ^ 

a/  +  aV  =  2)8)8'.  (136) 

It  is  the  same,  if  the  points  A,  By  C,  B  axe  defined  by  their 
ratios  of  section  (§  41). 

48.  Dip. — Th^  ankamwnie  ratio  of  four  rays  a,  J,  e,  d  of  a 
pencil  is  the  quotient  of  the  ratios  of  section  of  e  and  d  relative  to 
«  and  hy  andis  denoted  hy  (abed). 
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11  p,p^;  q,  q*  hethe  perpendiculars  from  two  points  C,  2>  of 
c  and  d  upon  a  and  h,  we  have 

,  -  ,^     p     a      em ae   BOH  ad     Bmae.6iD.hd        /,«^v 
y   /     Bin  3<?   sin  W     sm  ad .  em  be 

The  sign  of  {abed)  is  independent  of  any  particular  convention 
of  signs.     For  if  the  rays  e,  d  both  pass  between  a  and  h,  the 

ratios  — ,  and  ^  have  the  same  sign,  and  (abed)  is  positive. 


It  will  be  the  same  if  e  and  d  divide  the  supplementary  an^e 
{a^h);  but  if  one  divide  the  angle  {db)  and  the  other  (tf'^), 
(abed)  is  negative. 

44.  If  the  pencil  of  four  rays  a,  b,  e,  d  be  cut  by  any  trans- 
versal  in  the  points  A,  B,  C,  2),  then  both  in  magnitude  and  ei^n 
{ahed)  =  (ABCD). 

Dem. — Both  in  magnitude  and  sign 

P    :£C    j^     BC 
q"  Alf    ^^  BB 


Hence 
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45.  Jf  8  =  0,  iS'  =  0  be  any  two  lines,  the  anhamwnie  ratio  of 
the  four  lines  8  + aS'^O,  S+hS'^O,  8'{-c8'=^0,  8  +  d8'=^0 
is  equal  to 

a  -  c   a  -  d 

r^e'T^d' 

Dem.— Let  iSa^a?  +  -By+ (7=0,  /S' a^'a?  + -S'y  +  C'  =  0  ; 
and  cutting  the  pencil  by  the  axis  of  x,  the  abscisssB  of  the 
points  of  intersection  of  the  four  rays  are 

C  +  aC  C-vhC'    _ 


and  substituting,  we  get 

Xi  —  x^   Xi  —  x^     a  -  e   a  ^  d 
Xi  -  x^'  X2  -  x^"  b  -  e'  h  -  d 


(138) 


Cor, — The  anharmonic  ratio  of  the  four  lines  8,  8',  8  +  a8', 
8  +  b8'  is  equal  to  a  :  ^. 

Dep. — A  pencil  of  four  rays  (a,  b,  c,  d)  is  said  to  be  har- 
manic  when  {abed)  =  -  1. 


Example 

1^.  An  angle  and  its  internal  and  external  bisectors. 

2°.  The  sides  AB,  BC  oi  &  triangle,  the  median  AM,  and 
a  parallel  through  A  to  BC, 


BXBBOISBS. 

1.  With  a  given  range  of  four  points  A,  B,  C,  2)  there  can  be  formed 
six  different  anharmonic  ratios. 

For  with  four  letters  can  be  formed  24  different  permutations,  and  these 
considered  as  anharmonic  ratios  are  equal  4  by  4.     (}  39,  Cor,  2). 

The  SIX  distinct  anharmonics  are  {ABCD),  {ABDCTj,  {ACBD),  {ACDB), 
(ADBC),  {ADCB) ;  and  the  2nd,  4th,  6th  are  reciprocals  of  1st,  8rd,  6th 
(§  39,  Cor,  1). 
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2.  Prore  that  (ABCD)  +  {ACBD)  «  1, 

{ABLCT)  +  (ADBC)  =  1, 

(ACDB)  +  (ADCB)  =  1.  (13U) 

3.  If  ABCD  B  X,  prore  that  the  values  of  the  other  five  anharmonics  are 

1/X,     (1-X),     1/(1 -X),     X/(X-1),     (X-l)/X.  (140) 

4.  If  through  the  point  C  (see  fig.,  §  43)  we  draw  a  line  ECF  parallel  to 
Sd,  and  cutting  Sa^  8b  in  the  points  E,  F,  show  that  the  six  anhannonic 
ratios  of  the  pencil  [8.  abed)  can  he  expressed  in  terms  of  the  three  seg- 
ments EC,  CFf  FE. 

6.  If  (ABCD)  e-  1,  proye  tliat  (ACBD)  -  2,  and  ACDB  «  |, 

6.  If  circles  detcrihed  on  AB,  CD  as  diameters  intersect  in  an  angle  0, 
the  values  of  the  six  anhannonic  ratios  are* 

Bee  e  e  e 

-tan"-,     sec»-,     sin»^;    -oot>-,     cos«-,    cosec*-.       (141) 

7.  If  two  different  transversals  cut  the  same  pencil,  their  anharmonic 
ratios  are  equal. 

8.  If  two  equal  anhannonic  pencils  have  a  common  ray,  the  intersections 
of  the  remaining  three  homologous  pairs  are  oollinear. 

9.  If  three  sides  of  a  variable  triangle  pass  through  three  coUinear  points, 
and  two  of  its  vertices  move  on  fixed  lines,  the  locus  of  the  third  vertex  is 
a  right  line. 

10.  If  A,  B,  C;  A\  B\  C  he  two  triads  of  points  on  two  lines  inter- 
secting in  0,  and  if  {OABC)  =  {OA'B'C),  the  lines  AA',  BB\  CC  are 
concurrent. 

Seoiiok  II. — Systems  op  Thbee  Go-orddtites. 

46.  Dep.  I. — A  fundamental  triangle  ABC,  whose  eides  are 
given  in  poeitionj  and  which  ie  used  for  the  purpose  of  defining 
the  position  of  any  figure  in  its  plane,  is  eaUed  the  triangle  of 
reference,  and  its  sides  the  lines  of  reference. 

*  This  theorem  was  first  puUished  in  the  ^hilotophieal  Trmmaiom  in 
the  Author's  *'  Cyclides  and  Sphere  Quartics." 
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Dkf.  n. — If  the  perpendiculars  from  any  point  P  to  the  sides 
tfihe  triangle  le  denoted  hy  Oy  P,  y;  cl,  fi,  y  A 

are  called  the  tbilikbas  or  kobkal  co-OBiyi- 
VAIE8  ofP, 

If  the  point  P  be  on  the  side  BC^  the 
perpendicular  from  it  on  BC  will  yanish. 
Hence  in  trilinear  co-ordinates  the  equation 
of  -ff  C  is  a  =  0.     Similarly  the  equations  of    B~^      T^^  C 

CAf  AB  are  )8  =  0,  y  =  0,  respectively.  In  order  to  pass  from 
trilinear  to  Cartesian  co-ordinates  (a  problem  of  frequent  recur- 
rence) it  is  necessary  to  express  the  equations  of  AB,  BC,  CA 
rnxyy  co-ordinates.  For  this  purpose  the  most  convenient  are 
the  standard  forms 

«cosa  +  y  sina-jp-  0,     zcosP  +  y  8in)8-j?'a  0, 

xcoay  +  y  siny-y-  0; 

the  origin  being  in  the  interior  of  the  triangle.  From  this  it 
follows  that  the  normal  co-ordinate  of  any  point  P  correspond- 
ing to  any  line  of  reference  is  positive  or  negative,  according  as 
P  and  the  opposite  summit  of  the  triangle  are  on  the  same  or  on 
different  sides  of  that  line. 

Cor,  1. — ^The  normal  co-ordinates  of  any  point  P  in  the  in- 
terior of  the  triangle  of  reference  are  all  positive,  and  for  any 
exterior  point  two  are  positive  and  one  negative.    . 

Cor.  2. — ^If  (I,  )8,  y  be  the  trilinear  co-ordinates  of  a  point  P, 
4P,  y  its  Cartesian  co-ordinates, 

amxcoda  +  ymna  -  j?,     fimx  cos  j9  +  y  sin^  -|/, 

y  m  X  coBy  +  y  may  - p", 

ObMrvatlon.— In  these  identities  it  will  be  seen  that  a,  /3,  7  are  used 
with  diilerent  signifioatiQDS ;  but  after  %  little  practice  this  causes  no 
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Cor.  3. — K  a,  ^,  c  be  the  lengths  of  the  sides  of  the  triangle  of 
reference,  A  its  area,  a,  )3,  y  the  normal  co-ordinates  of  any  point 
in  its  plane, 

aa+*^  +  <7  =  2A.  (142) 

Cor.  4. — K  R  be  the  circnmradius  of  the  triangle  of  reference, 

asin-^  +)8sin5  +  ysinC=  A/i2.  (143) 

BXEBOISES. 

1.  Find  the  equations  of  the  bisectors  of  the  angle  (7  of  the  triangle  of 
reference.  The  equation  of  any  line  through  Cis  of  the  form  a — k$,  where 
k  denote  the  ratio  of  the  sines  of  the  angles  into  which  C  is  divided.  Hence 
the  internal  bisector  is  a  -  ^  «  0,  and  the  external  a  +  iS  =  0.  Both  are 
included  in  the  equation  a  ±  /3  =  0.  (144) 

2.  Find  the  equation  of  the  median  that  bisects  AB. 

If  2)  be  the  point  of  bisection  of  AB,  we  have  BD  =  DA.  Hence  the 
ratio  of  section  of  the  angle  (7  is  sin  Bjan  A^  k,  and  the  equation  of  CD  is 

asin^-^sin^sO.  (145) 

8.  Find  the  equation  of  the  perpendicular  from  C  on  AB. 

Here  the  ratio  of  section  is  cos  BJcqb  A.    Hence  the  perpendicular  is 

acos^-^cos^~0.  (146) 

Observation. — ^The  equations  of  the  internal  bisectors  of  the  angles  of 
the  triangle  of  reference,  viz., 

a-iB  =  0,     ^-7  =  0,     7-a  =  0, 

may  be  written  in  the  form  a  =  j3  =  7,  where,  by  omitting  any  letter,  we 
haye  the  equation  of  the  bisector  of  the  angle  between  the  sides  denoted  by 
the  remaining  letters.    Similarly  the  three  medians  are 

a  sin  ^  =  iS  sin  ^  =  7  sin  C, 
and  the  perpendiculars 

aoos^«/3cos^=:7COsC 

4.  Three  lines  whose  equations  are  in  the  form  la^m$  =  ny,  are  con- 
current. 

For  these  equations  are  equivalent  to 

/a  -  m^  8  0,     fnfi  -  ny  =  0,    117  -  ^  «  0 ; 

and  these,  when  added,  vanish  identically.  Or  thus,  the  co-ordinates  1//. 
1/m,  1/n  satisfy  the  three  equations. 
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47.  The  lines  la  -  mfi  =  0,  a/l  -  fi/m  =  0  are  equally  inclined 
to  the  bisector  of  {op). 

For  the  ratio  of  section  of  the  first  is  1//:  1/m;  that  is,  as 
m  :  I,  and  the  ratio  of  section  of  the  second  / :  m.  Hence  one 
makes  the  same  angle  with  a  which  the  other  makes  with  p. 

Cor.  1. — K  three  lines  through  the  summits  of  a  triangle  be 
concurrent,  the  lines  equally  inclined  to  the  bisectors  of  its 
angles  are  concurrent.  For  if  the/ttiree  first,  be  fa  =  wj8  =  ny, 
the  others  are  a/l  =  film  =»  y/». 

Dbp.  I. — 2\oo  points  P,  P',   tohich  are  such  that  lines  draum 
from  them  to  the  summits  of  the  triangle  of  reference  are  equally 
inclined  to  the  bisectors  of  its  angles  are  called  isogonal  conjugates 
'  with  respect  to  the  triangle. 

Cor.  2. — K  o,  j9,  y,  olpf-/  be  the  normal  co-ordinates  of  P,  P', 

aa'  =  )8^'=yy'.  (147) 

For  aa'-  CFfonBCF.  CFA0.BCF 

-  CPwRPCA.CP'^FCA^^Pp!. 

Def.  n. — The  isogonal  corrugate  of  the  oentroid  of  the  triangle 
of  reference  is  called  its  symmedian  point ,  and  the  lines  from  the 
angles  to  the  symmedian  point  the  symmedian  lines  of  the  triangle* 
Their  equations  are 

a/sin  A  =  plem  B  =  y/sin  C.  (148) 

48.  If  the  lines  -a  =  -)9  =  j-y  meet  in  O,  and  ifO,'  be  the  iso- 

gonal  conjugate  ofQ,  the  angles  QAB,  QBC,  QCA,  0,'BA,  0!CB, 
Of  AC  are  all  equal. 

Dem. — ^Let  QAB  be  denoted  by  a>,  then  CAil  ^  ^  -  o) ;  and 
since  the  equation  of  Ail  is 

-  P  ■  T  y»  ^^  have  -  sin  (-4  -  id)  =  -r  sin  0). 
a^     b  '  a       ^  ^     b 

Hence,  by  an  easy  reduction, 

cot  (i>  (that  is  cot  HAB)  »  cot  .4  +  cot  ^  +  cot  C ; 
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and  it  maj  be  shown  that  the  ootmgenta  of  QBCy  QCA,  ftc., 
liaTe  the  aame  valne. 

J)ef.— The  potnU  Q^Q^  mre  caiUd  tks  Brocard  poMi^  onioithe 
Broeard  angle  of  the  trumgU, 

49.  The  ratioB  of  the  normal  co-ordinates  of  a  point  are 
sufficient  to  detennine  its  position.  For  all  the  points  of  a 
given  line  drawn  through  A  are  snch  that  i9 :  y  is  constant. 

The  following  Table  contains  the  normal  co-ordinates  of  some 
special  points : — 

If  A,  hfj  W  denote  the  altitudes  of  the  triangle  of  reference  AB  C, 
the  co-ordinates  of-  - 

^  are  A,  0,  0;    ^  are  0,  ^,  0 ;     C are  0,  0,  A'' ; 

centroid  JA,  JA',  JA" ;  or  simply   1/a,  l/J,  1/c ; 

the  symmedian  point  0,  i»  ^ ; 

incentre  r^r^r\  or  1,  1,  1 ; 

excentre  -  r.,  r«  r«  &c. ;  or  -  1,  1,  1,  Ac. ; 

circumcentre  cos^,  oos^,  cos  C7; 

orthocentre     sec^,  sec^,  sec  C; 

O  e\h^  ff/c,  h\a\ 

Cy  hie,  e\a,  a/b. 

Certain  points  related  to  the  triangle  have  been  named 
after  the  Geometers  Steiner,  Tarry,  Nagel,  and  others.  These 
will  occur  in  the  course  of  the  work. 

Cor, — ^The  orthocentre  is  the  isogonal  conjugate  of  the 
circumcentre. 

Babtcehtbic  Co-o&dikates. 

60.  The  areal  eo-ordinatee  of  a  point  If  are  the  areas  of  the 
triangles  BMC,  CMA,  AMB,  formed  by  joining  '^Tto  the  summits 
of  ABC.  Since  Mis  the  centre  of  gravity  (§  1  .)  </  masses  pro* 
portional  to  the  areas  BMC,  CMA,  AMB,  placed  at  the  points 
A,  B,  C,  the  areal  co-ordinates  are  called  by  French  and  German 
Geometers  Babtcxntbio  Co-o&dinates. 
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If  the  areas  BMCy  CMA,  AMB  be  divided  by  ABGy  the 
quotients  are  called  the  absolute  Barycentric  co-ordinates  of  M, 
Hence  if  these  be  denoted  by 

ai,  A,  yii     ai  +  A  +  yi  =  l.  (H9) 

Cor,  1. — If  o,  )8,  y  be  the  normal,  and  ai,  j8i,  yi  the  Bary- 
centric co-ordinates  of  a  point  3f,  then 

^-fe=5^.  (ISO) 

aa      hp      cy  ^       ^ 

Cor,  2. — If  (o,  Py  y),  (a',  ^,  Y)  be  the  absolute  normal,  and 
(ai,  j8i,  yi),  (a/,  jS/,  y/)  the  absolute  Barycentric  co-ordinates  of 
two  points  M,  iT,  then  the  co-ordinates  of  a  point  F  such  that 
MP:  IfP : :  -  /  :  i»  are  respectively 

?^t^,  &c.,  and  ^±^.  &c.  (151) 

5L  :7^  lines  la-mfi^O,  a/l-  P/m  »  0  meet  the  side  AB  of 
the  triangle  of  reference  in  points  equally  distant  from  its  middle. 
For  if  ^a  -  mj8=  0  meet  AB  in  2),  we  have  BDC .  1=  CBA .  m. 
Hence  ^2) :  BA  : :  m :  / ;  therefore  (/  +  w)  i>-4  ^=^BA,  Simi- 
larly if  a//  -  )8/»i  meet  AB  in  i^,  we  have  (/  +  m)  BB  ^^A, 
Hence  Biy  «  i>-4 ;  therefore  2),  i/  are  equally  distant  from  the 
middle  point  of  AB. 

Def. — Two  points  P,  P'  trAtVA  are  such  that  pairs  of  lines  con- 
necting them  with  any  angle  of  the  triangle  tneet  the  opposite  side 
equidistant  from  its  middle  aire  called  isotomic  conjugates  with 
respect  to  the  tru^le. 

Cor. — If  (a,  p,  y),  (o',  )8',  -/)  be  the  Barycentric  co-ordinates 
of  isotomic  points  with  respect  to  the  triangle,  then 

aa'=i8j8'=y/.  (162) 


F 
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The  Right  Line. 


\ 


52.  The  following  aie  the  Barycentric  co-ordinates  of  some 
special  points : — 

The  Lemoine  or  symmedian  point,     a',  l^y  c*. 

Ill       111 


The  Brocard  points  O,  O', 
The  third  Brocard  point, 


The  centroid,    .     . 
The  circuincentre, 
The  orthocentre,    . 
The  incentre,    .     . 
The  excentres, 

Steiner's  point, 


h^'  c^'  a^'  ^  a^  h*' 

L    1    i 
o^'  ^'  e'' 

1,    1,    1. 

sm2At  sin  2^,  sin  2(7. 

tan  Aj  tan  B,  tan  C, 

sin  Ay  Bin  By  sin  C, 

"ma  Ay  sin  B,  sin  (7,  &c. 

1  1  1 

h*-c*'    ^-tfi'    fl«-^«- 


Barycentric  co-ordinates  are  for  many  investigations  simpler 
than  the  normal,  hut  not  always.  Whenever  we  employ  them 
we  shall  state  it  explicitly. 

53.  To  find  the  equation  of  the  join  of  the  points  a'^Y>  of'^V- 
The  determinant 


<h 

itf. 

y 

a'. 

P", 

/ 

«", 

/3". 

y" 

0, 


(153) 


or  say  La  +  i/j8  +  Ny  »  0  is  evidently  the  required  equation,  for 
it  contains  a,  )3,  y  in  the  first  degree,  and  is  therefore  a  right 
line.  Again,  if  for  o,  j8,  y  he  suhstituted  the  co-ordinates  of 
either  point,  the  determinant  will  have  two  rows  alike,  and 
therefore  vanishes  identically.  Hence  the  line  (153)  passes 
through  the  given  points.  The  foregoing  will  he  the  form  of 
the  equation  whether  the  co-ordinates  are  normal  or  Barycentric. 
If  they  are  normal,  Z,  if,  iV  are  respectively  twice  the  areas  of 
the  triangles  formed  hy  a'^y ,  o^^S^y",  and  the  summits  of  the 
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triangle  of  reference  multiplied  respectively  by  sin^^  sin^, 
an  C,  But  these  triangles  having  a  common  base  are  propor- 
tional to  the  perpendiculars  on  it  from  the  points  A^  B,  C. 
Therefore,  if  these  perpendiculars  be  denoted  by  X,  fi,  v,  the 
equation  (153)  may  be  written 

(XBin^)a+(/Asin^))9+(vsin  C)y  =  0,  or  Xaa+  fj^fi-^vey^O. 

That  is  in  Barycentric  co-ordinates  Xo+  /tj8  +  vy  =  0.  ITenee  when 
the  equatim  of  a  line  is  written  in  BarycenMe  co-ordinates  the 
eoefieients  X,  /i,  v  are  proportional  to  the  perpendiculars  on  it  from 
the  summits  of  the  triangle  of  reference — a  result  which  is  other- 
wise evident. 

BXBB0I8BS. 

1.  Find  the  equations  of  the  joins  of  the  four  points  al  ±$,  ±y( 

Ans.  ala  ±  ^Iff  =  0,     ^//S'  ±  7/7'  =  0,     7/7'  ±  t^jti  =  0.         (164) 

Hence  they  intersect  in  pairs  at  the  summits  of  the  triangle  of  reference. 


(166) 


0,    -«,      0 
a ,       0,     2A 
a",     iS",     2A 
3.  Find  the  equations  of  the  joins  of  the  following  pairs  of  points : — 

1*.  Orthocentre  and  centroid. 
Am.  aUR2A  sin  (^~  (7)+/3sin2B8in  ((7-^) +  7sin2(7sin(^>^)B0. 
This  is  called  the  line  of  Eul&r.  (166) 

2*.  The  circumcentre  and  symmedian  point  {diameter  o/Brocard), 
Ant,  aain(^-(7)4i96in((7--4)+78in(^--B)  =  0.     (167) 
T.  The  Brocard  points  n,  n'  (the  Broeard  line). 

Am,  (a*-6»<^)  -+  (3*-«>a»)r+  (<^-a»4')?.     (168) 
a  0  e 

4*.  The  centroid  and  symmedian  point. 

An%.  (*>-iJ»)aa+(<^-a«)A;3+(«»-**)iry-0.     (169) 
t2 


1 

^ 

€ 

2.  The  determinant 

=  2A(a'-a 

jr, 

X 

0, 

-e. 

b 

b,      e 

I 

For 

Jf,     N 

a 

3", 

"  e 
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Trujiteab  Poles  and  Polabs. 

54.  CoTEs's  Theobem. — If  on  each  radius  vector  through  a  fieed 
point  Oy  and  meeting  the  sides  of  the  triangle  of  reference  in  the 
points  ^if  JSs,  i^y  there  he  taken  a  point  R  so  that 

SI  OR  =  l/ORi  +  l/0i?2+  1/OjB,. 

The  locus  of  R  is  a  right  line. 

Dem.—  Let  0  be  taken  as  origin  of  Cartesian  co-ordinates,  and 
the  equations  of  the  sides  of  ABC  be  given  in  their  standard 
forms  a?cosa+  ysina-  |?'=  0,  &c.  Then,  if  OR  make  an 
angle  0  with  the  axis  of  a?,  we  have 

OiBi=i?7cos(tf-a),   Oi?2  =  |>7cos(tf-)5),  0^=i>'7cos(tf-y). 

Hence  denoting  OR  by  p,  we  get 

3      cos(g-a)      cos(g-jg)      cos(^-y) 
p"        y         ""        1^"        ■"       /"       ' 

cos(tf-a)      1      cos(d-.)5)      1      cos(^-V)      ^      n 

or      ; H 7} 1-  77} — =  0  ; 

P'  9  P"  9  /"  9 

gcosa+y  sina-y      xcob  ^  +  g  mnfi  -p" 

•'-  J'         +         J," 

a?  cos  y  +  y  sin  y  -  p'"     ^ 
+  y?r  =  ^» 

or  as  it  may  be  written 

^lp'-^Plp"  +  ylp"'^o.  (160) 

Def. — The  line  (160)  is  called  the  polar  line  of  0  with  respect 
to  the  triangle^  and  0  is  called  the  pole  of  the  line  (Salmon,  Higher 
Curves)^  or  for  shortness,  trilinear  pole  and  polar  (Mathieu). 

Cor,  1. — The  polar  line  of  the  point  o',  fi*,  y 

is  a/a'  +  )5/i8'+y/y  =  0.  (161) 

Cor.  2. — The  trilinear  polar  of  a  point  has  the  same  form  in 
normal  and  Barycentric  co-ordinates. 
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Cor,  3. — If  la  =  mp  »  ny  be  three  concurrent  lines,  the  tri- 
linear  polar  of  their  common  point  is 

Za  +  JW^  +  ny  «  0.  (162) 

Cor.  4. — The  line  connecting  a  point  0  with  any  summit  of 
the  triangle  of  reference  and  the  trilinear  polar  of  0  meet  the 
opposite  side  in  points  that  are  harmonic  conjugates  with  respect 
to  the  remaining  vertices.  For  making  y  =  0  in  ^  +  w)5  +  ny  =  0, 
we  get  la  +  m^  =  0,  which  is  the  harmonic  conjugate  of  la- mfi 
-  0  with  respect  to  a  and  p. 

Thbobt  of  the  Complete  Quadeilateral  oe  Quadbangle. 

55.  Def.  I. — The  figwre  formed  hy  four  lines  a,  5,  c,  d produced 
indefinitely  J  no  three  of  which  are 
concurrent^  ie  called  a  complete 
quadrilateral.  The  lines  are 
called  the  sides  of  the  quadri* 
lateral.  Hie  intersection  of 
the  sides  its  summits.  There 
are  sit  summits^  which  consist 
jf  three  emiples,  A,  A';  B,  B'; 
^Oy  C'ff  opposite  summits.  The 
^joitu  of/opposite  summits^  viz. 
AA'/BB'y  CC\  are  called  the 
/  diagonals.  The  triangle  formed  hy  them  is  called  the  diagonal 
triangle  of  the  quadrilateral.  (Steikee.) 

Def.  n. — The  figure  formed  hy  four  points  A,  B,  C,  I)  and 
their  Joins  is  called  a  complete  quadrangle.  The  points  are  called 
its  summits ;  and  the  joins  of  the  summits  are  called  its  sides.  There 
are  six  sides  which  consist  of  three  pairs  of  opposite  couples^  AB  and 
CD  J  B  C  <fnd  ABy  CA  and  BB.  The  point  of  intersection  of  two 
opposite  sides  is  called  a  diagonal  point.  There  are  three  of  these 
points.  The  triangle  formed  hy  them  is  called  the  diagonal  triangle 
of  the  quadrangle.  (Steineb.) 
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DiF.  m. — A  quadrilateral  who»$  three  diagonals  are  the  Met 
of  the  triangle  of  reference  is  called  a  standard  quadrilateral ;  and  a 
quadrangle  whose  diagonal  points  are  the  summits  of  the  triangle  of 
reference  is  called  a  standard  quadrangle. 

66.  The  equations  of  any  four  lines  F  ■  fiX  +/^  +  /, «  0, 

no  three  of  which  are  concurrent^  are  connected  by  an  identical 
relation  of  the  form 

fF-^gG  +  hS+UTmO  (163) 

where  f  g,  h,  k  are  constants. 

Dexn. — Such  an  identity  requires  that  jj/l  +  y^i  +  AAi  +  tti  ■  0, 
ft%-^gg%  +  hht  +  kktmO,  jg^s  +  ^ys  +  Mj  +  ^wO.  Hence (Salmof, 
Modem  Algebra,  page  4),  the  values  otf  ^,  A,  £  are  proportional 
to  the  minors  of  the  matrix 

/i>    gii    hi,    ki 

Af    gti     hij     ki 

Ay   gzf   hj   k^ 

These  minors  each  difPer  from  zero,  since  no  three  of  the  lines 
are  concurrent.  This  proposition  may  be  stated  and  proved 
diflerently  as  follows : — 

If  cLj  P,  y  be  any  three  lines  forming  a  triangle  ABCy  the 
equation  of  any  fourth  line  DF  is  of 
the  form  Za+ w^  +  ny=  0. 

Dam. — ^Now  since  CD  passes 
through  the  intersection  of  a  and  fi  its 
equation  is  of  the  form  la  +  mfi  mOy 
§  30,  and  since  DF  passes  through 
the  intersection  of  la  -^  m^  =  0,  and 
y  ■=  0,  its  equation  is  the  form  F 

la  +  mP  +  ny  ■  0. 

67.  In  every  complete  quadrilateral  each  diagonal  is  divided 
harmonically  by  the  two  others. 
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Dem.— It  results  from  (163)  that  /P+  y(?  =  -  (AJTh-  kK),  <y 
Therefore  the  equations /P+^(?aO,  AJ5r+ifcjr=  0  represent  the 


/ 


Kr-p=o 

same  line.  This  line  passes  through  the  point  of  concourse  of 
F  and  O,  and  through  that  of  JET  and  JT.  It  is  therefore  the 
diagonal  If,  from  which  it  follows  that  the  equations  of  the 
diagonals  are 

MmfF^gQ  m  -  (^^3^+  kK)  =  0, 

NmfF  +  hMm^(jG  +  hK)^0, 

P  m/F-h  kK^  -  {gG  +  hH)  =  0. 

Hence  N  -  P  »  (hH  -  kK) ;  hut  iV  -  P  =  0  represents  the 
line  passing  through  7,  and  hH-  ^JTthe  line  passing  through  4. 
Hence  the  equation  of  the  line  47  is  hM-  kK=  0  ;  it  is  there- 
fore the  harmonic  conjugate  of  if  a  hH  +  kK  ^  0  with  respect 
to  the  Hues    JT-  0,     JT  =  0  ;    .-.  (2578)  «  -  1. 

Cor.  In  every  complete  quadrangle  any  two  diagonal  points  are 
separated  harmonically  hy  the  pair  of  opposite  sides  passing 
through  the  third  diagonal  point. 

For,  if  the  complete  quadrangle  he  2356  the  diagonal  points 
are  1,  4,  7,  and  the  line  17  is  divided  harmonically  hy  the  lines 
35,  26.  This  follows  from  the  fact  that  the  pencil  (4*2578)  is 
harmonic. 
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58.  The  quadrilateral  whose  sides  are  /a  +  mp  +  ny  «  0  (1), 
/a  +  m)5-ny  =  0(2),  fa-w)5  +  »y«0(3),  -/a+ w^  +  i»y  =  0(4), 
or  say  the  four  lines  la  ±  mfi  ±  nys  0  is  a  standard  quadrilateral. 

For  (1)  -  (2)  a  2ny  =  0,  (3)+(4)  s  2ny  =  0.  Hence  y  =  0  is  a 
diagonal. 

59.  Def. — Two  Mangles  which  are  eueh  that  the  lines  joining 
corresponding  summits  are  eoneurrent  are  said  to  he  in  perspeetivCy 
the  point  of  eoneurrenee  is  called  the  centre  of  perspective, 

Fbop. — Two  triangles  whose  corresponding  sides  intersect  in 
collinear  points  are  in  perspective. 

Dem.-^Let  one  be  the  triangle  of  reference,  and  let  the  line 
of  collinearity  be  /a  -|-  mfi  +  »y  =  0.  Then  eyidently  the  equa- 
tions of  the  sides  of  the  other  triangle  are  /'a  +  mfi  +  ny  =  0, 
la-^ m'fi+  ny  =  0,  la  ■\' mfi  +  n'y  ^  0  ;  and  taking  the  differences 
of  these  in  pairs  we  get  the  concurrent  lines  (/-  r)a=  {m-m')p 
=(»-n')y,  which  are  evidently  the  joins  of  corresponding  vertices. 

Dbf. — The  line  of  collinearity  of  the  points  of  intersection  of 
the  corresponding  sides  of  triangles  in  perspective  is  called  their 
axis  of  perspective, 

BXBBOISES. 

1 .  The  points  (a',  /8',  7') ;  (-  a',  /8',  -/) ;  (e^,  -  iT,  7^ ;  {a,  ff,  -  y')  are  the 
summits  of  a  standard  quadrangle. 

For  the  pairs  of  opposite  sides  are 

a\fx'  ±010=0  010  ±  y/y  =  0  7/7'  ±  aja  =  0, 
equation  (154),  and  each  pair  intersect  in  a  summit  of  the  triangle. 

2.  The  triangle  formed  hy  any  three  sides  of  a  standard  quadrilateral  is  in 
perspective  with  the  triangle  of  reference,  the  axis  of  perspective  heing  the 
fourth  side  of  the  quadrilateral,  and  the  triangle  formed  hy  any  three  summits 
of  a  standard  quadrangle  is  in  perspective  with  the  triangle  of  reference,  the 
-centre  of  perspective  being  the  remaining  summit  of  the  quadrangle. 

3.  The  trUinear  polars  of  the  four  summits  of  a  standard  quadrangle  f<mn 
the  sides  of  a  standard  quadrilateral. 

4.  The  centres  of  perspective  of  the  triangle  of  reference  and  each  of  the 
four  triangles  formed  by  the  sides  of  a,standard  quadrilateral  form  the  summits 
of  a  standard  quadrangle,  and  the  axes  of  perspective  of  the  triangle  of 
reference  and  each  of  the  four  triangles  formed  by  the  summits  of  a  standard 
quadrangle  form  a  standard  quadrilateral. 
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5.  If  the  lines  ^  +  m/3  +  ny  =  0,  all  +  fijm  +  yjn  =  0,  meet  the  sides 
BC,  CAj  A3,  of  the  triangle  of  reference  in  the  points  A\  JB*,  C;  A^  Bi,  Ci, 
respectively,  then  the  pairs  of  lines  AA%  AA\ ;  BV,  BB\ ;  CC,  CC\,  are 
tsogooal  or  isotomic  conjugates  according  as  the  co-ordinates  are  normal  or 
Bvycentric. 

6.  If  two  points  he  isogonal  conjugates,  their  trilinear  polars  are  isogonal 
tnuuversals;  and  if  they  he  isotomic  conjugates,  the  polars  are  isotomic 
tmuTenals. 

60.  To  find  the  length  of  the  perpendicular  from  the  point 
o',  pfjYanthe  line  la  +  mfi  +  wy  =  0. 

This  equation  in  Cartesian  co-ordinates  is 

S/  (a:  cos  a  +  y  sin  a  -  J?)  =  0 ; 
and  the  distance  of  the  point  a^f/  from  this  line  is 
S/(ar^co8a  +  y^8ina-j>) 
v/(5/cosa)«H-(5/8ina)»' 
or    {iU)l^/P-\-m^+n*-2mn  COB  A-2nl  coBB-2lm  COB  C; 
putting    -v//'+  j»'+»»  -  2mn  cos  A  -  2nl  cobB  -  2lm  cos  C7=0. 
The  perpendicular  distance  of  a')5Y  from  {la  +  wjS  +  ny)  is 
(fa'  +  wii8'+«/)/0.  (164) 

61.  To  find  the  angle  between  the  lines 

la  +  m^-^ny^O,     ^o  +  mffi  4-  n  y  =  0, 
let  V  denote  the  angle  between  the  Unes.      Then  if  when 
trangformed  into  Cartesian  co-ordinates  they  become 
Ax-k-By-^  C=  0,     u4'a;+ J9'y+  C'=.  0, 

wehave  sin  F= —  . 

The  numerator  of  this  fraction  is 
A,     B 

A',    B 
I  C08a+f9»  co6)3  +  n  cosy,     /  sina+w  Bin)5  +  »  siny 

l'co8a+i»'co8)5  +  n'cosy,    /'sino+iw' sin )8+»' siny 
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That  is  the  product  of 
/,     m,     n 

r,    m\    n' 
Henoe  the  numerator  is 

I. 


cos  a,     C08)3y     cosy 
sin  a,     sin  j3,     sin  y 


m. 


r,  <  n'        ,  (165) 

sin  ^,     sin  ^,     sin  C7 
and  the  denominator  is  evidently  OO'.     See  §  60. 

Cor.  1. — The  vanishing  of  the  determinant  (165)  is  the  con- 
dition of  parallelism  of  the  lines 

/o  +  m)9  +  ny  e  0,     I'a  +  m'fi  +  n'y  =  0. 

Cor.  2. — ^The  equation  of  the  line  at  infinity  is 

asin-4  +  )8sin^4-ysinCaO,  (166) 

for  the  determinant  (165)  is  the  condition  that  the  lines 
/a+  m)8  +  ny  =  0,     /'a+  m'p  +  n'y  =  0 

should  intersect  on  that  line. 

Cor.  3.— If  Jtar  +  ^y  +  C=  0,  A'x  ■¥  B'p -^  C  =  0  be  per- 
pendicular, AA'  +  BB*  =  0,  §  27.  Hence  the  condition  that 
2a  +  m^  +  fly  a  0  may  be  perpendicular  to  If  a  +  mfp  +  n'y  «=  0  is 

(21  cos  a)  {1,1*  cos  a)  +  2(/  sin  a)  S(^  sin  a)  »  0, 
or        W  +  mmf  +  nnf  -  (m»'  +  m'n)  cos  -4  -  («/'  +  ii7)  cos  -5 

-(/m'  +  /'m)cosC=»0.  (167) 

Cor.  4. — ^Every  line  is  parallel  to  the  line  at  infinity,  and 
every  line  is  perpendicular  to  the  line  at  infinity.  -The  first 
follows  from  (165)  by  substituting  sin  ^,  sin  ^,  sin  C  for  f ,  m\  n' 
and  the  second  from  (167). 

Cor.  5. — ^The  condition  that  Za+  m^S  +  ny  =  0  may  be  perpen- 
dicular to  y  is    n  =  m  cos  Jt  +  /  cos  ^.  (168) 

Cor.  6. — The  angles  which  la  +  mfi  +  «y = 0  makes  with  a,  ^,  y 
are 
gin  F»  =  (iiain^-f«sin  C)/0,  sin  F^  =  (/sin  C-n  sin-4)/0, 
sin  ry  =  (m8in^  -/sin^)/!).  (169) 
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Cyclic  Points — Isotkopic  Lines. 

62.  The  function  denoted  by  Q*y  §  60,  being  the  sum  of  two 
squares  breaks  up  into  the  two  imaginary  factors 

(2/  cos  a)  ±  \/^  (2/  sin  a), 
or  fo**  +  me^P  +  n^y     and    kr^  +  me'^  +  nr^y. 

The  quantities  ^,  ^,  ^v,  and  r*«,  e^,  er^y  are  the  co-ordi- 
nates of  two  imaginary  points,  say  the  points  /,  J,  which  are 
called  cyclic  points.  They  are  at  infinity,  for  if  we  form  the 
equation  of  their  join  we  get  a  sin  -4  +)8  sin  -&+y  sin  C7=aO,  which 
is  the  line  at  infinity,  and  we  shall  see  in  Chapter  in.  that  every 
circle  passes  through  them. 

63.  Dep.— l^/otn  of  any  real  paint  to  either  lor  J  ie  called  an 
itotropie  line. 

The  join  of  a')9y  and  /is 

<h        Py        y      \ 

a',        P,        i      1  =  0. 
^      d*^,       en     I 

or  Xd*«  +  Te»  +  Zef-y  =  0,  where  X  »  (^y  -  )8'y),  ic.     Similarly 

the  join  of  a'jSy  and  /is  Xr"»  +  Ye'^  +  ^r*v  =  0.    Hence  the 

product  of  the  equations  of  tlie  two  isotropic  lines  from  a')3Y  to 

/,/is 

X»+7»+^-2XFcosC-2F^cos^-2irXcos^  =  0.     (170) 

64.  YLLii  Lj  denote  the  powers  of  the  points  /,  /with  respect 
to  the  line  L^h.^ mfi  +  ny  s 0.  Then  the  condition  (167)  that 
the  lines  Z  ■  fa  +  wj8  +  ny  =  0,  Z'a  ^'a  +  m')5  +n'y  «  0  may  be 
at  right  angles,  can  be  written  X/Z  j  +  Z'jZj  =  0.  Now  let  Jbf 
be  the  finite  point  of  intersection  of  Z,  Z',  and  if  Z  pass  through 
/,  the  condition  just  written  proves  that  L'  passes  through  /; 
therefore  Z*  coincides  with  Z.  Henee  a  line  which  paeeee  through 
either  cyclic  point  is  perpendicular  to  itself. 
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EXEB0I8E8. 

1.  Find  the  equation  of  the  perpendicular  to  the  side  y  of  the  triangle  of 
reference  at  its  middle  poin^. 

Ant,  a  sin  ^  -  /3  Bin  ^  +  7  sin  (^  -  ^)  s  0.     (171) 

2.  Find  the  condition  /a  +  in/S  +  »7  «  0  may  be  perpendicular  to  itself. 

r  ;  Am.  a « 0. 

3.  Find  the  equation  of  the  line  a'j8  7  P*"^®!  to  /«  4-  «i/8  +  #17. 

Let  I'a  +  m'j8  +  n'7  =  0  be  the  required  parallel;  then  since  it  passes 
thro\igh  o'/3'7',  we  hare  To'  +  m'P^  +  ny  =  0  ;  and  the  condition  (166)  of 
parallelism  may  be  written 

V  («isinC-»isin^)  +  m'  («  sin  A  -  /sin  (7)  +  n'  (/ sin ^  -  m  sin -4). 
Hence  eliminating  T,  m\  n',  we  get 

a,        a',        w  sin  C  -  It  sin  ^ 

ft        /8',       11  sin  ^- /sin  (7     •  (172) 

7,        7',        /  sin  ^  -  m  sin  ul 

4.  Froyethat 
jmn'  -  m'n)  sin  u<  +  (wf  -  ft'/)  sin  J  +  jlm'  -  /^m)  sin  (7 

"/r+fnm'+wn'-(m»'+m'»t)coe-4- (n/'+n/)  cos5-(/»t'+rm)oos(7* 

(178) 

5.  Find  the  equation  of  the  perpendicular  to  /a  +  m/3  +  ft7  through  a'$'y. 

6.  If  Za,  ht  '<  ^  ^b®  distances  of  A,  B,  C  from  the  line  /a+ m/3  +  «t7  •  0 
proye  that 

4A'  e  2a«8a>  -  2  2a»  8a  8ft  cos  C.  (174) 

Let  p,  q,  r  be  the  altitudes  of  ABC,  we  have  8a  »  (p/fi»  8ft  =  m^/n, 

8c  =  itr/A.    Hence  /  =  fi .  8a/p,    m  s  O  .  8ft/^,    n  =  fi .  8c/r, 

but 

a»  =  /»  +  m*  +  ft«  -  2/m  cos  (7-  2  mn  cos -4  -  2«/  cos  -B  (§60) 

therefore 

1      ^••'     o*  8a.8ftCoeC7   ,    ^         2A    . 
1  e=  2  -—  -  2  2  ;  but  p  =  — ,  «c. 

Hence  the  proposition  is  evident. 

7.  ProTO  that  the  parallel  through  o'/^y  to  the  join  of  a^'/Sy,  a'^/8' V" 
is 

«,  /8,  7 

a',  iT,  7'  =0.  (176) 

-a'",     r-zS"',    7" -7" 


tanr§6l! 
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8.  ProTe  that  the  join  of  the  orthocentre  and  centroid  is  perpendicular  to 
aCO8-4  +  iBco§^+7COfl(7=0. 

Dbf. — A  line  DE  cutting  the  aides  GA,  CB  of  the  triangle  of  reference  to 
that  the  triangle  CDS  is  inveraely  similar  to  CBA  m  eaUed  an  antiparallel  to 
the  base. 

9.  If    la-^-mfi-^-nyhe  antiparallel  to  y,  proTe  that 

/8in-4-m8in-B-«Bin(^-jB)=0.  (176) 

10.  Prove  that 

4A»  =  2a2  («a  -  «6)(«a  -  «.).    See  ex.  6.  (177) 

11.  If  /a  +  mj3  +  ny  s  0  be  the  equation  of  a  line  in  absolute  Barycentric 
co-ordinates,  prore  that  the  distance  of  the  point  a,  0^,  y'  from  it  is 

la  +  f»/8'  +  ny.  (178) 

12.  If  J2  be  the  circumradius  of  the  triangle  of  reference,  p^ye  that  the 
perpendiculars  from  its  summits  on  Euler's  Une,  equation  (166),  are 


2IlooBAaia(B^  (7) /  Vl  -  8  cos -4  cos^oosC,  &c. 


(179) 


13.  ProTe  that  the  locus  of  the  centres  of  mean  distances  of  the  points  in   y^^ 
which  parallels  to  la -k-mfi  +  ny^  0  meet  the  sides  of  the  triangle  of  reference  ^^ 


al(n  tanB-mmjiC)  +3/(/  sinC-  ft  sin^)  +  yjitnoJiA  -  /  sinjB)=  0.     (180) 

[Make  use  of  equations  (169).] 

14.  If  the  points  a'0y\   a"0"y'  subtend  a  right  angle  at  afiy,  prove  that 

2a«{/8'r  +  yY  +  (3V'  +  iS-y)  cos  ^}  -  ^a${a'0'+ a'^fi^  + 

iy'a"  +  y'a')  cos  ^  +  (/S'y"  +  0''y')  COB  B  -  2y' y"  COB  Cf]  ^  0.       (181) 

16.  If  the  equation  aa*  +  W  +  <^y2  +  2Aoj8  +  2/37  +  2^70  =  0   represent 
two  perpendicular  lines,  prove  that 

a  +  b-^e-  2fQ09A-  2g(i08B-  2A  cos  C=  0.  (182) 

16.  If  the  same  equation  represent  two  parallel  lines,  prove  that 

a,  hj  g,  tmA 

A,  by  /,  sin-ff 

^,  /,  <?,  sin  C 

sin  ul,  sin  .9,  sin  C,  0 


=  0. 


(183) 
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Distance  between  Two  Points. 

65.  To  find  the  distance  8  between  twopointe  aij^iyi,  a^tPif^. 

From  the  given  points  draw  perpendiculars  to  the  sides  AB, 
AC  oi  the  triangle,  and  from  cn^Say,  draw  parallels  to  ^^,  AC, 
Then  denoting  MNhj  I,  we  have 

s^Bin'A  =  /« = (A  -  PzY + (yi  -  rO*  +  2  (A  -  A)(yi  -  r«)  cos  A, 

but      08i  -  jSa)  -  (eL  -  aiV^)/2A,  y,  -  y,  =  (aif-  *Z)/2A  ; 
therefore  (155) 

4A*8»8in»-4  =  (cZ  -  aiVQ*  +  (aif  -  *Z)»  +  2  (cZ  -  aiV^)(«ir 

-  hZ)  cos  -4 
=  a»{Z»  +  JP  +iV^  -  2JOrcos^  -  2iVZ  cos^  -  2Zirco8  C). 

Hence 

» 

S  -  x"^^'  +  if'  +  iV^»  -  2MNC08  A  -  2NL  cos  B  -  2LMco6  C, 

(184) 


^0,0) 


B{p,J,0)  ^  {0,0,7)0 


Cor. — The  quantity  under  the  radical  is  the  power  of  either 
of  the  given  points  with  respect  to  the  pair  of  isotropic  lines 
drawn  from  the  other  to  the  cyclic  points. 

EXBBOISES. 

1.  Prove  that  *    ^^ 

j^  _  { (ai  -  a2)»  Bin 2A  -f  (jBi  -  ^f  sinj^-^  (yi  -  y^f  sin  2(7 } 

28in-4  sin^flin  (7  '     \      t 

This  may  be  reduced  to  (184)  by  substituting  for  (oi  -  oj),  &c.,  their 
values  from  equation  (155). 
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ahc 
2.  Prorethat  ««  »- — ,X«(3i -i83)(7i -7»)- 


(186) 


3.  The  distances  of  ai3i73  from  the  summits  of  the  triangle  of  refe- 
rence are 

V(o?  +  ia?  + 2(^,008  C)lsm  C,  Ac.  (187) 

4.  ProTe  that  the  distance  hetween  the  points  of  intersection  of 

/a  +  m3  +  n^  =  0 
with  the  lines    l\a  +  mi/3  +  n\y  »  0,     ha  +  m^fi  +  niy  «  0, 
is  n  (/,  «ii,  »ta}/{(/,  mi,  sin  C)(/,  mt,  sin  C)}.  (188) 

where  (/,  mi,  na)  denotes  the  determinant 

/,      m,      ft 

/i,    mi,     n 

It,    mzy    ffa 


Area,  of  T&iangle. 
66.  To  find  the  area  of  the  triangle  whose  summits  are  ai)9iyi. 

If  the  axes  be  oblique,  the  area  of  the  triangle  whose  sum- 
mits are  x^yi,  x^t,  x^^  (§  8),  is— 


sin  (1) 


«1»       ^t>       ^J 

1,     1,    1 

But  taking  as  axes  the  lines  a  «=  0,  ^  =  0,  we  have 

sin  a>  3  sin  C7,     OTisin  o)  »  at,     yisin  o)  =  ^i,     &c. ; 
therefore 


.,    cosec  C 


1,         1,         1 


cosec  C 
2T 


Pu     Pty     fit 

T,   r,   T 


Now,  taking  T^  asin^  +  j8sin^  +  ysin(7=  A/-ft,  we  get, 
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diminishing  the  last  row  by  the  sum  of  the  first  multiplied 
by  sin  ^  and  the  second  by  sin^, 
ai,     oj,     os 


2A 


i2(aii8,y,) 


2A 


(189) 


Or  thus : — ^Writing  the  equations  ai  =  0,  &c.,  in  Cartesian 

<!0-ordinates, 

«  cos  ai  4-  y  sin  a  -  |>i  =  0,  &c. 


=  2A'r; 


By  multiplication  of  determinants,  we  have 

«!»     oj,     09  Xi,     f/i,     1  cos  a,  sin  a,  -pi 

A,    A,   A    =    «a,    y«,     1     X     cosi3,  sin)9,  -/>, 

yi,     ya,    yi  «8,     ys,     1         1  cosy,  siny,  -p^ 

therefore  A'  «  (aifty,)/2r  =  J?  (aii8ays)/2A. 

C7(>r.  1. — If  ai,  )3i,  yi,  &c.,  be  not  the  actual  lengths  of  the 
co-ordinates,  let  them  be 

(iwitti,  m,j8i,  miyi) ;    (wto,,  Wa)8„  nhyt) ;    (twjoa,  »Hj8„  iwjys), 
and  we  get  Ai  =  JB»ii«iaiw,  (aij8,y8)/2A.  (190) 

Cor.  2. — To  find  the  factors  Wi,  mj,  «?t8,  we  have  evidently 
miaisiaA  +  mij^tsin^  +  t^iyisin  C=  T=  A/-ft; 
or  WiTi  =  A/^ ; 

therefore  w)=  A/^7\.  (191) 

Cor.  3.—  A,  =  A»(aijSaya)/(2^r,  T.T,).  (192) 

BXBBOISES. 

1.  Find  the  factors  m  of  proportionality  for  the  following  points — 

l^  The  symmedian  point ;  2°.  The  circumcentre ;  3".  The  orthocentre. 

2.  Prove  that  the  area  of  the  triangle  formed  byjccoea  +  ysina-i'  and 
the  line  pair  (u^  +  2hxif  +  ^  =  0  is 

f^  VA»  -  abl{a  sin'a  -  2A  sin  o  cos  o  +  *  cos'o) .  (193) 
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3.  Find  the  area  of  the  triangle  formed  by  the  Unee 

ha  +  mi0  +  Hiy  =  0,     ha  +  fHajS  +  ttay  =  0,     ^  +  ms0  +  «s7  =  0. 
Saving  between  the  second  and  third,  we  get  the  co-ordinates  of  their 
point  of  intersection  proportional  to  the  minors  Xi,  Mi,  Ni  of  the  determi- 
nant (/imsiis).    Hence,  in  this  case, 

Ti  =  Xi  8in-4  +  Jfi  sin  3  +  JVi  sin  (7,  &c. ; 
and  snbstitutiiig  in  equation  (191),  we  get  the  area. 

4.  If  (xi,  flu  ri) ;  (As,  fi2f  n) ;  (As*  ao»  i's)  be  the  absolute  barycentric 
co-ordinates  of  three  points,  proTO  that  the  area  of  the  triangle  whose  sum- 
mits they  are  is  A  {Ki/in^z). 

COMPLEVSNTABY   PonJTS  AND  FlOTTBES. 

67.  Let  A\  B',  C  he  the  middle  points  of  the  sides  BC,  CA, 
AB  of  the  triangle  of  reference.  Then,  if  if,  M'  he  homologous 
points  with  respect  to  ABC,  A'B'C^  M'  is  called  the  complemen- 
tsry  ofM,  and  M  the  anti-complementary  of  W. 

If  ^  be  the  centroid  of  ABCy  then  it  is  also  the  centroid  of 
AB(?\  that  is,  it  is  their  double  point.  Hence  G  divides 
MM'  in  the  ratio  2:1.  Hence  if  (a^y),  (a'^Sy)  be  the 
absolute  barycentric  co-ordinates  of  if,  JT,  the  co-ordinates  of 
^are—  a  +  2tt^      ff +  2)g^      y  +  2/  _  1 

3       "^       3       "       3       "  3* 

Hence  ^^-g"^*     ^=     2    '     ^ 2    '  ^^^^^ 

a  =  )8'+y'-a',     i5  =  a'-^  +  y',     y  =  a'  +  ^'-y.     (195) 
If  the  point  Jf  describe  any  figure  F^  M'  will  describe  a 
figure  F,    F*  is  called  the  complementary  of  Fy   and  F  the 
etUi-complementary  of  F'. 

BXBB0I8ES. 

1.  If  three  concurrent  lines  be  drawn  through  the  middle  points  of  the 
sides  of  a  triangle,  parallels  to  them  through  the  smmnits  are  concurrent. 

2.  If  A\B\Ci  be  the  triangle  formed  by  parallels  to  BC,  CA,  AB  through 
A,  Bf  C,  the  triangles  AxBiC^  ABC  have  Jf,  M*  as  homologous  points. 

3.  In  normal  co-ordinates,  the  complementary  of  the  point  0)87  is  the  point 

i^  +  ry  cy  +  oa  aa+ *j8    ^,          ..           ,          .         ^,         .  ^hfi-^-ey-aa 
— r—-,  ,  — ;  the  anti-oomplementarj,  thepomt , 

Ac  '  (196) 

4.  Centre  of  circle  ABC  is  complementary  of  orthocentre.     ^ 
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SUPPLEMENTAUT  PoiSfTS. 

68.  If  a,  p,  y  he  the  normal  co-ordinates  of  a  point  M^  the 
point  Iff  whose  eo-ordinates  are  ^  +  y,  y  +  «b  a  +  )5  is  called 
the  supplementary  of  M. 

By  definition,  y: =  -^  =     ^  ^« 

Hence,  if  we  seek  whether  if,  JtP  can  coincide,  we  must  have 
^     _     P  y  g  -t-  ff  +  y 

pTy  "  y  +  a  °  aTJ5  "^  2  (a  +  )5  +  y)  "  ** 
These  will  be  satisfied  either  by  a  =  j3  »  y ;   that  is,  by  the 
incentre  of  the  triangle  of  reference,  or  by  the  points  of  the 
line  a  +  )3  +  y  »  0,  which  is  the  trilinear  polar  of  the  incentie. 

EXEBOISES. 

1.  Any  point  and  its  supplementary  are  collinear  with  the  inoentre. 

2.  If  M  describe  the  Une  /a  4  m/3  +  ny  =  0,  proye  that  IT  describes 

(/  +  m  +  n)  (a  +  /8  +  7)  -  2  (/o  +  m3  +  «y)  =  0.  (197) 

3.  The  points  supplementary  to  the  summits  of  the  triangle  of  reference 
are  the  points  A*,  B*,  C,  where  the  internal  bisectors  meet  the  opposite  sides. 

For,  putting  n  =  0  in  (197),  we  see  that  the  supplementary  of  any  line 
la'¥fn$  =  0  passing  through  C  is  the  line  (/  -  m){a  -  /3)  -  (/  +  m)  y  passing 
through  C 

4.  The  supplementary  of  the  triangle  whose  summits  are  the  centres  of 
the  escribed  circles  is  the  triangle  of  reference. 

TrIAKOLBS  IK  MXTLTIPLE  PsBSPEOIiyE. 

69.  "We  have  given,  in  §  59,  the  fundamental  property  of 
triangles  in  perspective;  but  here  we  shall  enter  into  more 
detail. 

To  find  the  condition  that  the  triangle  of  reference  may  he  in 
perspective  with  one  whose  summits  have  the  co-ordinates  ai^Siyi, 
<hP%yti  09pzyt}  or  whose  sides  have  the  equations 

/ia  +  i»i)8  +  niy  =  0,    ^+m,)3+ J»,y  ==0,    /^  +  w,^  +  nys  =  0. 

1^.  The  equations  of  the  joins  of  corresponding  summits  are 
easily  found  to  be  fi/fii  =  y/yi ;  y/y,  =  a/a, ;  a/oj  =  ^/^.  Hence, 
eliminating,  the  condition  of  concurrence  is 

Artos-yio^s.  (198) 
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Or  thus- 
Let  /a  +  01)3  +  fly  =  0,  the  axis  of  perspective.     The  lines 
(a  +  «ij5  +  «iy  =  0  . . .  meet  B  C,  C-4,  AB  in  the  same  points  as 

n      Ui    I      1%    tn     fh 
2^.  If  the  minors  of  the  determinant  (linhnz)  be  as  in  §  66, 
Ex.  3,  Lit  Miy  I^i,  &c.,  the  summits  of  the  triangle  whose  sides 
are  /ja  +  ntifi  +  «iy  =  0,  &c.,  wiU  be  these  minors.    Hence,  from 
(198),  the  required  condition  is 

JTiiTsZa  =  N^InM^.  (199) 

70.  If  ABC,  AiBiCi  he  such  that  the  lines  AAi,  BBi,  CCi 
are  eoneurrent  in  a  given  point,  swy  (1,  1,  1),  the  eo-ardinates 
of  Ai,  Bij  Ci  are  of  the  following  forms  (j»i,  1,  1),  (1,  j»„  1), 
(1, 1,  HI,),  and  the  triangle  ABC  can  he  in  six  different  ways 
ih perspective  with  AiB^Ci — 

1^  ABC,  AiBiCr,  2°.  ABC,  B^C^A^;    3°.  ABC,  C^A^B,; 

4°.  ABC,  A^CB,;  5^  ABC,  C.BUi'y  6°.  ABC,  B.AiC,. 

The  equation  (198)  gives  for  these  different  cases  the  foUow- 
ing  conditions,  viz.,  for 
2°aad3°.  iih»H»i8=l;   4°.  »ia«Ws;   5°.   fWa-Wi;   6°.  i»x=m,. 

71.  The  quantities  mi,  m^,  m^  denote  anharmanie  ratios. 

A 


5or  let  P  be  the  point  (1,  1,  1),  the  equations  of  BP  and 
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BAi  are  a  «  y  and  a  «  my.     Hence  mi  is  equal  to  the  anhar- 
monio  ratio  {AA'PAi).     Similarly, 

nn^iBB'FB,),    m^^{CC'PC,y 

From  §  70  we  have  the  following  cases  of  multiple  per- 
spectives : — 

(«)  If  m,  =  Wj,  ABC  is  in  perspective  with  AiBiCi  and  with 
AiCiBi,  and  the  triangles  are  biperspective ;  the  second  centre 
of  perspective  is  on  the  line  AAi,  Similar  results  follow  from 
fn%  =  nix  or  9ii|  s  fn%, 

(h)  If  minhntt «  1,  there  is  triple  perspective,  viz.  ABC  with 
A^BiCi,  and  with  BiCiAi  and  CiA^Bi, 

(0  If  m,  =  wa  =  m, ;  that  is,  if  (AA'PA^  =  {BB'PB,) 
-  {CC'FCi),  there  is  quadruple  perspective. 


In  order  to  construct  AiBi  Ci  in  quadruple  perspective  with 
ABC,  being  given  ABC  and  P. 

Let  AP,  BP,  CP  meet  BC,  CA,  AB  in  A',  B\  O,  respec- 
tively. Join  BU,  cutting  J^C  in  ^",  and  drawiiB^  ^^1  li^® 
through  -4",  cutting  BP  in  Bx  and  CP  in  (7|.  Again,  let 
C"  be  the  point  of  intersection  of  A*B*  with  AB,    Join  C"J?i, 
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cnttmg  Ai  in  Ai,     Then  AiBiCi  has  quadruple  perspectiye 
m\hABC, 

For,  join  ^"i>,  C"P,  and  it  is  evident  that  {AA'PA^) 
=  {BB'FB,)r.{CC'PCi). 

(d)  The  triangles  ABC,  AiBiCi  will  have  quadruple  per- 
spective if  i7»|  s  m,  =  lly/m^. 

(0)  If  mi  =  m,  a  f^s  is  equal  to  an  imaginary  cube  root  of 
imity,  there  will  be  a  sixfold  perspective,  but  then  the  triangle 
AiBiCi  is  imaginary. 

BXEBOISES. 

1.  If  in  the  triangle  ABC  we  inscribe  A'B'C  in.  penpective  with  ABO; 
•nd  in  A'B'C,  A"B^*(T'  in  perspective  with  A'B^C,  then  A"B"C"  is  in 
pa^ectiTe  with  ABC. 

2.  If  A'B'C  be  the  orthique  triangle  of  ABC  (that  is,  fonned  by  the 
feet  of  peq>endiculaTB)  and  A"B^'C"  the  orthique  of  A'B>C,  show  that 
the  nonnal  co-ordinates  of  the  centre  of  perspectiye  of  ABC  and  A'B"(T* 
are  sec  ^  cos  %A^  &c.,  and  that  it  is  a  point  on  Eulb&'s  line. 

3.  In  the  same  case,  if  A"\  B"',  C"  be  the  summits  of  the  triangle  formed 
by  tangents  .         B,  C  ioihe  circle  ABC,  the  normal  co-ordinates  of  the 
centre  of  perspective  of  A'B^C,  A'"B'"C'"  are- 
sin  A  tan  A,    sin  Bt&aBf    tanCteaiC, 

and  it  is  a  point  on  Euuib's  line.  (Gob.) 

4.  Prore  that  the  isogonal  conjugate  of  the  centre  of  perspective  in  Ex.  3 
ii  the  isotomic  conjugate  of  the  orthocentre  of  the  triangle  ABC,  and  also 
the  anti-complementary  of  its  symmedian  point. 

DiF. — Three  points,  whose  haryeentric  oO'OrdinaUs  are  {afi'y'),  {fi'y'a), 
(yV^),  is  called  an  isobarye  group  of  points, 

6.  The  trian^e  formed  by  an  isobaryd  group  is  triply  in  perspective  with 
the  trian^e  of  reference. 

6.  If  the  triangle  ABC  is  in  perspective  with  AiBiCi,  the  sides  of 
AiBiCi  have  equations  of  form 

'1'  +  iny  +  lu  ~  0,    lx-\-  miy  +  f»  s  0,    2a;  +  my  +  »is  «  0. 

Mnce  from  these  equations  the  conditions  of  multiple  perspective. 
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SicnoN  in. — CoMPABisoN  OP  Point  akd  Lnnt 

Co-ORDnrATES. 

72.  Dbp. — The  coefficients  in  the  equation  of  a  line  are  called 
Une  e<hordin<UM.  Because,  if  the  coefficients  be  known,  the  posi- 

tion  of  the  line  is  fixed.     Thus,  let-  +  7-lsObe  the  equa- 

tion  of  a  line  ;  then,  putting  --=!#,     -  ^  "  t^y  we  get 

do 

aru  +  yr  +  1  B  0,  (200) 

In  this  equation  «,  r  are  called  line  co-ordinatety  and  Xy  y 
point  co-ordinates.  If  «,  y  be  fixed,  and  tf,  v  variable,  we  shall 
have  different  lines,  but  each  shall  pass  through  the  fixed 
point  (xy).  Thus,  if  ^  be  the  point  {ah) ;  then,  in  Modem 
Geometry,  the  equation 

«M  +  fa  +  1  =  0  (201) 

is  called  the  equation  of  the  point  {ah\  and  the  yariables  «,  v 
are  the  co-ordinates  of  any  line  passing  through  it.  Hence  we 
have  the  following  general  definition  : — The  equation  of  a  point 
ii  such  a  relation  between  the  co-ordinates  of  a  variable  line  which^ 
if  fulfilled,  the  line  must  pass  through  the  point;  thus,  if  the  point 
co-ordinates  00  satisfy  the  equation  of  a  line,  it  must  pass  through 
the  origin ;  and  if  the  line  co-ordinates  00  satisfy  the  equation 
of  a  point,  it  must  be  at  infinity. 

73.  The  following  examples  will  illustrate  the  reciprocity 
between  both  systems  of  co-ordinates : — 

EXEBHISBS. 

r.  Take  the  general  equation : — 

Equation  of  the  line,  [  Equation  of  the  point, 
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87 


For  the  line  co-ordinates, 


»  =  c'  '=c- 


For  the  point  oo-ordinates, 


B 


C 


CoT.—ux  +  fy  =  0  denotes  either  a  line  passing  through  the  origin  or  a 
point  at  infinity. 

T,  Let  there  be  given 


Two  points, 

Two  lines. 

(x'y%    {sry'% 

{u'v'),  {u"v'r 

We  shall  have — 

For  the 
nexion, 
pwnU, 

equation  of  their 
called  the  join  c 

«,     y,     1, 

line  con- 
/  the  two 

For  th< 
intersec 

i  equation  of  their  point  of 
tion, 

'«.      f,      1, 

*',      tfy      h 

=  0. 

«',     v\     1, 

«0. 

^",   y",   1 

t*",    f",    1 

The  results  and  the  operations  which  lead  to  them  are  the  same  in  both 
cases.  The  significations  of  the  variables  only  are  different  since  the  deter- 
minants will  be  satisfied  if  we  put 


s  =  Is  ■¥  fns", 
1  -  /  +  m. 


leZ  +  m. 


For,  in  fact,  they  are  the  results  of  eliminating  /,  m,  1.    Between  these 
two  systems  of  equations,  we  shall  have,  putting  A~  -j, 


1  +  X 
l  +  \ 


Supposing  X  variable,  these  two 
equations  represent  the  co-ordinates 
of  any  point  of  a  row  by  means  of 
'  two  special  ones.  It  ii  the  mosT 
general  repreeentation  of  a  line  a$ 
the  bate  of  a  row  of  points.  Com- 
pare i  11,  Cor.  1. 


1  +  A 


Supposing  \  variable^  these  two 
equations  represent  the  co-ordinates 
of  any  ray  of  a  pencil  by  means  of 
two  special  rays.  It  it  the  mott 
general  repretentation  of  a  point  at 
the  vertex  of  a  pencil  of  rayt.  Com- 
pare {  35,  Cor,  2. 
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74.  The  equation  (198)  can  be  rendered  homogeneous  by 

taking  -,  -  for  point  co-ordinates,  and  — ,  —  for  line  co-ordinates, 

then  (198)  becomes 

xu  -^  yv  -¥  UD  ^  0.  (202) 

Car. — w  =  0  is  the  equation  of  the  origin. 

TflBEE-Ponrr  Line  Co-OBDnrATES. 

75.  If  a,  )3,  y  be  the  barycentric  co-ordinates  of  a  point  with 
respect  to  the  lines  of  reference  BC,  CA,  AB,  and  if  t«a  +  r j3 
+  U7  =  0  be  the  equation  of  a  line,  u,  r,  w  the  co-ordinates  of 
this  line  (§  53)  are  proportional  to  the  perpendiculars  from 
A,  B,  C  on  the  line.  Hence  we  haye  the  following  defini- 
tion : — The  absolute  co-ordinates  of  a  line  are  its  distances  8«,  S^ 
8,  from  the  summits  -4,  B,  C  of  the  triangle  of  reference,  and  are 
of  the  same  or  different  signs  according  as  the  summits  are  on  the 
same  or  on  different  sides  of  the  line. 

76.  The  equations  (200)  and  (202)  express  the  union  of  the 
positions  of  the  point  and  the  line ;  in  other  words,  they  denote 
that  the  point  is  found  on  the  line,  or  what  is  the  same  thing, 
that  the  line  passes  through  the  point.  And  since  it  does  not 
vary,  if  we  interchange  u,  r,  w  with  x,  y,  %  we  have  the  follow- 
ing important  result : — In  the  equation  which  expresses  the  union 
of  the  positions  of  a  point  and  line,  point  and  line  co-ordinates 
enter  symmetrically.  The  point  therefore  enjoys  in  the  geometry 
of  the  line  the  same  rdle  which  the  line  does  in  the  geometry  of 
the  point. 

77.  The  equation 


-©■ 


25--    cosC=0,  (203) 

pq 


denotes  the  cyclic  points. 

For,  if  a,  )8,  y  be  the  angles  which  the  lines  BC,  CA,  AB 
make  with  any  line  whatever,  the  equation  may  be  written 

(S  — cos  a  J  +(5— sina  j  =0, 
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or 


that 
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JS  — I  cosa  +  tsinajl  JS  — (  cosa- i8ina||  =  0, 


\P  S  r       )\p  q  r       I 

which  proves  the  proposition. 

BXBHOISBS. 

1.  If  the  coefficients  in  the  equations  of  a  given  line  be  connected  by  a 
given  linear  relation  it  passes  through  a  given  point. 

2.  If  the  vertical  angle  of  a  triangle  be  given  in  magnitude  and  position, 
and  /  times  the  reciprocal  of  one  side  plus  m  times  the  reciprocal  of  tho 
other  be  given,  the  base  passes  through  a  given  point. 

3.  If  a  variable  triangle  ABC  have  its  vertices  on  three  concurrent  lines 
OA,  OB,  OCTwhich  are  given  in  position,  and  if  two  of  its  sides  pass  through 
fixed  points,  the  third  side  will  pass  through  a  fixed  point. 

For,  if  the  reciprocals  of  OA,  OB,  OC  be  u,  v,  %v  the  conditions  of  the 
question  give  am  +  ^  +  1  =  0,  a'l^  +  h'w  +1=0.  Hence,  eliminating  v 
we  get  a  linear  relation  between  u  and  w,  which  is  the  equation  of  the  point 
through  which  the  third  side  passes. 

4.  If  («,  V,  w),  {u\  v\  w')  be  the  co-ordinates  of  two  lines,  prove  (lu  +  mti', 
Iv  +  fn«',  Iw  +  mw')  are  the  co-ordinates  of  a  concurrent  line. 

5.  If  (ti,  V,  w),  (t/,  v\  u^)  be  the  co-ordinates  of  §  72,  prove  that  the  lino 
{lu  +  mu',  Iv  +  mv',  ho  +  mw')  divides  the  angle  between  them  in  the  ratio 
of  section  / :  m. 

6.  The  anharmonic  ratio  of  four  lines  corresponding  to  the  values  {l\,  m\)t 
(hy  fih)f  {h,  m),  {U,  mt)  is  equal  to 

mih  —  ws/i  ^  miU  —  ntjli  fZ(u\ 

fn%h  —  mih    mzli  —  mth 

7.  If  ti  r=  0,  f  s  0,  tr  =  0  in  the  equations  of  the  three  summits  of  the 

triangle  of  reference,  prove  that  the  equations  of  the  middle  points  of  the 

sides  are 

w  +  r=0,    t>  +  «r=0,    tr  +  ii=3  0.  (205) 

8.  In  the  same  case  prove  that  the  points  at  infinity  on  the  sides  are 

ti~«r=o,    r-«r  =  0,    f(7-«  =  0.  (206) 

9.  If  M  s  0,  t^  s  0,  t(7  s  0  be  the  equations  of  three  points,  prove  that  they 
are  collinear  if  for  any  system  of  multiples  /,  m,  n,  lu  +  mv  -^nws  0. 
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MISOELLANBOUS  BXEBOISBS. 


\  1. 


Find  the  equation  of  the  join  of  the  origin  to  the  inteneotion  of 

I  a     b  a       b 

J^      '  T.  Prove  that  2«*  +  Say  -  2y»  -  8«  +  4y  =  0  denotes  two  lines  at  right 
angles. 

3.  The  opposite  sides  of  a  parallelogram  are 
05*  -  5*  +  6  =  0,    y»  -  13y  +  40=  0, 

find  the  equations  of  its  diagonals. 

4.  If  X  =  0,  X'  B  0  be  two  parallel  lines,  prove  that  X  +  X'  «  0  is  mid- 
way between  them. 

5.  Find  the  locus  of  the  intersection  of  the  diagonals  of  the  quadrilateral 
f  onned  by  the  axes  and  the  lines 

f+y-l  =  0,    f.  +  ^^ -l  =  Oifxvary. 
a     b  \a     \b 

6.  Find  the  equation  of  the  line  which  joins  the  intersections  of  the 
transverse  and  direct  joins  of  the  point-pair  x^  +  2gx  +  c  s  0  with  the  point- 
pair  j/^  +  2fy-¥€-  0. 

7.  Prove  that  the  lines  represented  byi*-«y-6y»  +  2«-y  +  l«0are 
inclined  at  an  angle  of  45''. 

8.  If  AiBif  AiBt .  .  .  AnBn\  CiBi,  C%Dt .  .  .  CnDn  be  two  systems  of 
segments  in  the  same  plane,  such  that  AiBi  :  C\D\  =  A^Bt :  0%D%  •  •  • 
=  AnBn :  CnDn  =  *  ;  and  if 

(AiBiy  GiDi)  =  {AiBi,  OJh)  .  .  .  =  {AnBn),  CnDn)  =  a, 

•the  resultants  of  these  systems  have  the  same  ratio  k^  and  are  inclined  at 
angle  a. 

The  proof  is  easily  inferred  from  §  3. 

9-14.  If  on  the  sides  BC,  AC,  AB  of  a  triangle  there  be  constructed 
externally  three  squares  BCJBD,  ACFG,  ABKS,  and  if  A',  ^,  C  be  the 
centres  of  the  squares,  then 

1*".  The  i^iiddle  points  a,  by  coi  BCy  CA,  AB  are  the  centres  of  squares 
constructed  eKtemally  on  the  sides  of  the  triangle  A'B'C.      (^bitbbko.) 
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For  Cc  s  and  perpendicular  to  ad,  casz  and  perpendicular  to  bB* ;  there- 
fore the  resultant  of  Cc  and  ea  e  and  perpendiciilar  to  the  resultant  of  ab 
and  bB' ;  that  is,  Ca  «=  and  perpendicular  to  oB*,  Hence  a  is  the  centre  of 
the  square  described  on  B'C. 

2*.  The  qnadrilaterals  BCOH,  OFBK,  HKGF  are  each  equal  to  B'CTK 

{Ibid.) 

For  it  is  easy  to  see  that  SC=s  and  perpendicular  to  BG ;  therefore  area 
BCGH^^HC'BQt^^HC^,  Again,  HA^a^y/2  and  AV^A^'h', 
therefore  resultant  of  KA^  AC ^^2  times  the  resultant  of  C'A,  AB' ; 
that  is,  SC  =  y/2'  CB*,    Hence  BCGM  =  B'C^. 

3*.  The  lines  AA',  BB*,  CC  are  equal  and  perpendicular  to  the  sides  of 
the  triangle  B^CA\  (Ibid,) 

4*.  The  lines  AA',  BO,  KF,  CH  are  concurrent.  (Ibid.) 

Let  rbe  the  intersection  of  BO,  CE,  then  in  the  cyclic  quadrilateral 
AVCO  the  angle  AVO^ACO^  t/4.  In  the  same  manner,  in  the  quadri- 
lateral BVCA'  the  angle  B VA'  =  BCA'  =  »/4.  Hence  AV,  A'V  are  the 
bisectors  of  the  angles  HVO,  BVC,  The  demonstration  is  the  same  for  XF. 

6**.  The  quadrilaterals  BEOS,  FOKD,  HKEF  are  each  equal  to 
AA'B'C.  (Ibid.) 

For  DO  =  and  parallel  to  2A*B%  and  BS  «  and  parallel  to  2A'C. 

6**.  The  quadrilaterals  BCOK,  BCFH,  CAKE  are  each  equal  to  2A'B'C\ 

(Ibid.) 

15.  Find  the  locus  of  a  point,  the  sum  of  whose  distances  from  the  sides 
of  a  given  polygon  is  constant. 

16.  If  a  =  0,  iS  =  0,  7  =  0,  8  =  0  be  equations  of  the  four  sides  of  a 
quadrilateral  in  standard  form,  and  a,  b,  c,  d  their  lengths,  prove  that 
the  line  aa  —  bfi  +  ey  —  dB^  0  bisects  the  diagonals. 

Dbf. — The  lifts  which  bicecU  the  diagonaU  of  a  quadrilateral  ii  called  the 
Newtonian  of  the  quadrilateral. 

17.  The  Newtonians  of  the  five  quadrilaterals  formed  by  five  given  lines 
Hi,  Ui,  Us,  Ui,  tt0,  taken  4  by  4,  are  concurrent. 

For,  taking  ««,  us  as  axes  of  co-ordinates,  the  equations  of  ui,  U2j  us, 

—  +  Y^  -1  =  0,  &c.,  the  Newtonians  of  the  quadrilateral  f«iW3«4«6  passes 
through  the  points  (\ai,  J^),  (\a%,  \b\).    Hence  its  equation  is 

(*i  -  *2)«  +  (ai  -  a2)y  -  J  (ai^i  -  a^bt)  =  0. 
Adding  this  to  the  equations  for  the  quadrilaterals  u%u^UiU^  u%UiUiU6, 
the  sum  vanishes  identically.    Hence,  &c 
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18.  If  on  the  three  sides  of  the  triangle  of  reference  ABG  three  similar 
isosceles  triangles  BCA\  CAB^^  ABC  be  described,  proye  that  the  lines 
AA\  BB\  CC  are  concurrent ;  that  is,  the  triangles  ABCy  A'B'C  are  in 
perspective. 

If  the  triangles  be  described  externally,  and  if  the  base  angles  be  9,  the 
normal  co-ordinates  of  the  common  point  are  l/sin  (^  +  0),  1/sin  (^+  0), 
l/8in(C+«).  B 

19.  In  the  same  case,  prove  that  the  equation  of  the  axis  of  per- 
spective is  a  /(sin  ^  sin  C  +  sin  ^  sin  29)  +  ^3/  (sin  C7sin^  +  8inSsin2<)) 
+  yj  (sin -4  sin^  +  sin  Cain  20)  =  0. 

20.  Find  the  equations  of  the  perpendiculars  to  the  sides  of  a  triangle  at 
their  middle  points.        Ans,  asin^~i3sin^  +  78in(^—  ^)  =  0,  &f. 

21.  Prove  by  the  properties  of  a  harmonic  pencil  that  y  is  parallel  to 
a  sin  ^  +  iS  sin  j9. 

22.  Prove  that  the  equations  of  the  lines  joining  the  middle  points  of  the 
sides  of  the  triangle  of  reference  are  iS  sin  S  +  7  sin  (7  -  a  sin  .^  <=  0,  &c. 

23.  Prove  that  the  line  at  infinity  is  the  trilinear  polar  of  the  centroid 
of  the  triangle  of  reference. 

24.  Find  the  equation  of  the  line  through  affy  perpendicular  to 
/a  +  miS  +  «7  =  0. 

An$.         a,         a',        /  —  m  cos  C  -  «  cos  By 

0,        $',        m-ncosA-lcoaC,       =0.  (207) 

7>        y »        n- I  COB  B  —  m COB  A 

25.  Prove  that  the  perpendicular  to  Euler's  line,  which  bisects  the  dis- 
tance between  the  circumcentre  and  orthocentre,  is 

asin  3^  +  iS  sin  3^  +  7  sin  3C7=  0.  (208) 

26.  Find  the  area  of  the  triangle  formed  by  the  lines 
agcosgysing  a;co8i3      y  sin  i3  ;rcos7      pony 

a  b  "  *        a  b  "   *       a  b  "   ' 

Ant.  ^*tan}(a-i3)  tan  }  (i8  -  7)  tan  J  (7  -  a).     (209) 
27-29.  If  ^',  B',  C  be  the  feet  of  the  altitudes  of  the  triangle  ABC, 
prove  that  the  normal  co-ordinates — 
r.    Of  the  centroid  of  A'B'C,  are 

sin^^  cos  {B  -  (7),    sin'^  cos  (C  -  A),    sin'C  cos  (-4  -  B).    (210) 
2*.    Of  the  orthocentre  of  A'B'C,  are 

cos  2A  cos  {B  -  C),  cos  2B  cos  (C- -4),  cos  2(7  cos (-4  - B).    (211) 
3*.    Of  the  symmedian  point  of  A'B'C, 

tsaiAcoB(B^Cj,  tan5cos(C-^),  tan(7co8(^-5).       (2ia) 
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30.  If  a  transrenal  make  with  the  sides  of  the  triaogle  ABC  angles 
A\  J*,  Cf  all  measured  in  the  same  direction,  and  if  n  be  any  integer, 
prate  that 

sin  M^  *  sin  nA'  +  sin  »5  sin  nB*  +  sin  «C  •  sin  nC  =  0.      (M'Cat.) 

(213) 

31.  If  AfBf  Che  three  points  of  a  line  u,  and  A'y  B*,  C  three  points  of  a 
Hue  9 ;  show  that  the  points  of  intersection  of  AB'  and  A'B,  BC  and  B'C^ 
CA*  and  CA,  are  coUinear. 

32.  If  {7  be  the  line  -at  infinjfy,  show  that  the  Newtonian  of  the  quadri- 
Utenl  ofir/v  in  barycentric  co-ordinates  is 

(^  +  r  -  «)/'  +  (y  +  «  -  i8)/  »»  +  («  +  iS  -  7)/«  =  0.       (214) 

33.  Prove  that  the  join  <tf  (l,.l,  1)  and  (cos  {B  -  C),  cos  (C  -  A), 
COS (.4  -  B))  is  perpendicular  to  <fa/(4  -  <?)  +  b^^{e  -  a)  +  ^7/  (a  -  3)  «  0. 

34.  Show  that  Cotes'  theorem,  }  54,  may  be  extended  to  any  number  of 
Imet. 

36.  Prove  that  the  ratio  in  which  the  join  of  xfy\  x"y'*  is  divided  by 

^+J?y  +  (7=0  is  -(-4a;"  +  5y"+  C):(-4a;'  +  5V+e). 

36.  If  a  transversal  cut  the  sides  of  a  polygon  of  n  sides,  the  latio  of  one 
<et  of  alternate  segments  of  the  sides  to  the  product  of  the  remaining  seg- 
nents  is  (-  1)". 

37.  Prove  that  the  triangle  whose  sides  are 

«  +  »i3  +  y/m  «  0,     iS  4  ^y  +  a/»t=  0,     y+ma  +  i3//=0 

it  inscribed  in  the  triangle  of  reference. 

38-40.  If  A,  /A,  r  denote  the  sines  of  the  angles  which  la  +  m^S  +  ny  =  0 
Bttkes  viih  a,  fi,  7,  respectively,  prove  that 

1*.  m'  +  »^  +  2/iy  cos  ^  =  sin»^,  &c.  (215) 

2°.  \>  nn  2^  +  m' sin  2ff  +  1^  Bin2^=2sin^  sin  j9  sin  (7.       (216) 

3'.  sin  Aj\  +  sin  ^//*  +  sin  C/y  +  sin  -4  sin  jB  sin  (7/ A/tr  =  0.        (217) 

41.  If  21  be  the  mean  centre  of  the  points  A\y  A%y  ^rrAm.SoT  the  mul- 
^1«  wi,  ««,...  mn,  and  if  Ar  describe  a  right  line  ArB^y^  prove ^th»t^._  ^ 
^<>eribes  a  paraUd  line  whose  length  «  mrArBrl2im),  (Nbubbro.) 
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42.  If  ^  be  the  mean  centre  of  the  points  A\^  ^a,  ...  ^h  for  the  mul- 
tiplee  mu  m%y  .  ,.mmi  and  B  the  mean  centre  of  Bx^  -Bj,  . . .  ^for  the  same 
multiples,  prove  that  AB  is  the  resultant  of  segments  parallel  to  AxBij  A%Bt 
. .  .  AnBn  multiplied  respectively  by  mi/Sw,     mtj^m,  &c.     (Neubbbo.) 

43.  If  two  polygons  A1A2  ...  AnAu  B\B%  ...  BnBi  have  the  same 
centre  of  mean  distancee,  the  resultant  of  the  lines  AiBi,  A%Bt . . .  AmBm  is 
leio.  {H^id.) 

44.  If  on  the  sides  of  a  polygon  AiAt  . . .  AnAi  triangles  directly  similtr 
AiBiAt,  AtB2Az,  &c,,  be  described,  the  summits  Bi,  Bt , . ,  Bmoi  these 
triangles  have  the  same  centre  of  mean  distances  as  the  original  polygon. 

(LjLiSAirr.) 

45.  Being  given  two  triangles  ABC,  A'B'C.in,  the  same  plane  to  find 
multiples  mi,  ms,  ms  for  which  the  summits  of  both  triangles  have  the  same 
mean  centre.  (Nbubbbo.) 

46.  If  the  summits  of  the  triangles  ALBC,  ABfC*  have  the  same  mean 
centre  for  the  multiples  mi,  ma,  ms,  and  if  the  triangles  AAA'\  BB'F', 
CCC"  be  directly  similar,  the  triangle  A"B^*C'*  has  the  same  mean  centra 
for  the  same  multiples.  {Jlnd.) 

47.  If  on  the  altitudes  AA' ,  BB^,  CC*  be  taken  portions  AA\^  BB\y  CCu 
respectively  proportional  to  BCy  CA,  AB,  the  centre  of  mean  distances  of 
^ I  ^1  C7i  coincides  with  that  of  ABC.  (iWrf.) 

48.  If  A\B\Cu  A%B%C%,  . . .  AnBnCn  be  a  system  of  ft  triangles  directly 
similar,  and  if  a,  iS,  7  be  the  mean  centres  of  the  A  summits,  the  B  sum- 
mits, and  the  C  summits  respectively  for  any  common  system  of  multiples, 
the  triangle  a$y  is  similar  to  ABC.  (Laisaztt.) 

49.  If  for  each  of  the  triangles  formed  by  four  lines,  a  line  be  drawn 
bisecting  perpendicularly  the  distance  from  drcumcentre  to  orthocentre  the 
four  bisecting  lines  are  concurrent.  (Hbbvbt.) 

50.  If  the  joins  of  corresponding  vertices  of  two  triangles  be  concurrent 
the  intersections  of  corresponding  sides  are  cdUnear. 

For,  if  the  joins  be  the  lines  a  =  $  =  y,  the  sides  of  the  triangle  wil)  be 

a  +  i8  +  8«0,  ^  +  7+8  =  0,  y+a  +  J^O;     a+i3+d'  =  0,  i3+y  +  ?'  =  0, 
•y  +  a  +  J'  =  0, 

and  each  pair  of  corresponding  sides  intersect  on  8  -  8'  =  0. 

Dbf.— ^  line  DB  eutting  the  tidee  CA,  CB  of  the  triangle  of  reference  tn 
the  pomtM  D,  JB  eo  that  the  triangle  CLE  U  invereely  eimilar  to  CBA  ie  caUed 
an  anti'paraUel  to  the  baee  AB. 
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61.  Find  the  oonditioii  tliat  Aa+  /u/3  +  ^7  =  0  may  be  anti-parallel  to.  y. 

Am,  lujiA-maiiB-nmji[A-B)  =  0.        (218) 

62.  Find  the  equation  of  the  line  through  the  eymmedian  point  of  a  tri- 
angle anti-parallel  to  the  base. 

Ans.  acotAanB  +  ficotBtinA^y.  (219) 

63.  The  summits  B,  C  of  a  triangle  move  on  a  fixed  line,  the  summit  A 
is  fixed;  proye  that  the  locus  of  the  trilinear  pole  of  a  given  line  with 
respect  to  the  triangle  ABC  is  a  right  line.  (Hbbmbs,  Crelle*s  Journal^ 
vol.  66,  page  207.) 

64.  Find  the  co-ordinates  of  the  points  anti-complementary  to  the  four 
points  a,  bf  e;  —a,b,c;  n,  —b,  0;  a,  b,  ^  c. 

Ans,  cot^/2,  cot^/2,  cotC/2;  -  cot^/2,  tanj9/2,  tan(7/2;  tan^/2, 
-  cot  Bl2y  tan  CI  2;  tan  -4/2,  tan  5/  2,  -  cot  (7/  2.     These  are  oalled  Naobl's 
points,  and  are  denoted  by  v,  Va,  vh  ^e,  respectively.     Their  isotomio  eonjU'  ' 
gates  are  called  the  Gbboonmb  points,  and  are  denoted  by  V,  Va,  r»,  Tm* 
respectively. 

66.  The  diagonal  triangle  of  the  quadrangle  whose  summits  are  the  Nagel 
points  is  the  anti-complementary  of  ABC. 

66.  The  triangle  ABC  is  in  perspective  with  each  of  the  four  triangles 
formed  by  the  Gergonne  points,  the  centres  of  perspective  being  the  Nagel 
points.  It  is  also  in  perspective  with  each  of  the  triangles  formed  by  the 
Nagel  points,  the  centres  of  perspectlTe  being  the  Gtergonne  points. 
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THE  CIRCLE. 


Section  I. — Cabtesian  Co-obdinatbs. 


78.  To  find  the  general  equation  of  a  circle. 

Let  {ah)  be  the  centre,  {xy)  any 
point  P  in  the  circumference  ;  then, 
if  the  radius  OP  be  denoted  by  r, 
we  have  (Art.  1), 

(i:-a)'  +  (y-3)»  =  r»;        (220) 
or 

which  is  the  required  equation. 

The  following  observations  on  this  equation  are  very  impor- 
tant:— 

1°»  It  is  of  the  second  degree.  2°.  The  coefficients  of  x*  and 
y  are  equal.  3°.  It  does  not  contain  the  product  xy,  Henoe 
we  have  the  following  general  theorem : — Every  equation  of  ih$ 
eecond  degree  which  does  not  contain  the  product  of  the  variables, 
and  in  which  the  eoejicients  of  their  second  powers  are  equals  repre- 
sents a  circle. 

The  following  are  special  cases  : — 

1°.  If  the  centre  be  origin,  the  equation  is  «*  +  y*  =  r*,  which 
is  the  standard  form.  (2^1) 

2°.  If  the  origin  be  on  the  circumference,  «•  +  y*  -  2«; 
-  2hy  =  0.  (222) 
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3^.  If  the  axis  of  x  pass  throagli  the  centre,  and  the  origin 
be  on  the  circumference,  «*  +  y*  =  2ax.  (223) 

4^.  If  the  axis  of  y  pass  through  the  centre,  and  the  origin 
be  on  the  circumference,  «•  +  y*  =  23y.  (224) 

Observation, — The  criterion  that  the  product  xy  must  not 
be  contained  in  the  equation  is  true  only  when  the  axes  are 
rectangular  ;  for  if  they  were  oblique  the  equation  would 
(§  5)  be 

(«-a)«  +  (y-5)«  +  2(«-«)(y-5)co8a>  =  r».     (225)     • 

79.  If  the  equation  of  a  circle  he  given^  we  can  eonstruet  it. 
For  let  the  equation  be  <m^  +  fly'  +  2yar  ■¥2ff/  +  c  =  0.  Diyiding 
by  a,  and  completing  squares,  we  get 


HH'^i) 


/\.    ffUf^^ae 


Comparing  this  with  the  fundamental  equation  (220),  we  see 
^t  the  co-ordinates  of  the  centre  are 

-  ^, ,  -  -^ ;  and  that  the  radius  is  \jLlJLz^,     (226) 
a\     a  '  a  ^       ' 

Hence  tib^e  circle  can  be  described.  We  have  the  following 
cases  to  consider :  if  y*  +/*  be  greater  than  ae^  the  circle  is  real, 
and  can  be  constructed ;  if  f'  -^P  be  equal  to  ae^  the  radius  is 
zero,  and  the  circle  is  indefinitely  small,  that  is,  it  is  a  point ;  if 
y*  +/*  be  less  than  a«,  the  radius  is  imaginary :  there  is  no  real 
circle  corresponding  to  the  equation ;  in  other  words,  as^  +  ay^ 
+  2ya:  +  2^  +  <?  -  0  represents  in  this  case  an  imaginary  circle. 

Cor, — Since  the  co-ordinates  of  the    centre  of  the   circle 
>  AX*  +  tfy'  +  2gx  +  2fy  +  ^  «  0  do  not  contain  c^  it  foUows  that 
two  circles  whose  equatiom  differ  only  in  their  absolute  terms  are 
concentric. 

H 
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T)^  Oireh. 


80.  Oeometrical  EsPKEssNTATioir  OF  TH«  Power  of  a  Poiht 

WITH  BBSPECT  TO  A  OlBCLB. 

The  power  of  a  point  with  reepect  to  a  cirele  (§  27)  is  positive, 
terOf  or  negative,  according  as  the  point  is  outside^  on,  or  inside  the 
eirownferenee. 

R  Let(;r-a)»  +  (y-*)*-f»  =  0 
be  the  circle  x*  y'  on  external 
point ;  then  the  power  of  afyf 
with  respect  to  the  circle  is 

that  is  (§  6)  OP^  -  r»,  or  f ,  since 
OCP  is  a  right  angle.    Hence  the  ^^ 
power  of  an  external  point  with  re- 
spect to  a  circle  is  equal  to  the  square  of  the  tangent  drawn  from 
that  point  to  the  circle. 

2^.  When  the  point  is  on  the  circle  its  power  is  CTidently 
zero. 

3^.  Let  x'y'  be  an  internal  point ;  then 
denoting  OP  by  8,  the  power  of  OP  with 
respect  to  the  circle  is 

S'-r^,  or-(r  +  8)(r-8); 

that  is  s  -  AP.  PBf  a  negative  quan- 
tity. ^ 

Cor. — If  for  shortness  the  equation  of  a  circle  be  denoted 
by  /S  =  0,  the  power  of  any  point  x^g'  with  respect  to  8  will 
be  denoted  by  8',  for  this  is  the  result  of  substituting  the 
co-ordinates  xfg'  in  place  of  xg. 


BXSB0I8B8. 

1.  If  the  equation  of  a  line  be  added  to  the  equation  of  a  drde,  the  sum  is 
the  equation  of  a  circle. 

2.  The  sum  of  the  equationsof  any  numberof  circles  is  the  equation  of  acircle. 
S.  Conetruct  the  circles — 

!•.  |ft  +  y«_4;p_8y_i6j     2*.  8««  +  3y«  +  7«  +  9y  +  l«0. 
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4.  Find  the  equation  of  a  circle,  passing  through  the  point  (2,  4)  through 
the  origin,  and  having  its  centre  on  the  axis  of  x, 

5.  Find  the  locus  of  the  yertex  of  a  triangle,  being  given  the  base  and 
the  snm  of  the  squares  of  the  sides. 

6.  Find  the  locus  of  the  vertex  of  a  triangle,  being  given  the  base  and 
m  squares  of  one  side  +  n  squares  of  the  other. 

7.  If  5i  =  0,  5a  =  0,  ^3  =  0,  &c.,  be  the  equations  of  any  number 
of  ciTcles,  prove  that  the  centre  of  ISi  +  mSt  +  m6^  +  &c.  «  0  is  the 
mean  centre  of  the  centres  of  Si,  St,  Sz,  &c.,  for  the  system  of  multiples 
^  m,  ftf  &c, 

8.  Find  the  equation  of  the  cirde  whose  diameter  is  the  join  of  the 
p<Bnt8  «'y',  *"/'• 

Am,  (2:-«  )(«-«")  +  (y-y')(y-y")  «  0.         (227) 

9.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
locus  of  its  vertex  is  the  circle  S  +  X  oot  (7  s  0  where  S  ^  0,  denotes  the 
circle  described  on  the  base  as  diameter,  and  Z  =  0  the  equation  of  the  base. 

(228) 

10.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
loooB  of  the  orthooentre  is  the  circle 

5-Xoot(7-0.  (229) 

11.  Find  the  locus  of  a  point  at  which  two  given  circles  subtend  equal 
angles. 

12.  If  a  line  of  given  length  slide  between  two  fixed  lines,  the  locus  of 
the  centre  of  instantaneous  rotation  is  a  drole. 

13.  Givo^he  base  of  a  triangle  and  the  ratio  of  the  tangent  of  the  ver- 
tical angle  M  the  tangent  of  one  of  the  base  angles,  prove  that  the  locus  of 
the  vertex  is  a  circle. 

14.  If  the  sum  of  the  squares  of  the  distances  of  a  point  from  the  sides 
of  an  equilateral  triangle  or  of  a  square  be  given,  the  locus  of  the  point  is 
a  circle. 

15.  If  the  sum  of  the  squares  of  the  distances  from  a  variable  point  to 
any  number  of  fixed  points,  each  multiplied  by  a  given  constant,  be  given, 
the  locus  of  the  point  is  a  circle. 

16.  If  the  base  «  of  a  triangle  be  given  both  in  magnitude  and  position, 
and  abajOi(C-  a),  where  a  is  a  given  angle,  be  given  in  magnitude,  the 
locus  of  the  vertex  C  is  a  circle.  (M'Cat). 

h2 
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81.  The  equatiofu  of  a  line  and  a  cireU  being  given,  ii  « 
required  to  find  the  equation  of  the  circle  tohoee  diameter  is  th 
intercept  which  the  latter  makes  on  the  former. 

Let  the  equations  be — 

a?C08a  +  y  8ma-j7  =  0,     (1)       «*+y»-f»»0.     (2) 
EHminating  y  and  x  in  succession,  we  get 

«■  -  2px  cos  a  +  J?*  -  r*  sin'a  «  0 ;     (3) 
y»  -  2py  sin  a  +  p*  -  f*  cos'a  «  0.      (4) 

Equation  (3),  being  a  quadratic  in  x,  denotes  (§  37)  two 
lines  paiallel  to  the  axis  of  y  through  the  points  of  intersection 
of  (I)  and  (2).  Similarly,  equation  (4)  denotes  two  lines 
through  the  same  points  parallel  to  the  axis  of  x.  Hence,  by 
addition,  we  get 

«•  +  y'  -  2j?  (ar  cos  a  +  y  sin  a  -  J?)  -  r*  B  0,      (230) 

which  is  evidently  a  circle  passing  through  the  four  points  in 
which  the  pair  of  lines  (3)  intersect  the  pair  (4).  Hence  it 
has  for  diameter  the  intercept  made  by  (2)  on  (1).  See  §  30, 
Cor.  2. 

EXEBOISBS. 

1.  Find  the  equation  of  the  circle  whose  diameter  is  the  intercept  which 
the  circle  «'  +  y*-66  =  0  makes  on  8d;4y-26s0. 

An$.  «»  +  y»  -  16*  -  6y  +  60. 

2.  Find  the  condition  that  the  intercept  which  :c*  +  y'  -  r'  =  0  makes  on 
irooea  +  vsina-/»<=0  subtends  a  right  angle  at  «V'* 

An$,  The  circle  (230)  must  pass  through  x'y.    Hence  the  required 
condition  is  x'^  +  y '*  -  2p  {x'  cos  a  +  y'  sin  a  -  /?)  -  r^  =  0.     (231) 

3.  Find  the  condition  that  the  intercept  which  xoosa  +  ysina— j^sO 
makes  on  «*  +  y •  +  2ffx  +  2/y  +  <?  =  0  subtends  a  right  angle  at  the  origm. 
Eliminating  x  and  y  in  succession  between  these  equations^  and  adding, 
we  get  a  circle  whose  diameter  is  the  intercept ;  and  by  the  given  condi- 
tion this  must  pass  through  the  origin ;  therefore  the  absolute  term  must 
vanish.    Hence 

2/?»  +  2p(^  coso  +/sin a)  +  c  =  0.  (232) 


Digitized  byVjOOQlC 


Cartesian  Co-ordinates. 


101 


4.  If  a  yaiiable  chord  of  a  circle  subtend  a  right  angle  at  a  fixed  point 
a^f^f  find  the  locus  of  the  middle  point  of  the  chord. 

The  middle  point  of  the  chord  is  evidently  the  centre  of  the  circle  (280) 
which  has  the  chord  for  diameter.  If,  therefore,  Xrhe  the  co-ordinates  of 
the  middle  point,  we  have 

Xsjpcoso,     r=/»  sin  a;  therefore  X'+ 7^=^*; 
and  substituting  in  the  equation  (231),  we  get 

(J-af')»  +  (r-y')»  +  X2+r>-ra  =  0.  (233) 

82.  To  find  the  equation  of  the  tangent    to  a  given  circle 
{x  -af  +  (g-  by  ^^r^  at  a  given, 
point  («'/). 

First  method.—Let  0  be  the 
centre,  Q  any  point  xy  in  the 
tangent.  Join  OQ;  then,  since 
the  points  («y),  (ah)  subtend  a 
right  angle  at  (^y'),  we  have 
equation   (14),    (a/  -  x)(jc'  -  a)    - 

+  (y' "  y)(y'  -  *)  =  ^ ;  also,  since 

the  point  ar'y'  is  on  the  circle,  we  have 

(^-a)«+(/-*)»  =  r». 
Hence,  by  subtraction, 

{x-a){af-a)+{g-hXg'-h)^f^, 
which  is  the  required  equation. 

Cor. — If  the  equation  of  the  circle  be  given  in  the  standard 
form  a;*  4  y*  =  r\  the  equation  of  the  tangenj^  is 

^+^3^  =  ^*.  .    (236) 

Second  method. — Taking  the  standard  form  of  the  equation  of 
the  circle,  if  ar'y',  a:"y"  be  two  points  on  its  circumference,  then 
the  equations  of  the  circle  described  on  the  join  of  x'y\  x"y"  as 
diameter  is  (ar  -  x'){x  -  «")  +  (y  -  f/^g  -  y")  «  0,  equation  ( 14) ; 
and,  subtracting  this  from  the  equation  of  the  circle,  we  get 

^'+y»-r».{(:p-^)(:p-a/')+(y-yO(y-y"))  =  o, 
or         (a:'+a?")«+(y'+y'Oy-^-^^'-yy'-»<>»      (236) 


(234) 
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which  (§  30,  Cor.  2)  is  the  equation  of  the  secant  through  the 
two  points  afy\  «"y".  Now  suppose  the  points  a/y',  ixf'y"  to 
become  consecutive,  the  secant  becomes  a  tangent,  and  this 
equation  (236)  reduces  to 

«ic'  +  yy'  -  r*  =  0. 

Third  method, — The  polar  co-ordinates  of  a//,  xf'y"  are 
(r  cos  ^,  r  sin  ^) ;  (r  cos  B"^  r  sin  6") ;  and  the  equation  of  the 
join  of  these  points  is  (§  31,  Ex.  3), 

«cosi(^+r)  +  ysini(^+r)  =  rcosJ(^-r); 

and  if  the  points  be  consecutive,  this  reduces  to 

a?co8tf'  +  y  Mn^=r,  (237) 

which  is  another  form  of  the  equation  of  the  tangent. 

83.  From  any  point  {hk)  can  he  drawn  to  a  circle  two  tanyents^ 
which  0re  either  real  and  distinct,  coincident^  or  imaginary. 

For  if  stfy*  be  the  point  of  contact  of  a  tangent  from  (JJc)  we 
get,  substituting  hh  for  xy  in  (234),  ha'  +  ky*  =  r^.  Also,  since 
x'y'  is  on  the  circle,  a/*  +  y'*  =  r*.     Eliminating  y',  we  get 

(A*  +  ;&«)  ar^  -  2r»^  +  r*  -  *V  «  0,     (i.) 

the  discriminant  of  which  is  r*)^  (A*  +  it*  -  r*) ;  and  according 
as  this  is  positive,  zero,  or  negative,  the  equation  (i.)  will 
be  the  product  of  two  real  and  unequal,  two  equal,  or  two 
imaginary  factors.     Hence  the  proposition  is  proved. 

84.  If  we  omit  the  accents  in  equatioD  (i.),  we  get 

(A»+>fe*)«»-2r»A^  +  r*-;i»r»=0,     (ii.) 

which  represents  two  lines  parallel  to  the  axis  of  y,  passing 
through  the  points  of  contact  of  tangents  from  hk  to  the  circle. 
In  like  manner, 

(A»  +  k^) y^-2r'ky  +  r* -  A^'r' -  4     (in.) 

represents  two  parallels  to  the  axis  of  x  passing  through  the 
same  points.    Hence,  by  addition,  we  get 

(A»  +  A»)(^  +  ya  -  H)  -  2r*  (Aa:  +  ifey  -  r*)  »  0,        (238) 
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wMch  %9  the  equation  of  the  eirele  whose  diameter  is  the  chord  of 
contact  of  tangents  from  hktoa^-vy^-f^^^O, 

Cor. — If  we  multiply  the  equation  a:*  +  y*  -  r*  «  0  by  A*  +  P, 
and  subtract  (238)  from  it,  we  get  Aa?  +  ifey  -  r*  =  0,  which  is  the 
common  chord  of  the  two  circles  (§  30,  Cor,  2).     Hence 

hx-^ky-r'^O  (239) 

is  the  equation  of  the  chord  of  contact  of  tangents  from  {hk). 
This  can  be  shown  otherwise.  From  the  demonstration,  §  83, 
we  have  Aa/  +  i^'  -  r*  «  0.  In  like  manner,  if  af'y"  be  the 
second  point  of  contact,  we  have  hcf'  +  ky"  -  r*  =  0.  Hence  the 
line  hx  -v  ky-v*^0\%  satisfied  by  the  co-ordinates  of  each  point 
of  contact. 

85.  To  find  the  equation  of  the  pair  of  tangents  from  {hk)  to  the 
circle.  On  either  of  the  tangents  from  {hk)  to  the  circle  take  a 
point  («y) ;  then  twice  the  area  of  the  triangle  formed  by  the 
origin  and  the  two  points  xy,  hk,  ib  hx  -  ky,  and  twice  the  same 
area  is  equal  to  the  distance  between  the  points  multiplied  by 
the  radius  of  the  circle.     Hence 

(Ar-*y)»={(*-A)«  +  (y-A)»)r»; 
or,  reducing, 

(^  +  y«  -  r«)  (A»  +  A*  -  f«)  =  (Aa:  +  Ay  -  r*)».     (240) 

86.  If(x^  ay  +  (y  -  by  -  f»,  {x  -  a^y  +  (y  -  l/y-^r^  he  the 
equations  of  two  circles,  it  is  required  to  find  the  equations  of  the 
chords  of  contact  of  common  tangents. 

Let  x'y'  be  the  point  of  contact  on  the  first  circle,  then 
(«  -  a)  (a/  -  a)  +  (y  -  5)  (/  -  5)  -  r*  =  0  is  the  tangent  ;  and 
since  this  touches  the  second  circle,  the  perpendicular  on  it  from 
the  centre  of  the  second  circle  must  be  =  ±  r'.  Hence,  remem- 
bering that  t/(iP'-a)« +  (/-*)*  =  r,  we  get 

(^  -  a)  (a'  -  a)  +  (y'  -  *)  (5'  -  *)  -  r»  ?  rr'  =  0, 
the  choice  of  sign  depending  on  whether  the  common  tangent  is 
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direct  or  transverse.     Hence  the  chords  of  contact  are  on — 
Ist  circle, 

(a?-a)(a'-a)  +  (y-*)(*'-*)-f»Trr'  =  0;      (241) 
2nd  circle, 

(a?  -  «')  (a  -  aO  +  (y  -  3')  (^  -  ^')  -  '^  =^  ^  =  0.       (242) 

BXBB0I8B8. 

1.  Find  the  equation,  and  the  length  of  the  common  chord,  of  the 
two  circles — 

(*-fl)*+(y-3)»  =  r»,     («-*)«  +  (y-a)»  =  r«. 

2.  Find  the  conditions  that  the  lines  ax  t  by  ^(i  may  touch  the  circle 
(ar-a)-  +  (y-3)«  =  r». 

.    3.  If  tangents  be  drawn  tod^'  +  y^-r'sO  from  hh^  the  area  of  the 
triangle  formed  by  the  tangents  and  chord  of  contact  is 

^(^'  +  ^-^)i  ,243) 

4.  Two  cirdes  whose  radii  are  r,  r'  intersect  at  an  angle  B ;  find  the  length 
of  their  common  chord. 

6.  Find  the  equation  of  the  diameter  of^  +  y'-6«-2y  +  SsO  pasong 
through  the  origin. 

6.  Prove  that  the  tangent  to  jt*  +  y*  +  2^x  +  '2fy  s  0  at  the  origin  is 

7.  Prove  that  if  tangents  be  drawn  from  the  origin  to  «*  +  y*  +  ^' 
+  2/y  +  tf  =  0,  the  chord  of  contact  is  gx  -vfy  +  ^  =  0. 

8.  If  the  chord  of  contact  of  tangents  from  a  variable  point  hh  subtend  a 
right  angle  at  a  fixed  point  x'y\  the  locus  of  hk  is  the  circle 

{«»  +  y»)  (oP^  +  y**  -  r2)  -  2r»  {xx'  +  yy'  -  r*)  =  0.  (244) 

9.  If  B,  denote  the  radius  of  the  circle  in  Ex.  8,  3  the  distanoe  ol  its 
centre  from  the  origin,  prove 

(i?  +  3)«^(i?-3)«'"r**  ^      ' 

10.  TA^  FB  are  two  tangents  to  a  circle  whose  centre  u  0  \  Q  any 
point  in  AF;  QR  a  perpendicular  on  the  chord  of  contact  AB  ;  prove 
AF,  AQb  OR.  OF,  and  thence  infer  the  equation  of  the  pair  of  tangents 
from  R, 

87.  Dbp.  I.— If  0  he  the  centre  of  the  circle  ««  +  y«  -  f»  =  0, 
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Py  Q  two  paints  eoUinear  with  0,  such  that  the  rectangle  OP,  OQ 
=  r^;P  and  Q  are  called  inverse  points  with  respect  to  the  circle. 

Def.  n. — llco  Unes  are  inverse  to  each  other  with  respect  to  a 
drcle  if  the  inverse  of  each  point  of  one  lie  upon  the  other. 

Dep.  m. — A  perpendicular  at  either  of  two  inverse  points  to  the 
Une  joining  it  to  the  centre  is  called  the  polar  of  the  other. 

88.  The  co-ordinates  x'y^  of  a  point  P  being  given,  it  i» 
required  to  find  the  co-ordinates  of  the  point  inverse  to  it 
with  respect  to  the  circle  «*  +  y*  -  r*  =  0. 

Using  polar  co-ordinates,  we)  have  a/  =  p'  cos  ^,  y  =  p'  sin  O'y 
«"  «  p"  cos  ^,  y"  =  p"  sin  ^ ;  and  by  the  condition  of  inversion, 

py  =  H.    Hence  ^  =  ^-  =  ^-=-^. 
«'      p'        p'*       ar^  +  y^ 

Hence  ip"  =    /^    ^,.  (246) 

«^  +  y" 

V  +  y'' 
/ToAir  o/"  <A^  point  x'y'  is  a:a/  +  yy'  -  r*  =  0. 
For  the  equation  of  the  perpendicular  through  a/'ff"  to  the 
job  of  x^g*  to  the  centre  is,  §  34,  Cor.  1, 

a?'(;r-^")  +  y'(y-y'0  =  O; 
and  substituting  the  values  (246),  (247)  for  «"/'»  ^^  8®* 

«a:'  +  yy'  -  r*  =  0.  (248) 

Cor.  1. — The  polar  of  any  point  on  the  circumference  of  the 
circle  is  the  tangent  at  that  point. 

Cor.  2. — The  polar  of  any  external  point  is  the  chord  of  con- 
tact of  tangents  drawn  from  that  point. 

BXSB0ISE8. 

1.  Find  the  equation  of  the  inverse  of  the  line  Ax -k-  By -\-  (?»  0  with 
mpect  toa:*-i>y>-f*a0.  Stibstitutrng  for  x,  y the  co-ordinates  (246)^ 
(147),  and  omittbg  accents  we  get 

C(r»  +  y>)  +  4f»x  +  Bf^  =  0.  (249) 

2.  Find  the  inverse  of  the  circle  ar'  +  y'  +  2gx  -¥Vy  +  f  =  0,  with  respect 
to  the  circle  s*  +  y*  -  r*  s  0. 

Am.  The  circle  *(«•  +  y»)  +  2^r»«  +  ^  y  +  t^  =  0.     (260) 
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3.  Find  the  equation  to  the  pair  of  tangents  from  the  origin  to 

«»  +  y»  +  2^4?  +  2/y  +  c  =  0. 
If  the  line  y  »  nu;  he  a  tangent  to  a:*  +  y*  +  2gx  +  2/y  +  «  s  0,  substttoting 
mx  for  y,  the  resulting  equation,  yix.  a;^  (1  +  m')  +  2  (y  +  m/)  j;  +  0  «=  0,  must 

haye  equal  roots.    Hence  (1  +  m')  0  =  (y  +  m/)*  ;  hut  m  «  - ;  therefore 

<?(«•  + y*)  =  {y«+/y)«,  (261) 

w  hich  is  the  pair  of  tangents  required. 

We  get  the  same  pair  of  tangents  for  the  inverse  circle  0  (1^  +  y*)  +  2gi^s 
+  2/r»y  +  r*  -  0.  Hence  the  pair  of  direct  common  tangents  drawn  to  a 
circle  and  to  its  inverse  passes  through  the  centre  of  inversion. 

4.  Find  the  length  of  the  direct  common  tangent  drawn  to  the  circles 

«*  +  y*  +  2^«  +  2/y  +  tfe0,     «»  +  y*  +  2y 'a;  +  2fy  +  ^j'  =  0. 
Ans.  If  R^  £'  denote  the  radii  of  the  circles,  the  length  of  their  direct 
common  tangent 

=  Vtf  +  <?'  -  2yy'  -  ^  +  RH:.  (262) 

5.  The  ratio  of  the  square  of  the  common  tangent  of  two  circles  to  the 
rectangle  contained  by  their  radii  remains  unaltered  by  inversion. 

6.  If  .^,  ^  be  any  two  points,  A',  ^,  their  inverses  with  respect  to 
JE*  +  y'  —  f*  as  0 ;  prove  that  il  p,  p'  he  the  perpendicular  distances  of  the 
origin  from  AB,  A'B'  respectively,  p:  p*  :\  AB,  A'B'. 

7.  If  two  points  ^,  j9  be  so  related  that  the  polar  of  A  passes  through  S, 
the  polar  of  B  passes  through  A,  For  if  the  co-ordinates  of  ^  be  (oo^), 
and  of  B  {bb')t  the  polar  of  ^  is  a^  +  a'f/  s  r*,  and  the  condition  that  this 
should  pass  through  B  ia  aa  -^  bb'  ^^  r',  which,  being  symmetrical  with 
respect  to  the  co-ordinates  of  A  and  B^  is  also  the  condition  that  the  polar 
of  B  should  pass  through  A, 

Dbf. — Two  pointi  to  related  that  the  polar  of  either  pateee  through  the 
ether  are  called  eot^ugate  pointi^  and  their  polare  eot\jugate  limes, 

8.  If  a  variable  point  moves  along  a  fixed  line,  its  polar  turns  round  a 
fixed  point. 

9.  The  join  of  any  two  points  is  the  polar  of  the  point  of  intersection  of 
their  polars. 

10.  Two  triangles  which  are  such  that  the  angular  points  of  one  are  the 
poles  of  the  sides  of  the  other  are  in  perspective. 

11.  The  anharmonic  ratio  of  four  coUinear  points  is  equal  to  the  anhar- 
monio  ratio  of  the  pencil  formed  by  their  four  polars.  For,  let  jr'y',  x"^*  be 
two  points,  and  P*,  P"  their  polars :  then  if  the  join  of  «'y',  a?"y"  be  divided 
in  two  points  in  the  ratios  Jt :  1,  A;' :  1,  the  anharmonic  ratio  of  the  four 
points  iik-rk';  and  since  the  polars  of  the  point  of  division  are  A;2^'  +  P'b  0, 
k'F"  +  P"  8  0,  the  anharmonic  ratio  of  their  four  polars  ia  k -r  k\ 
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90.  To  find  the  angle  of  interseetum  of  two  given  eireles. 

Def. — The  angle  between  the  tangents  to  any  two  curves  at  a 
p$mt  of  interseetum  is  called  the  angle  of  intersection  of  the  curves 
st  that  point. 

Let  r,  r'  be  the  radii  of  the  given  circles,  8  the  distance  be- 
tween their  centres,  ^  their  angle  of  intersection ;  then,  since 
ndii  drawn  to  the  point  of  intersection  are  perpendicular  to  the 
tangents  at  that  point,  the  angle  between  the  radii  is  ^. 

Hence  5*  =  *^  +  ♦^  -  ^rr'  cos  ^. 

Now,  if  the  circles  be 

«*  +  y  +  2^a:  +  2/y  +  <?  =  0, 
and  «*  +  y*  +  ^/x  +  2/y+  c^=^^0, 

we  have 

Hende,  by  substitution,  we  get 

^  +  ^  +  21^  cos  i^  -  2gg'  -2/^  =  0,  (263) 

which  determines  the  angle  ^. 
(kr.  1. — ^If  the  circles  cut  orthogonally, 

2yy'  +  2/;  -  <J  -  (/  =  0.  (264) 

Cor.  2. — If  the  circles^touch, 

</  ±  2rr'  -  2yy'  -  2/*  +  <?  =  0 ;  (266) 

tile  choice  of  sign  being  determined  by  the  species  of  contact. 

Cor,  3. — If  a  circle  S  cut  three  circles  S\  S",  8'"  orthogonally, 
it  cuts  orthogonally  any  circle  X8^  +  ft5"  +  v/S'"  expressed  linearly 
in  terms  of  8\  8",  8'". 

This  is  proved  by  writing  the  equations  8',  &c.,  in  full,  and 
applying  the  condition  (264). 

91.  Def.— The  mutual  power  of  two  circles  is  the  square  of  the 
distance  between  their  centres  minus  the  sum  of  the  squares  of  their 
rein. 
If  the  circles  be 

flfi  H  «•  +  j^  +  2^1^?  +  2fiy  4  <?i  =  0, 
iS,  H  a^  +  y»  +  2g^  +  2^y  +  (J,  =  0, 
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and  the  nmtiud  power  of  ^„  ^  be  denoted  hj  vis,  we  easQy 
find  «•!,  =  ^  +  «.  -  2^1^  -  2A/,.  (256) 

Cor.  1. — ^n  the  radii  of  the  cudes  be  ri,  r^,  and  ^  their  angle 
of  intersection,  r,,  =  -  2rirtCoe  ^  (257) 

Cor.  2. — ^The  mntoal  power  of  iSi  =  0  and  x*  +  y»  «=  0,  which 
may  be  denoted  by  r«i,  is  rj. 

92.  If  5|  become  infinity  large,  that  is,  open  out  into  a  line, 
and  denoting  the  infinite  radins  by  B,  and  the  perpendicnlar 
on  it  from  the  centre  of  8i  by  j»,  we  hare  the  mutual  power 
s  -  2pR.  Similarly,  if  iS„  ^  become  lines,  intersecting  at  an 
an^e  ^,  the  mutual  power  =  -  2i2*  cos  ^.  In  all  the  applications 
of  mutual  power  that  will  occur  in  this  treatise,  the  results 
will  be  inferred  from  a  symmetrical  detenninant  (see  §  98), 
from  which  the  Actors  -22^  -  2B*  may  be  omitted.  Hence 
we  may  define  the  mutual  power  of  a  line  and  a  circle  as  the 
perpendicular  on  the  line  from  the  centre  of  the  circle,  and 
the  mutual  power  of  two  lines  as  the  cosine  of  their  included 
angle. 

Cor.  1. — ^The  mutual  power  of  any  circle  and  the  line  at 
infinity  is  unity,  and  of  any  line  and  the  line  at  infinity  is  zero. 
Cor.  2. — If  two  circles  cut  orthogonally,  their  mutual  power 
is  zero. 

Cor.  3. — ^If  two  circles  touch,  their  mutual  power  is  ±  2rirt, 
the  choice  of  sign  depending  on  the  nature  of  the  contact. 

93.  To  find  the  eqmtiom  of  a  circle^  cutting  three  given  cirelei 
^  =  ^  +  y'  +  2y,4:  +  2/iy  +  r,  =  0,  ^r.,  at  giren  anglee  ^i,  ^  ^. 
Let  5  =  jj*  +  y'  +  2gx  -H  2^^  +  «  be  the  required  circle.  Now,  if 
Tt  1  be  the  mutual  power  of  jS,  8^^  the  equation  (253)  may  be 
written  <?i  -  x«  |  -  2yy„  -  2/i,  +  ^  =  0.  Hence,  eliminating 
y,  /,  c  between  the  three  equations  of  this  form,  and  «*  +  y*  +  2gx 
+  2yy  +  <?  =  0, 


*»+y*. 

-«. 

-y. 

1, 

«!-»•.  I, 

9u 

/.. 

1, 

*»  -  »•». 

9r, 

/., 

1, 

«»-»-o», 

S»< 

A 

1 

0.        (268) 
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If  this  determinant  expanded  be  written  in  the  form 

^  («•  +  y*)  +  20x  +  2i?V  +  C=  0, 

and  r  denote  the  radius  of  the  circle,  which  it  represents,  we 
have  ^V  =  GP  ^  F^-  AC;  but  the  quantities  (?,  F,  C  each 
contain  r  in  the  first  degree.  Hence  we  have  a  quadratic  for 
determining  r,  either  root  of  which,  substituted  in  (258),  will 
give  a  circle,  cutting  S^  82,  83  at  the  given  angles. 

Cor.  1. — The  equation  of  a  circle,  cutting  8i.  82,  82  ortho- 
gonally, is 

«*  +  y*,    -  ^,       -y ,        1, 

<?!>  9l}  fit  1> 

^7  ^2}  ft}  1, 

<%»  ffi9  Ai  1 


(259) 


Cor.  2. — ^The  equations  of  the  eight  circles  touching  81,  82,  8^ 


are 


«'+y\ 

-*. 

-y. 

1. 

e,  1 2rr„ 

ffu 

/.. 

1, 

<!,  1 2rr„ 

9t> 

A 

1, 

et±2rrt, 

9», 

/., 

1 

=  0. 


(260) 


94.  If  four  circles  be  cut  at  given  angles  ^1,  <^,  ^3,  ^4  by  a 
fifth,  we  have  four  equations  of  the  form :  Oi  -  ttq  i  -  2yyi  -  2/, 
+  c  s  0.     Hence,  eliminating  y,  /,  c,  we  get  the  equation 


^i>  9u  fi}  1 

<^at  y«>  A?  1 

<^>  y3>  /a>  1 

<?4>  ^41  /4>  1 


^oi>   yii   /i>    i> 

'To  2)      y2j      /ai       1> 
^0  4>       ^4*       fit        1 


(261) 


95.  If  the  angles  ^,  &c.,  be  right,  the  second  determinant 
(261)  vanishes,  and  the  first  equated  to  zero  is  the  condition 
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tliat  one  circle  may  be  cut  orthogonally  by  four  given  drdes. 


via. — 


9u 
9ti 

9t7 

9if 


1. 
1, 
1, 

1 


(262) 


Now,  since  Ci  denotes  the  square  of  the  tangent  from  the 
origin  to  /Si  (§  80),  and  its  minor  in  this  determinant  denotes 
twice  the  area  of  the  triangle  formed  by  the  centres  of  the 
circles  8%,  8^,  Si,  we  have  the  following  theorem : — If  -4,  J?, 
C,  D  be  the  eentree  of  four  co-orthogendl  eircle$y  ii,  ^,  t^,  tt 
tangenU  drawn  to  these  oireUe  from  any  arbitrary  pointy  {ABC) 
the  area  of  the  trianyle,  whose  summits  are  A^  B,   C,  ice, ;  them 

ti*  {BCD)  -  ti" { CDA)  +  V  {BAB)  - 1^*  {ABC)  =  0.     (268) 

96.  If  ay,  ariy,,  a^j,  x^y^  be  four  concyclic  points,  they  may 
be  regarded  as  infinitely  small  circles,  cutting  a  given  circle 
orthogonally.  Hence,  substituting  in  (262),  4;*  +  y*  for  ^,  and 
a?,  y  for  -yi  -/i,  &c.,  we  get 


x'  +  y', 

», 

y. 

1, 

V+y.', 

»i, 

yi. 

1. 

*»'+y»*, 

*». 

y». 

1, 

«i»+y.», 

*ji 

ya. 

1 

-0; 


(264) 


and  the  point  xyy  being  supposed  variable,  we  have  the  equation  of 
a  circle  passing  through  three  given  points.  The  same  result 
could  be  obtained  from  (260)  by  supposing  iSi,  829  8^  to  he  the 
point  circles  {x  -  Xif  +  (y  -  yi)* «  0,  &c.  It  may  also  be  shown 
as  follows : — 

The  determinant  (264)  evidently  represents  a  cirde,  for  the 
coefficients  of  ^  and  y*  are  equal,  and  the  circle  passes  through 
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the  given  points ;  for  if  in  the  determinant  we  substitute  Xi,  yi 
for  xyy  it  will  have  two  rows  alike. 

97.  If  8=^0  he  the  equation  of  any  arhitrary  etrele;  8^  8^,  8, 
the  powers  of  the  points  x^yiy  x^t^  x^%  with  respect  to  it,  then  the 
determinant 


8, 

«i 

»f 

1, 

Sx, 

«i, 

yi. 

1. 

8,, 

«», 

y». 

1, 

8„ 

*». 

y», 

1 

0, 


(266) 


wiU  denote  a  circle  through  x^yi,  x^ty  ^%- 

Fbobenixts's  Theobbm. 

98.  If  8if  iS>2,  8^y  8if  8s ;  8^^  8^J  8^,  iSg,  iS^io  be  two  systems 
of  five  circles,  then  the  determinant 


(266) 


or  as  it  may  for  shortness  be  denoted 

Dexn. —  Multiply  the  matrices,  each  consisting  of  four  columns 
and  five  rows — 


^10, 

^17, 

^18, 

^19, 

^110 

'Tje, 

^2  7, 

^asj 

^29, 

«-aio 

'Tse, 

^8  7, 

^S8, 

^8  9, 

W-810 

^4  0, 

^4  7, 

^r4  8, 

^4  9, 

^^410 

T.0, 

^6  7, 

^8, 

^9, 

^W 

1.     2^., 

2/.,     i*. 

e*, 

-9*, 

-/.,     1 

1,     2^„ 

2/„     «i 

<h. 

-U    1 

and  we  get  the  required  result. 

This  remarkable  theorem  is  due  to  FfiOBENnrs  {see  Obelle's 
Journal,  Band  79,  pages  185-245.     Compare  Darboux,  Annates 
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de  VEcole  ITbrmale,  2nd  series,  tome  i.,  p.  323  ;  Lucas  Nouyelle, 
Correspondenesy  tome  iv.,  pp.  169-175,  and  200-204.  It  was  re- 
discovered by  K.  Lachlan,  b.a.  (see  PhUosopkieal  DransaeUonij 
vol.  177). 

99.  If  the  angle  of  intersection  of  two  circles  So,  8  he  de- 
noted by  a^,  we  get,  by  means  of  §  91,  Cor.  1,  from  (266)  by 
supposing  the  second  system  of  circles  to  coincide  with  the  first 
for  any  system  of  five  circles  on  a  plane 


=  0.   (268) 


cos  51,     cos  52,      cos  53*      cos  ^4>  1 

Cor.  1. — The  condition  that  four  circles  should  cut  a  fifth 
orthogonally  is 

cos  13* 


1, 

cos  12, 

cos  13> 

cos  14, 

cos  15 

008  21, 

1, 

cos  23, 

cos  24, 

cos  25 

COS  31, 

cos  32, 

1, 

cos  34, 

008  35 

cos  41, 

cos  42, 

cos  43, 

1, 

cos  45 

1,  cos  12, 

cos  21«  1, 

cos  31,  cos  32, 

cos  41,  cos  42, 


cos  23, 
1, 


cos  14 
cos  24 
cos  34 
1 


«0. 


(269) 


cos  43, 

Cor.  2. — ^The  condition  that  four  circles  should  be  tangential 
to  a  fifth  is 


=  0.     (270) 


0,  sin«J12,      sin«J13,      sin' J 14 

sin»i21,  0,  sinH23,      8in«i24 

8in*i3i,     sin»J32,  0,  sin*  J  34 

sin'jil,     sin«J42,      8in«J43,  0 

For,  if  the_circle  8^  touch  each  of  the  circles  8iy  8^^  8^,  8^^ 
cos  15,  cos  25,  &c.,  become  each  equal  to  unity,  and  subtracting 
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each  of  the  four  first  columns  from  the  last  in  (269)  we  get 
(270). 

100.  If  tn  denote  the  common  tangent  to  the  circles  Si^  8^, 
we  easily  get  sin*  J 12  =  tu/riri.  Hence  in  the  determinant 
(270)  the  sines  of  half  the  angles  of  intersection  of  the  circles 
^b  ^S9  Sz,  8i  may  he  replaced  hy  their  common  tangents,  and 
denoting  for  shortness  hy  12  the  common  tangent  of  Si,  iSa>  the 
condition  is 


0,      12*,      13, 
2?,      0, 


14 


23*,      24* 


81*,     32*, 


0,       34* 


41*,     42*,      48*, 


(271) 


Which  expanded  is  equal  to  the  product  of  the  four  factors 
12 .34  ±  23 .  14  ±  sT  .  24.  (272) 


BXBB0I8B8. 

1.  If  ^1,  iSs,  ^s  be  any  three  circles,  find  the  condition  that  the  radius  of 
Ai^i  +  As^3  +  As^s  may  be  zero. 

liJR  be  the  radius  of  Xi^i  +  mSj  +  XzSzf  we  have 


Hence,  if 


JP  {XkY  =  ttV)*  +  (2V)»  -  5A  .  5A«. 
JB  »  0,  UA^)2  +  (JA/)*  -  2X  2X«  =  0. 

If  this  be  expanded,  theTooefficient  of  Ai'  is  ^i*  +/i'  -  ei,  that  is  n*,  and 
the  coefficient  of  AiA»  is  2gigi  +  2/1/2  -  «i  —  <fa»  that  is,  -  «i».  Hence 
the  ''required  ooadition  is 

A'ln*  +  A»2ra«  +  AVa*  -  maAiAa  -  i^38X^^3  -  irsi^sAi  =  0.        (273) 

2.  If  two  circles,  81, 8%  be  inverted  into  two  others,  8*1,  8*1,  then  remains 
unaltered  by  inyersion : — 

l^  The  angle  of  intersection. 

2*.  The  ratio  of  the  square  of  their  common  tangent  to  the  rectangle  con- 
tained by  their  radii. 

I 
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V*,  The  ratio  of  the  square  of  their  mutual  poirer  to  the  prodoot  of  the 
powers  of  the  origin  with  respect  to  the  oirdes. 

3.  Being  giren  four  points  in  a  plane,  the  area  of  the  triangle  fonned  bj 
any  three  of  them  multiplied  by  the  power  of  the  fourth  with  respect  to  the 
circumcirole  of  that  triangle  gives  a  constant  product.  (Staudt.) 

4.  If  i^i,  St,  Si,  Si;    Ss,  St,  ^7,  Ss  be  two  systems  of  four  circles,  proYS 

0         1-1         1         1 


1, 
1, 
1, 
1, 


wie, 

»46, 


*47, 


»18 
*4» 


-0. 


(274) 
(Lachlaxd.) 

(275) 
(iW.) 

The  Exercises  4,  6  give  a  very  large  number  of  results  by  making  special 
hypotheses  for  the  circles ;  for  example,  supposing  either  system  to  be  cut 
orthogonally  by  the  same  circle,  or  to  reduce  to  points  or  lines,  ftc. 
6.  If  a  circle  radius  p  cut  the  circles  Si,  S2,  Sz  at  angles  ^1,  ^  ^,  prove 


6.  In  the  same  case  prove 

„/12  8  4\«     „/1284\      „/5678\ 
"(6678)    -"tl234)^"(6678)- 


1 

1 

1 

1 

0, 

r? 

^* 

n' 

P 

1 

r? 

-1, 

cos  12, 

cos  13, 

COS^l 

1 

cos  21, 

-1, 

cos  23, 

cos^ 

1 

cos  31, 

cos' 82, 

-1, 

cos^ 

1 

cos^i, 

oos^. 

cos^ 

-1 

(276) 


101.  Dbp.— ^  /S  =  0,  /8'  =  0  denote  two  eirclee^  the  peneU* 
8  -  k8*  s  0,  where  i  reeeivee  aU  values  from  +  oo  to-  co ,  it  called 
a  coaxal  system. 

*  A  system  of  curves  of  any  order,  passing  through  a  number  of  points 
which  is  one  less  than  the  number  required  to  determine  a  proper  curve^of 
that  order,  is  called  a  pencil  of  curves. 
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102.  One  of  the  eireUe  of  a  coaxal  system  is  infinitely  large^  and 
two  infinitely  email.    For,  let 

,S««»+y*+2yar  +  2/y  +  <?  =  0,  i8'=i«»+y*  +  2/a?  +  2/y  +  <?'  =  0; 
then 

/8-;fe/8Xl->t)(«»+y«)  +  2(y-it/)«  +  2(/-;fe/)y  +  tf-*y=0(277) 
is  the  general  circle  of  the  system.  Now,  in  the  special  case 
where  k^\^  this  circle  reduces  to 

iS-iS'«2(y-/)a?+2(/-/)y  +  ^-</»0,  (278) 

which  represents  a  line  that  is  an  infinitely  large  circle.  Thie 
line  ie  called  the  badigal  axis  of  the  coaxal  tystem. 

Again,  if  JS  denote  the  radius  ot  8  -  kS'^  we  have 

Now,  if  iS  -  hS'  =  0  reduce  to  a  point  circle,  jR  «  0 ; 
hence         (^-l^)»+(/-;t/)»-(l  »;&)((? -^^  =  0, 

or  (^+/»-^)  +  ;fe((J+^-2^/-2j5r')+4»(/»+/»-O  =  0»  (279) 
which  is  a  quadratic  in  ^.  If  the  roots  he  ^i,  ^,  the  circles 
8  -  iiS'^  0,  iS  -  IC28'  =  0  reduce  to  points.  These  are  called 
the  limiting  points  of  the  system.  Hence  the  proposition  is 
proved. 

Cor, — ^The  parameter  h  is  equal  to  the  ratio  in  which  the  centre 
oi  8-k8'  ^0  divides  the  distance  hetween  the  centres  of  the 
circles  iS'=0,  iSf=0. 

103.  The  limiting  points  of  the  coaxal  system  8  -  k8'  =^0  are 
real  when  the  ciroles  8,  8^  do  not  intersect,  and  imaginary  when 
they  do. 

The  roots  of  the  equation  (279)  will  be  real  if 

4(/+/»-^)(^+/»-0^  lew  than  ((j  +  (>'-2y/-2j5r^)«, 
or  if  4r»r'»  be  less  than  («+  c^ -  2gg'^2ffy ; 

but  r*+r^=y«+/*-^+/' +/*-<?'. 

Hence  the  roots  will  be  real  if 

(r  +  r')'  be  greater  than  8*, 
or  (r  -  r')*  be  less  than  8*, 

i2 
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where  S  is  the  distance  between  the  centres  of  8y  8',  that  is, 

the  roots  are  real  when  the  circles  do  not  intersect.     Again,  if 

^  be  the  angle  of  intersection  of  S,  8'^  the  equation  (279)  may 

be  written 

r»  -  2kirr^  cos  «^  +  ^r^  =  0  ; 

therefore  Ar'c  r  (cos  <^  ±  sin  «^  v^-  1 ).  (280) 

Hence  the  values  of  h  are  imaginary  when  ^  is  real,  and 
the  proposition  is  proved. 

104.  A  coaxal  system  may  he  expressed  linearly  in  terms  of  any 
two  eireles  of  the  system  8  -  Iif8  «  0. 

For,  let  8--l8'm{l^l)ir,  8 -  m8' »{!  -  m)a' ;  then  8,  1^ 
can  be  expressed  in  terms  of  a-  and  </ ;  and  if  /,  m  be  given, 
o-,  o*'  are  given.  Hence  8  -  h8'  can  be  expressed  in  terms  of 
two  given  circles  a-,  </ :  h  will  be  the  only  variable  parameter, 
and  it  will  be  in  the  first  degree. 

Cor.  1. — If  0-,  </  be  the  limiting  points,  and  k  a  variable 
parameter,  then  the  coaxal  system  is  represented  by  the  equation 
o-  -  fe^  =  0.  '  (281) 

Cor.  2. — Similarly,  if  Z  =  0  denote  the  radical  axis,  any 
circle  of  the  system  may  be  expressed  in  the  form  8  -  kZ  =  0. 
Thus  SI?  ■{■y^  t  tP  "  2hx  «  0  denotes  a  coaxal  system,  having 
;i;  s  0  for  the  radical  axis,  and  real  or  imaginary  limiting  points, 
according  as  the  sign  of  d^  is  plus  or  minus. 

EXBBOISES. 

1.  The  radical  axes  of  any  three  circles  are  concurrent. 

For  if  S,  S^t  8"  be  the  circles,  then  (§  102)  the  radical  axes  are  S-  ^=0, 
iS*  —  5"  w  0,  5"  -  i^  =  0,  which,  added,  yanish  identically. 

2.  Tangents  from  any  point  on  a  fixed  circle  of  a  coaxal  system  to  two 
other  fixed  circles  of  the  system  are  in  a  given  ratio. 

For  let  tangenu  be  drawn  from  any  point  P  of  the  circle  S  -  IflS^  =  0 
to  the  circles  8,  S* ;  then  denoting  these  tangents  by  t,  t\  we  have,  since 
the  power  of  F  with  respect  to  i^  -  Ar»5'  is  zero, 

Hence  <:<'::*:!,  that  is,  in  a  given  ratio. 
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The  following  are  special  cases : — 

1*.  TangeiUi  frwn  any  point  in  the  radical  axis  to  all  the  eirelet  of 
the  system  are  equal  to  one  another.  For  in  this  ease  k  ss  I. 
Eenee  t « t\ 

V.  The  distanees  from  any  point  of  a  fixed  drele  of  the  system  to  the 
two  limitiny  points  are  in  a  given  ratio. 

3.  The  limiting  points  are  harmonic  conjugates  to  the  extremities  col- 
linear  with  them  of  the  diameter  of  any  circle  of  the  system ;  hecause 
the  ratio  of  the  distances  of  the  limiting  points  from  one  extremity  is 
equal  to  the  ratio  of  their  distances  from  the  other  extremity  of  the 
diameter. 

4.  The  limiting  points  are  iaverse  points  with  respect  to  each  circle. 

6.  The  distance  of  any  point  in  a  given  circle  of  a  coaxal  system  from 
the  radical  axis  is  proportional  to  the  square  of  the  tangent  from  the  same 
point  to  any  other  giren  circle  of  the  system. 

This  follows  from  the  equation  8-  kL  =  0. 

6.  Any  two  circles  and  their  circle  of  inversion  are  coaxal. 

For  the  inverse  of  «'  +  y'  +  2^4?  +  2^  +  ^  =  0,  with  respect  to  a^  +  y» 
-r»  =  0,  is  <j(«»  +  y*)  +  2^r2«+2/fV+»^  =  0;  and  th»  firsts  multiplied 
by  r»  and  subtracted  from  the  last,  gives  {e  -  »*)(«»  +  y*  -  r*)  =  0. 

7.  The  polars  of  any  point  with  respect  to.the  circles  of  a  coaxal  system 
are  concurrent. 

For  if  P,  P'  he  the  polars  of  the  point  with  respect  to  8,  8*,  its  polar 
with  respect  to  8  -  kS'  ib  F—  kF* «  0,  a  line  passing  through  the  inter- 
section of  P,  P*. 

DxF. — The  RADICAL  CBimiB  of  three  given  eireles  is  the  point  of  eonetir' 
rence  of  their  radical  axes. 

8.  The  radical  centre  of  three  given  circles  is  the  centre  of  a  cirde,  cut- 
ting them  ortiiogonally. 

9.  The  inverse  of  a  coaxal  system  is  a  coaxal  system. 
For  the  inverse  of  ^  -  A;^  is  of  the  same  form. 

10.  The  inverse  of  a  system  of  concurrent  lines  is  a  coaxal  system  of 
drdes. 

11.  The  inverse  of  a  system  of  concentric  circles  is  a  coaxal  system,  of 
which  the  centre  of  inversion  is  one  of  the  limiting  points. 

For  the  inverse  of  («- a)«  +  (y -*)•- JP  =  0  with  respect  to  «•+ y*  -  r*  =  0 
is  5-22»y  =  0,  where  ^B(««  +  *2)(ic»  +  yS)  -  2af^a?-2*rV  +  r*,  fi'«i*»+y». 
Hence  ^  s  0,  8'  ssQ  are  point  drdes. 
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12.  A  coaxal  syBtem  having  real  limiting  points  ia  the  invene  of  a  oon- 
centiio  system,  and  a  system  haTing  imaginary  limiting  points  the  inTene 
of  a  pencil  of  lines. 

13.  If  a  Tariable  circle  out  two  given  circles  of  a  coaxal  system  at  given 
angles,  it  outs  every  cirde  of  the  system  at  a  constant  angle.  This  may 
be  seen  at  once  by  inversion :  or  without  inversion,  as  follows : — If  8^i^ 
+  y»  +  2;^*  +  2/y  +  tf  =  0  cuts  iS*  a  **  +  y»  +  Igx  +  Vy  +  ^  =  0  and 
iS"  »  «•  +  y*  +  V«  +  2/"y  +  «"  =  0  at  angles  ^',  ^",  it  cuts  the  cirde 
^  -  AriS"  s  0  at  the  angle 


,  (r'cos^'-r"co8^' 
where  J2  denotes  the  radius  of  ^  -  W  «  o. 


j,  (282) 


14.  The  radical  axes  of  the  cirdes  of  a  coaxal  system  and  a  circle  whidi 
is  not  one  of  the  system  are  concurrent. 

15.  The  circles  «»  +  y»  -  2A«  +  *«  =  0,  «»  +  y«  -  2Ay  -  ^*  =  0  cut 
orthogonally. 

Dbf. — Th$  two  points  ichieh  divide  the  dittaneea  between  the  eentree  of  two 
eireles  intemalfy  and  externally  in  the  ratio  of  their  radii  are  oaUed  the 
eentret  of  eimilitude  of  the  eireles. 

Thus  if*«  +  y»  +  2^*  +  2^  +  fl«0,  **  +  y*  +  2^'«  +  2/'y  +  ^  =  0  be 
two  cirdes,  their  centres  of  similitude  are — 


intenuO,  the  point  \=^^.    =TT^1 ' 

and  external,  j^^^^,    "Jf^)  • 


(283) 


16.  If  i^,  ^  be  two  cirdes  whose  radii  are  r,  r',  prove  that  their  internal 

s    s* 
centre  of  similitude  is  the  centre  of  —  +  -7  s  '0,  and  the  external  one,  the 

r      r 

centre  of  -  -  —  =s  0. 
r      / 

S     ff 

17.  If  iS,  ^  be  two  droles,  -  1  --  a  0  will  invert  one  into  the  oth«r: 

r      r 

in  what  respect  do  theee  inversions  differ  P 
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18.  If  ^,  iS'  be  two  circles,  the  circle  described  on  the  distance  between 

S      S' 
their  centres  of  similitade  as  diameter  is  3  *-  ^j  °  0.  (284) 

This  is  called  their  eireU  of  HmilUude, 

19.  Giyen  any  three  circles,  taking  them  two  by  two  they  haye  three 
circles  of  similitade ;  prove  that  these  circles  are  coaxal. 

20.  Given  any  three  circles  8'^  &'^  8^,  their  six  centres  of  similitude  lie 
three  by  three  on  four  right  lines. 

For  if  r',  r",  r'"  be  the  radii  of  the  circles,  the  three  external  centres  of 
similitude  are  the  centres  of  the  three  circles, 


£!-£.' -A     ?1     ?Z 


0, 

-X, 

-y. 

1. 

±r'. 

/. 

/'. 

1, 

tr". 

ff". 

r. 

1, 

±r"', 

r, 

r. 

1 

that  is,  they  are  the  centres  of  three  coaxal  circles.  Hence  they  are  ool- 
Hnear.  In  like  manner,  it  may  be  proved  that  any  two  internal  centres  of 
similitude  are  coUinear  with  one  of  the  external  centres  of  similitude. 

21.  If  the  three  given  circles  be  ^ -{- y^  +  %ff%  +  %f*y  +  «' «  0,  &o.,  the 
equations  of  the  four  axes  of  similitude  1 


(286) 


Where  the  choice  of  signs  in  the  first  column  is  thus  determined  iat  the 
eortemal  axis  of  similitude  the  signs  are  all  positive,  and  for  each  of  the 
others,  two  are  positive  and  one  negative. 

22.  If  a  variable  circle  touch  two  fixed  circles,  the  chord  of  contact 
passes  through  one  of  the  centres  of  similitude  of  the  two  fixed  circles. 

28.  In  the  same  case  the  variable  oirde  is  cut  orthogonally  by  one  of 
the  two  circles  of  inversion  of  the  fixed  circles. 

24.  A  system  of  circles  cutting  three  given  circles  isogonally  are  coaxal, 
their  radical  axis  being  one  of  the  axes  of  similitude  of  the  three  given 
circles. 
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*  Sbotiok  n. — A  Ststem  op  Tavgsntiai.  Ciecles. 

105.  To  find  the  equations  of  the  circlee  in  pairs,  teueMng  three 
given  circles  8i,  /8^„  S^, 

In  equation  (271)  if  8i  reduce 
to  a  point,  it  must  be  some  point 
on  the_cirde  touching  Si,  St,  S^, 
then  14»,  24»,  84*,  will  be  the 
powers  of  that  point  with  respect 
to  ^1,  Sij  ^8,  and  may  be  denoted 
by  Si,  Si,  Si,  and  putting  I,  m,  n 
for  the  squares  of  the  common 
tangents,  viz.,  22^>  sTt  1?,  the 
equation  (271)  gives 


0. 

«. 

m, 

8x 

». 

0, 

h 

s. 

m, 

f, 

0, 

S^ 

Su 

8„ 

«., 

0 

-0, 


(286) 


or 


PSi^  +  w'Sa* + !»»«,» -  2lmSiSt  -  2mnStSi  -  2n/S,Si  =  0.    (287) 

Now  if  we  substitute  for  Si,  S2,  S^,  their  full  expressions  in 
Cartesian  co-ordinates  the  equation  (287)  will  be  of  the  fourth 
degree ;  it  must  therefore  be  the  equation  of  a  pair  of  circles 
O,  O'  tangential  to  5„  S2,  8^.  The  equation  (287)  is  the  pro- 
duct of  four  factors 

x/lSl  i  •/mSt  t  VnSl^  0, 

either  of  which  cleared  of  radicals  gives  (287).    Hence,  for 
shortness,  we  may  call  any  of  them  such  as 

VTSi  +  y^  +  y^,  =  0,  (288) 

the  equation  of  the  pair  of  tangential  circles. 
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This  result  was  first  published  in  a  Memoir  on  the  Equations 
of  Circles  in  1866,  by  the  author,  in  the  Procesdings  of  the 
Royal  Irish  Academy, 

Def. — The  equation  (288)  is  oalled  the  korm  o/(287). 

106.  Since  the  points  A,  A'  are  common  to  OQ'  and  Siy  and 
since  if  in  the  equation  (287)  of  OQ'  we  make  Si  =  0,  we  get 
{mSt  -  nS^^  =  0,  the  circle  mS^  -  nS^  =  0  passes  through  the 
points  A^  A';  therefore  the  line  AA'  la  the  radical  axis  of  Si 
and  mSi-  nS^.     Hence  its  equation  is 

{m  -n)Si-  (mSi  -  nS^)  «  0. 
For  this  denotes  a  line,  namely, 

m{8i-Sj)-n(8i''8:)»0. 

Now  5i  -  iSa  =  0  is  the  radical  axis  of  Si^  S^ ;  and  Si-  S^^O 
is  the  radical  axis  of  S^  S^;  denoting  these  by  Aj,  A%^  we 
have  fhA^  -  nA^  «  0  as  the  equation  of  AA,  Therefore  the 
equations  of  the  three  chords  AA^  BR,  CC  may  be  written 

This  theorem  gives  a  new  method  of  describing  a  circle  touching 
three  given  circles.  For  drawing  the  three  lines  (289),  the  two 
triads  of  points  -4,-5,  C ;  Ay  B\  C  are  determined. 

107.  If  the  lengths  of  the  transverse  common  tangents  to 
Sii  Sty  Si  be  denoted  by  ^/Y,  y/rn\  v^^'i  respectively,  the 
norms  of  the  other  three  pairs  of  tangential  circles  will  be — 

yfK+  -/^  +  y^S^  =  0.  (290) 

x/VSi-^  y/mS^  +  yWSi  =  0.  (291) 

yTSi-\-  v/^^S^,  +  v^  =  0.  (292) 

1 08.  If  we  denote  the  angles  of  intersection  of  the  circles  thus : 

(iSC«i)byu4,     {S^,Si)hjB,    and    {S%)hj  C, 
we  have        2coBiAsx    / —  ;  2  sin  iA  =   / — ,  &c 
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Hence  the  norms  (288)~(292)  may  be  written 

cos iA  y/Silri-¥  cos  iB y/S^t  +  cos  iCy/S^/r^  -  0 ;     (293) 

cos iA  ^/'SJti  +  sin  i^ \/-  S^/r^  +  sin iC7\/- iS,/r,=  0 ;  (294) 

aniA^Z-Silri-^-coBiByS^t+^iC^/^S^Ir^^O;  (296) 

8mMv/-iS,/ri  +  smi-5\/-iSa/r,  +  co8iC>/iS,/r3-0;  (296) 

BZBBOISBS. 

1.  The  poles  of  the  chords  AA\  JBJB',  0C\  with  respect  to  the  circles 
S\y  8%f  83,  are  coUinear,  their  line  of  collinearity  being  the  radical  axis  of 

2.  The  radical  axis  of  A,  n'  is  the  external  axis  of  similitude  of  ^i,  St,  8$, 

3.  The  circle  which  cuts  81,  8t,  8t  orthogonally  inverts  A  into  A'. 

4.  If  the  join  of  the  points  A,  B  (fig.  §  105)  intersect  the  circles  8u  81 
in  the  points  D,  E,  respectively,  prove  that  the  rectangle  AS  .  DB  is  equal 
to  the  square  of  the  common  tangent  of  81,  8%,  and  thence  prove  the  thecren 
of  {  106. 

5.  If  2  be  the  orthogonal  circle  of  ^1,  8%,  8t,  the  radical  axis  of  2  and  81 
meets  the  radical  axis  of  A  and  A'  in  the  pole  of  AA'  with  respect  to  8i. 

6.  The  circles  A,  A'  are  tangential  to  the  thsee  circles 
l8i-2m82-2H8t  =  Q,  m8f2n8z -2181^0,  n8t-2l8i-'2m8%^0. 

7.  The  three  systems  of  points  A,  A',  B,  JT ;  B,  JT,  (7,  C;  C,  C,  -4,  A' 
are  concydic,  the  circles  through  them  being  respectively 

^1  +  m8i  -  n8z=0,    m8f^n8i-l8i^0,    n8z-^l8i^m8t »  0. 

109.  To  investigate  the  general  eonditum  that  any  number  of 
circles  mag  have  one  common  tangential  circle. 

Lemicas. — If  /{x)  B  0  be  an  algebraic  equation  of  the  n^ 
degree,  whose  roots,  taken  in  order  of  magnitude,  are  a,  &, «, . . .  /, 
then 
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lo         g-ft  >-  <  (? - g)         ^    /•0Q'r\ 

Lemma  1^  maj  be  proved  by  dividing  each  fraction  into  the 
difference  of  two  partial  fractions.  Lemma  2^  is  well  known  to 
those  acquainted  with  the  theory  of  equations.  When  n  =  4, 
which  is  the  only  case  in  which  we  shall  use  this  lemma  here, 
it  may  be  stated  thus : — If  «,  h^Oydhe  any  four  quantities,  then 

^  y  <* 


ij^^a){d-h){d-e) 


0. 


110.  If  0  be  the  origin,  and  A^  By  C,  .  .  .  L  any  number  of 
fixed  points  on  a  right  line  passing  through  0 ;  X  any  variable 
point  on  the  same  line ;  then,  if  OA,  OBy  OC^  , .  .  OLj  OX  be 
denoted  by  a,  &,  ^,  . . .  /,  x^  we  have,  from  lemma  P, 

AB  BC  LA 

AX.BX'^  BX.CX'^  •  •  'ZX.AX^^'      ^^^^^ 

Now,  if  circles  whose  diameters  are  $«,  $»,  $«,...  Sj,  S«  touch 
the  line  OX  at  the  points  A,  B,  Cy  . .,  Z,  X,  then  from  (300) 
we  get 

AB  AX.BX  BC  BX.CX 

+ 


LA  LX.AX 


=  0. 


\/8,.8.     v/8,.8..8..8. 
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Then,  inverting  from  any  arbitrary  point,  since  the  square  of 
the  common  tangent  of  any  two  circles  divided  by  the  rectangle 
contained  by  their  diameters  remains  unaltered  by  inversion,  we 
have,  after  omitting  common  factors,  the  following  general 
theorem  : — If  a  circle  O  Umeh  any  number  of  circles  Su  Si,...  Si,8,, 
and  if  common  tangents  he  denoted  hy  12,  S^c,  then 

12  28  ^         ^ 

^    ^+_     ^  + —  =  0.  (300) 

\x.2x     2x.Zx  Ix.lx 

111.  If  8g  reduce  to  a  point,  this  will  be  a  point  on  the 
circle  O,  and  Ix,  2a;,  3x  ,&c.,  may  be  replaced  by  v^iSi,  \/Si 
>/Siy  &c.  Hence  we  have  the  following  theorem : — If  a  circle 
O  be  touched  by  any  number  of  circles  Si,  Sif  /Ss, . . . ,  the  equation 
ofQ  will  be  contained  as  a  factor  in  the  equation. 

^       •       23       .       34     ^^..0.  (301) 


y/sTSi     x/STSz     ^/8^84, 

Cor.  1. — If  there  be  only  three  tangential  circles  this  equa- 
tion reduces  to  equation  (288). 

112.  From  lemma  2^,  supposing  f{x)  to  be  of  the  fourth 
degree,  we  get  in  the  same  manner  the  following  theorem  : — 

If  a  circle  O  be  tangential  to  five  circles  So^  8i,  82,  Sj,  8^, 
then 

OP        ^         02*         .  03»  0?  ^ 


12.13.14      12.23.24      13.23.34      14.24.34 

and  supposing  80  to  reduce  to  a  point,  and  denoting  by  P(l) 
the  product  of  all  the  common  tangents  from  /Si  to  all  the 
other  circles,  then 

'^I  ^2  ^8  8i  ^  ,^^^\ 
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BZBBOISES. 

1.  The  drde  Umm^  the  middle  points  of  the  sides  of  a  triangle  touohet 
both  the  inscrihed  and  the  escribed  circles. 

For,  let  ^1,  8i,  8%  denote  the  middle  points  of  the  sides,  8g  one  of  the 
ciidss  toaching  the  sides,  say  the  inscribed  circle;  then  1jp>  2xt  Sx  are 
eqoil  to  }  (5-  «),  i  (tf  -  a),  i{a-b)  respectiyely,  and  12»  23>  3T>  equal  to 
}(,}#,)&;  and  these  substituted  in  the  equation 

12  23  31         ^ 

=-=  +  =-=  +  =r-=  =  0, 
Ix .  2s     2x*Zx     Zz  >lx 

it  Tinishes  identically. 

2.  The  curde  through  the  middle  points  of  the  sides  passes  through  the 
feet  of  the  perpendiculars.  For,  taking  ^i,  /5t>  ^t  as  in  Ex.  1,  and  Sm  the 
loot  of  the  perpendicular  on  the  side  a,  then 

Is  s  5  cos  C-  }a,      2x»-ib*      3s  »  }<^ 

sad  tubetitnting  as  before. 

3-  If  ^1)  8%,  Szt  Si  be  the  inscribed  and  escribed  circles,  then  (Ex.  1) 
they  have  a  common  tangential  circle  n  (called  the  ** Nine-points  Circle"). 
Its  equation  in  terms  of  these  four  cirdes  is 

8i  ,  St  ,  8t 


Si 


•(a.,)(H^(^,«0.  (803) 

4.  The  eqnation  (301)  maj  be  written  thos : 

«o«t(12)Vn^  .  00.^(23) V^  eoei(n)/;^i 

v^^  y/S^8»  VS^i 

&.  If  a  circle  A  touch  four  circles  whose  radii  are  n  ...  r*,  then 
«-^  Si  .  St  


ricos}(12)cosi(13)co6i(14)     r,  cos i  (21)  cos i (23)  cos i  (24) 

^ Sz 8^ ,go5\ 

ricosJ(31)cosK32)cosJ(34)'*"r4COsi(41)cosl(42)cosJ(43)'   ^      ' 

6.  If  5  be  a  circle,  0  a  point,  and  OFQ  a  line  through  0  and  the  centre 

fd  S,  meeting  the  circumference  in  F  and  Q,  then  we  have  —  =  — -^ — . 
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Hence  if  8  open  out  into  a  right  line,  Sjlr  becomes  equal  to  OQ ;  that  ia, 
equal  to  the  perpendicular  from  0  on  the  right  line,  into  which  8  opens  out 
By  meauB  of  this  principle  we  can  express  the  equations  of  the  escribed  and 
inscribed  circles  in  terms  of  the  sides  of  the  triangle  of  reference  and  the 
«  Nine-points  Girde."  Thus,  in  £z.  6,  let  ^i,  St,  8%\i%  the  sides  a,  3,  7 
of  the  triangle  of  reference,  8i  the  <* Nine-points  Circle;"  then,  denoting 
the  angles  of  intersection  of  the  sides  with  Si  by  Au  B\,  Ci,  respectiT^y, 
the  equation  of  the  inscribed  circle  is 

Jaoo8_M      fieoBJB     ycosjCj 
(sin^^i       Binij9i       oniGi  } 

B  0.  (306) 


cosMco6^j9cosi(7 

Si 


U  sin^^isin  iBi  sin^C^ 

7.  The  tangent  to  the  "  Nine-points  Circle  "  at  its  point  of  contact  with 
the  inscribed  circle  is 

JI.+  JL  +  JI.-0.  (S07) 

b  —  e     c—  a     a-  b 

cos}^         cos}^  a       . 


Sbctiok  III. — Tbeluqsab  Co-oedinatbs. 

113.  ITie  equation  ipy  +,mya  +  nafi  »  0  denotes  a  curve  of  ih* 
second  degree  eircumecribed  to  the  triangle  of  reference, 

Dem. — If  in  the  general  equation  oa*  +  ^)8*  +  i?y»  +  2haP 
+  2fPy  +  2gyatsi  0,  the  coefficient  of  a'  vanishes,  the  curve  paaaes 
through  A\  for  if  we  make  /8  =  0,  y  »  0  in  the  resulting  equa- 
tion, it  will  be  satisfied.  Similarly,  if  the  coefficients  of  ^,  'y* 
each  vanish,  it  will  pass  through  the  points  B^  C.  Hence  the 
proposition  is  proved. 

It  will  be  seen  in  Chapter  XII.  that  every  curve  of  the  second 
degree  can  be  obtained  as  the  section  made  bj  some  plane  with 
a  cone  standing  on  a  circular  base.     It  is  on  this  account  these 
curves  have  been  called  "  conic  sections."    Hence,  for  short-'" 
ness,  we  refer  to  them  as  '*  conic." 
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Cotes'  Theokem. 

114.  J^a  transversal  drawn  through  a  fixed  point  0  in  the  plane 
$fthe  triangle  ABC  meet  its  sides  in  ^,  Bt,  JSt,  and  ifR  he  a  point 
on  it  such  that 

[or,  "  OS)  ■*■  [oB^ "  as)  "^  [or,  "  or)  " ^' 

the  locus  ofR  is  a  eireumeonic  of  the  triangle  ABC. 

Bern. — Let  ALBC  be  the  triangle  of  reference,  and^,  p^\  pf" 
the  normal  co-ordinates  of  0,  then  we  may  prove,  as  in  §  $4, 
Uuit  the  locns  of  R  is^ 

(J)-v{^)^(^)--«. 

that  is,  //a+i^ViS+i/'Vy-O,  ori/)8y+y>+-P'"«^  =  ^-  (^08) 
Dip. — The  curve  (308)  w  cMed  the  polar  conic  of  the  point  0 
with  respect  to  the  triangle^  and  0  is  called  the  pole  of  the  conic. 

Cor.  1. — ^The  polar  conic  of  the  point  a'^y  is 

a'/a  +  P'lP  +  y/y  =  0.  (309) 

Cor.  2. — ^If  A  and  £  be  two  points,  such  that  the  polar  conic 
dA  passes  through  By  then  the  trilinear  polar  of  B  passes 
through  A. 

For  let  the  coordinates  oiAsaidB  be  a'^/,  a"^'y'>  *^en  the 
poUr  conic  of  ui  is  a'/a+^Z^  +  y'/y = 0,  and  the  trilinear  polar  of 
Bib  a/a"+  i8/i8"+y/y"= 0,  equation  (161).  And  we  get  the  same 
lewK,  whether  we  substitute  in  a'/a  +  fi'/fi  +  y/y  ■•  0  the  co-ordi- 
nites  of  ^,  or  in  a/a"  +  ^8/^8"  +  y/y"  =  0,  the  co-ordinates  of  A. 

Cor.  3. — ^The  trilinear  polar  of  every  point  on  the  eireum- 
eonic passes  through  the  pole  of  the  oonic. 

115.  The  eireumcirele  of  the  triangle  ABC  is  the  polar  conic  of 
its  sffs%median  point. 

In  order  to  show  this,  it  is  necessary  to  find  the  values  of 
if  01,  »,  so  that  iPy  +  ifiya  +  nafi  <=  0  may  represent  a  circle. 
Transform /^  +  mya  +  na^  a  0  to  Cartesian  co-ordinates,  equate 
the  coefficients  of  ^c*  and  y*,  and  put  the  coefficient  of  «y  «  0. 
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This  gives 

/cos(i3  4  y)  +  mcos(y +  a)  +  nco8(a  +  ^)  =  0, 

/  sin  (^  +  y)  +  «!  sin  (y  +  a)  +  n  sin  (a  +  ^)  «  0. 
And  eliminating  /,  tn,  n,  we  get — 

iSy,  ya,  a^, 

cos(i3  +  y),     C08(y  +  a),     cos(a  +  ^), 
8Ui(i3  +  y),     8in(y+a),     sin(a  +  j8) 
Hence  /Sysin-i  +  yasin^  +  a^sin  (7=  0.  (310) 

Therefore  ^,  m,  n  are  proportional  to  sin  ^,  sin  ^,  sin  C ;  that 
is,  to  the  co-ordinates  of  the  symmedian  point.  Hence  the  pro- 
position is  proved. 

116.  This  proposition  may  be  proved  in  a  manner  that  will 
lead  to  an  important  extension.  Thus  :  let  A%  B*,  C  be  three 
collinear  points ;  then  (§  1 )  ^  C"  +  CA'  +  A'B'  =  0.  Hence,  ifj^ 
denote  the  perpendicular  from  any  point  0  on  A'C,  we  have 

B'cr     a  A'    A'B'    ^ 

+ +  =  0. 

p       p       p 

Therefore,  inverting  from  0,  and  denoting  the  inverses  of 
A'y  B*j  Cf  by  A^  B,  C,  and  the  perpendiculars  from  0  on  Uie 
lines  BCy  CA,  AB  by  a,  ^,  y,  we  have  (§  89,  Ex.  6)— 

B'C  _  BC     CA^  _  CA      A!B^  ^  AB^ 
P     '^    a*       P     "    p  '       P     "    y    ' 
Hence  BC/a  +  CAJP  +  AB/y  =  0 ; 

or,  denoting  the  lengths  of  the  sides  of  the  triangle  ^i?Cby  a,  i,  ^— 

a/a  +  h/P  +  c/y  IS  0. 

Now,  since  the  points  A',  Bfy  C"  are  collinear,  their  inverses 
A^  B^  C  and  0  are  concyclic.  Hence,  calling  ABC  the  triangle 
of  reference,  the  equation  of  its  drcumcirde  is  a/a  +  hjfi  +  ^/y 
=  0,  which  is  the  same  as  (310). 

117.  It  may  he  shown  %n  exactly  the  same  way  that  ifapolygoni 
the  lengths  of  whose  sides  are  a,  h,  e,  rf,  ^c,  and  whose  standard 
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eqwUons  are  a  «  0,  ^  =  0,  &c,,  be  imoribed  in  a  circle^  then  far 
my  paint  an  that  circle 

a/a  +  b/fi  +  e/y  +  d/B  +  &c.  =  0.  (31 1) 

This  theorem  first  appeared  in  the  IVansactians  of  the  Royal 
Imh  Academy y  yoI.  xxvi.,  1878,  in  a  Memoir  by  the  author  an  the 
Ejuatione  af  Circles^  pp.  527>610. 

118.  Taftnd  the  equation  afthe  tangent  ta  the  eanie 

Ipy  +  my  a  +  nafi  =  0 
9tih$  point  (aP). 

Draw  any  line  a-Jcfi  =  0  through  (a^),  and  eliminating  a 
between  it  and  the  equation  of  the  conic,  we  get 

P[{l  +  mk)y^-nlcP)^0. 

This  breaks  up  into  two  factors,  one  of  which  p  passes  through 
one  of  the  points  in  which  a-kp^O  meets  the  curve,  the  second 
(/  +  ^)y  +  nkp  B  0  passes  through  the  other  point.  This  will, 
in  general,  be  different ;  but  if  /  -f  m^  »  0  they  coincide,  and 
Q.'ip  =  0  will  be  a  tangent.  Hence  eliminating  k  between 
/  +  MJb  s  0  and  a-kp  =0  we  get  a/l  +  P/m  »  0,  which  is  the 
tangent  at  the  point  (a^).  Hence  the  tangents  at  the  three 
summits  of  the  triangle  of  reference  are 

all  +  p/m  «  0,     pim  +  y/n  =  0,     y/n  +  ajl  =  0.      (312) 

119.  The  triangle  farmed  by  the  three  tangents  ta  the  circum- 
came  at  the  summits  afthe  triangle  af  reference  is  in  perspective 
wth  the  triangle  af  reference. 

Bern. — ^Let  the  tangents  at  B,  C  meet  in  A'\  at  C,  ^  in  ^  ; 
at  ^,  ^  in  C.  Then  subtracting  yjn  -(■  a//,  which  is  the  tan- 
gent at  B  from  ajl + pfm  the  tangent  at  C,  we  get  pfm  -  yjn  =  0, 
which  is  evidently  the  equation  of  AA'.  Similarly  the  equa- 
tions of^^,  CC"arey/n-a/;  =  0  and  a/ / -  ^/m  =  0,  and  these, 
when  added  together,  vanish  identically  ;  therefore  the  lines 
AA'j  BJff^  CC  are  concurrent,  and  the  triangles  are  in  per- 
fective. 

K 
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Cor.  1. — The  centre  of  perspective  is  the  pole  of  the  conic 
with  respect  to  the  triangle  ABC. 

For  the  three  lines  AA'j  BW^  CC  are  ^jm  =  y/n  =  a/^  and 
these  intersect  in  the  point  {hnn)  which  is  the  pole  of 
Ipy  +  mya  +  nap  «  0, 

Cor.  2. — The  axis  of  perspectiye  is  the  trilinear  polar  of  the 
centre  of  perspectire. 

For  the  trilinear  polar  of  the  centre  of  perspective  is 
ajl  +  Pjm  +y/n  =  0,  and  this  evidently  passes  through  the  inter- 
section of  a// +  iS/m  vrith  y ;  of  jS/w  +  y/n  with  a ;  oiy/n  +  a/l, 
with^. 

In  these  propositions  if  we  pnt  a,  h^  e  for  /,  m,  n  we  get  the 
case  of  the  circumcircle  and  the  symmedian  point. 

120.  The  ehord  joining  the  points  a'^/,  a"P'Y  ^  ^  oirmm- 
circU  is 

aa/aW  +  tp/p'P"  +  eyiy-/'  -  0.  (313) 

For  since  the  points  are  on  the  circle  we  have 

fl/a'+  h/p'  +  c/y  =  0,     <i/a"  +  */i8"  +  e/y  »  0, 
and  in  virtue  of  these  relations  the  co-ordinates  of  each  point 
satisfy  the  equation  (313). 
Hence  it  follows  that  the  tangent  at  the  point  a'P'Y 

is  aa/a'"  +  hplp"^  +  <?y/y^  =  0.  (814) 

121.  The  eqmtion  of  the  eireumeirele  in  la/ry centric  co-ordt- 

nates  is 

tfVa  +  VjP  +  <y»/y  =  0.  (315) 

Hence  the  equation  of  its  complementary,  §  (67),  that  is  the 
circle  (Nine  points)  through  the  middle  points  of  the  sides,  is 

fl^/G8  +  y-a)  +  i»/(y  +  a-j8)  +  c»/(a  +  i8-y)  =  0;    (316) 

and  the  equation  of  its  anticomplementary,  that  is  of  the  cir- 
cumcircle of  the  triangle  formed  hy  drawing  through  its  summits 
parallels  to  the  opposite  sides,  is 

aVOS  +  y)  +  *V(r  +  a)  +  ^/(a  +  i»)  =  0.  (317) 
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122.  To  find  the  equation  of  the  eirele  ineorihed  in  the  triangle 
of  reference. 

The  general  equation  of  the  second  degree,  viz.  oa*  +  hp^ 
+  ^  +  2haP  +  2/^y  +  2gya  =  0,  represents  a  curve  of  the  second 
degree  cutting  each  side  of  the  triangle  of  reference  in  two 
points ;  thus,  if  we  make  y  «  0,  we  get  ao?  +  2hafi  +  ijS* «  0, 
which  represents  two  lines  passing  through  the  vertex  C  of  the 
triangle,  and  through  the  points  where  the  curve  meets  y. 
Hence,  if  it  touches  y,  these  lines  must  coincide,  and  aa?  4  2haP 
+  hp^  =  0  must  be  a  perfect  square.  Hence  it  foUowe  that  the 
general  equation  of  a  curve  of  the  second  degree  which  touches  the 
three  sides  of  the  triangle  of  reference  must  he  such,  that  if  any  of 
the  variables  he  made  to  vanish^  the  result  will  he  a  perfect  square. 
Therefore  the  equation  Pa*  +  m^fi^  +  ny  -  2lmaP  -  2mnpy 

-  2nlya  ^  0*  represents  a  curve  of  the  second  degree  inscribed  in 
the  triangle  of  reference,  because,  making  any  of  the  variables  to 
vanish,  the  result  is  a  perfect  square.  The  norm  of  this  equa- 
tion is  y/la  +  ^mP  +  \/ny  -  0  (§  105) ;  and  the  problem  to  be 
solved  is  to  find  the  values  7,  m,  n, 
80  that  it  may  represent  a  circle. 
Now,  making  y  =  0,  we  get  {la 

-  mpy  =  0 ;  hence  the  equation  of 
CFiB  la-mP^O;  and  this  must 
be  satisfied  by  the  co-ordinates  of 
Ff  which,  from  the  figure,  are  evi- 
dently 2r  cos*  i3,  2r  cos*  M»  0  ; 
r  being  the  radius  of  the  circle. 
Hence  I :  m  :  :  cos*  iA  :  cos*  i£. 
Similarly  mm  : :  cos*  ^B : cos'^C  Therefore  the  equation  of 
the  circle  is 

coBiA  v/a  +  cosiB^P  +  cosiC v^  =  0.        (318) 

*  The  signs  of  the  coefficients  of  the  products  a0,fiy,yaaxe ,  -  -h  +, 

-(■-+,  + + -.  Otherwise  the  equation  rq^iesents  two  coincident  lines.  The 
fint  of  these  lour  cases  corresponds  to  the  inscribed  conic,  the  others  to  the 
escribed. 

k2 
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This  equation  is  a  special  case  of  equation  (293),  from  which 
it  may  be  inferred  by  the  method  of  Ex.  6,  §  112. 

123.  The  equation  of  the  indrcle  may  be  inferred  from  that 

of  the  drcumdrde  by  the  following  method,  which  is  due  to 

Sir  Andrew  Hart : — Let  a',  ft',  -/  he  the  standard  equations  of 

~  the  sides  of  the  triangle  formed  by  joining  the  points  of  contact 

of  the  incirde  on  the  sides  of  the  triangle  of  reference ;  of,  V^  ^, 

their  lengths ;  then,  since  the  incircle  is  described  about  this 

triangle,  we  have 

^      V      if     ^ 

but  a'^yWf,  P^^\/rh  r«=v/^, 

since  the  perpendicular  from  any  point  on  the  circumference  of 
a  circle  on  the  chord  of  contact  of  two  tangents  is  a  mean  pro- 
portional between  the  perpendiculars  from  the  same  point  on  the 
tangents  (Sequel  in.,  Prop,  x.) ; 

therefore  •  +      +  — =  =  0. 

VPl     y/yo'     \/ofi 

Again,  if  the  angles  between  the  lines  a  »  0,  ^  »  0  be  denoted 
by  (a^),  &c.,  it  is  evident  that  a',  y,  </  are  proportional  to 

cos  i  (a^),     cos  i  (fiy),     cos  i  (ya) 
respectively  ;  hence  the  required  equation  is 

coBi(aff)  ^  C08i(j3y)  ^  C08i(ya)  ^  ^ 
V^a/J  V^i^y  A/ya 

Or,  as  it  may  be  written,  ^ 

cosiui  v^a  +  C08i^\/^  C08i(7\/y  =  0. 

In  the  same  manner  the  equations  of  the  escribed  circles 
are 

cosi^  y^+aniB  v^jS  +  sini(7\/y  =  0,  (319) 
sin  i^  v^a  +  cos iB  \/^  +  sin  i C^/y  =  0,  (320) 
oniA  \/a+  sini^\/^  +  co8iCv/'^  =  0.     (321) 
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BZBBOISBS. 

1.  Find  the  barycentrio  equations  of  the  incirole,  and  the  exoiroles  of 
tibe  triangle  of  reference. 

2.  The  points  of  contact  of  the  indrcle  or  any  of  the  ezcirdes  of  the 
trimgle  of  reference  form  a  triangle  in  perspectiye  with  it,  and  the  centres 
ofperq^ectire  are  the  Gergonne  points  (see  Ex.  64,  p.  95). 

3.  If  the  points  of  contact  of  the  escribed  circle  with  the  sides  of  ABC  be 
«i3iTi»  t^fityty  oifirrh  respectiyely,  prore  that  four  triangles  whose  summits 
lie  the  points  aifizyt,  mfitryzf  a^firrit  aajSiTs  9xe  in  perspectiye  with  ABC. 
The  centres  of  perspectiye  are  the  Nagel  points  of  ABC. 

4.  If  A\B\C\  be  the  feet  of  the  perpendiculars  of  ABC^  the  joins  of  the 
oeenties  to  the  droumcentres  of  the  triangles  ABiCu  BCiAu  CA\B\  are 
concurrent. 

6.  Proye  the  following  property  of  the  Oergonne  point,  denoting  it  by  (?, 
tod  drawing  through  it  parallels  to  the  sides,  the  harmonic  means  between 
the  segments  into  which  each  parallel  is  diyided  at  the  point  Q  are  equaL 

6.  If  through  the  isotomic  conjugate  of  the  inoentre  of  ^^C  parallels  be 
drawn  to  the  sides,  proye  that  the  length  of  these  parallels  intercepted  by 
the  sides  of  the  triangle  formed  by  the  middle  points  of  the  sides  of  ABC 
tre  equaL 

7.  If  ^,  P  be  any  two  points,  AB  is  the  trilinear  polar  of  the  fourth 
fomt  of  intersection  of  the  polar  conic  of  A  and  B.  Hence,  as  a  particular 
ctae  the  droumdrole  and  the  polar  conic  of  the  centroid  intersect  in 
8tetner*s  pcant. 

124.  To  find  the  equation  of  the  chord  joining  the  points  a!pfy\ 
a"pry'  on  the  incirele. 

Put  for  shortness  cos  ^A  =  l^,  cos  ^B  mm^,  cos  ^  C  »  n*,  and  we 
baye  the  two  eqnations 

Hence  /*=*  {\/^'y"  -  v^jS'Y}*  where  k  denotes  some  constant, 
with  similar  valaes  for  m^  and  n*;  therefore 

Bnt  the  join  of  the  given  points  is 
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Hencei  by  sabstitatioi),  we  get 

+  n»y  {\/i^+  V^PW)  =  0,  (322) 

which  is  the  required  equation.    This  result  is  due  to  Sir 
Andrew  Hart. 

126.  If  the  points  a'jS'y',  a"pf''/'  become  consecutive,  the 
equation  (322)  reduces  to 

-—  +  — ^  +  -^«  0,  (323) 

Va!     Vp!     VV 

which  is  the  equation  of  the  tangent  to  the  incirde  at  the 
point  a'^y. 

Ccr, — ^The  locus  of  the  trilinear  pole  of  the  tangent  (323)  is 
the  line  2a  +  m^  +  ny  »  0.  For  the  co-ordinates  of  the  pole 
being  denoted  by  a,  p,  y,  we  have 

Hence        fa  +  m^  +  ny  «  ^/la'  +  ^/m^  +  v^it/  «  0. 

126.  If  the  equation  (311)  be  transformed  by  Hart's  method 
(see  §  128),  we  get  the  following  general  theorem  i—Jf  « 
polygon  of  any  numb&r  of  sides  whose  equations  are  a  s  0,  )9  «  0, 
y  s  0,  3  s  0,  See.,  he  eireumserihed  to  a  oirele^  the  equation  of  ike 
eirele  is  a  factor  in  the  general  equation 

C08^(aff)  ^  c<«i(^Y)  ^       ^  cobHok.)  ^  ^       ^32^j 
^/aP  *y  Py  V  wk 

127.  If  the  equation  (a,  ^,  c,  /,  ^,  A)(a,  j8,  y)'  =  0  represml  « 
^^25,  i^  is  required  to  find  the  invariant  relations  between  (he 
coefficients. 

Let  8 denote  any  circle,  then,  since asin^^+^sin^+ysinC!' 
is  a  constant,  being  in  normal  coordinates  equal  to  twice  the 
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area  of  the  triangle  of  reference  divided  by  the  diameter  of  the 
circnmcircle,  the  equation 

iti8+(/a+m^  +  iiy)(a8in-4  +^8in^+y8inC)-0 

mnst  represent  a  circle. 

Hence,  taking  8  to  denote  the  oircnmoirdei  equating  the 
coefficients  a',  jS*,  y*  in 

ifeiS  +  (/a  +  m^S  +  ny)(o8in  -i  +  ^sin^  +  ysinC), 
and  in  the  given  equation,  we  get 

a  h  e 


»i  ■■  ", — 5;*     n  ■■  • 


sin  ^'  sin  Jff  sin  C 

Hence,  substituting  these  values,  and  equating  the  remaining 
coefficients,  we  get,  after  eliminating  h^  the  two  following 
relations : — 

h  sin'0'+  e  sin'^-2/sin^  sin  C^  e  sin'^  +  a8in*C7-2y  sin  Csin^^ 
»  a sin'^  +  h  ajD?A  -  2A  sin^  sin ^.        (325) 

BZBB0I8BS. 

1.  If  the  area  of  the  triangle  fonned  by  joinixig  the  feet  of  the  perpen- 
dieular  from  a  point  P  on  the  ndee  of  the  triangle  of  reference  be  given, 
prove  that  the  locua  of  Pis  a  oirole  concentric  with  the  ciroamcircle. 

2.  U  through  P  paraUeU  SPF,  FPIf,  BPF  to  BC,  CA,  AB  be 
drawn,  prove  that  the  locnt  of  P  is  a  circle,  if  the  sum  of  the  rectangles 
BF,  FF,  FP.  PIT,  DP.  PF  be  given. 

The  three  rectangles  are,  respectively,  equal 

o^  fiy  ya 

mnAmiP^    an.  £  an  C*    an  0  an  A 

Hence  the  locos  \BafianO+  0y  an  A  -k-yaon  B  "  constant. 

8.  The  equations        a' sin  2^  +  /9*  sin  2^  +  y*  sin  2(7  s  0  (826) 

and  a^  +  i3*  +  y*  +  a3co8C-f /97cos^  +  yacosi?«*0  (827) 

foproeont  circles. 

4.  The  general  equation  of  a  circle  in  barycentric  co-ordinates  is 

(o  +  3  +  7)(^  -^mfi-^ny)"  k{a^fiy  +  *»7«  +  «*«3)  =  0.        (828) 

6.  If  the  co<^)rdinatesin  £z.  4  be  absolute,  prove  that  if  Ars  1,  /,  m,  ware 
equal  to  the  powers  of  the  pdnts  A,  B,  C  with  respect  to  the  circle. 
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8, 
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«'> 

B\ 

7'i 
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8"; 

«'"» 

0"; 

y" 

6.  Find  the  equation  of  a  circle  through  <^fi'y\  a'iS'Vf  a'''^* V"'    I^ 
^  =  0,  denote  any  circle,  say,  for  instance,  the  droomcirole,  then 


(32V) 


is  eridently  the  required  equation. 

7.  Find  the  pedal  circle  of  a  iSy. 

The  co-ordinates  of  the  feet  of  perpendiculars  are— 0,  /S*  +  a  cos  (7, 
7'+o'coei?;  o' +  ^' cos  (7,  0  «/ +  iS* cos -4 ;  a  +  7' cos B, /S*  +  7' cos ^,  0. 
These  suhstituted  in  (829)  give,  by  expansion, 

(i378in^  +  7a  sinB+oiSsin  C)  {$'y'  tanA+ya  sin B-\-  a'fi'  sin  C) [a'tinA 

+  ^'  sin  jB  +  7'  sin  (7) 

.     ^.«.>*r     .     J     «.«        .    ^(ow' (/8'+7'c08-4)(7'  +  /8'c08-4) 

=sln-4sini?8ln<7(aSln-4  +  ^Slni?+7smC){ ^— — r-^^^ — - 

{  sin^ 

iSiS^(y  +  a'cosi8)(a'+7COsJ)^  yy' (a^^•^' cos (7)(r  +  a^cos (7) | 

This  equation  remains  unaltered  if  we  substitute  for  a ,  ^',  7'  their  reci- 
procals -,    p,    — .    Hence  the  pedal  circle  of  a  point  and  its  reciprocal 

«      p      7 
are  the  same. 

8.  The  Simson's  line  of  any  point  a'fi^y'  on  the  droumdrcle  is 

aa  (/8'  +  y  cos^)  {y'-{-ff  QObJ)      0fi'  (V  +  a  cos  J)  (</-!•  y'  cos  J) 
tinA  sin^ 

+  yy^  (g'  +  iS'  cos(7)  (/8-  +  a-  COS  C7)      ^ 
sin  (7  * 

9.  Prore  that  fi^-i-y*-  2^37  cos  ^  »  constant  represents  a  drde. 

10.  If  iS  ■  0,  ^'  s  0  represent  two  circles  whose  radii  are  r,  r^,  prove 
that  the  circles 


f+7  =  *(r-HO,      ,--J=Mr-0 


(332) 


cut  orthogonally. — (C&opton.) 


Digitized  by  LjOOQIC 


Trilinear  Co-ordinates.  137 

11.  If  (a,  by  Cf  /,  p,  h)  (a,  0f  7)*  represent  a  circle,  and  if  the  same,  wlien 
tmiffonned  to  Caiteaian  co-ordinates,  becomes 

-fn{(*-«')«  +  (y-y')'-r«}, 

ilnd the Talne  dm. 

Ant.  }(a  +  6  +  0-2/oo8^-2;^oo8i?-2Acos(7). 
Dir. — W$  $haU  eaU  m  the  fnodulut  of  the  egwUion. 

12.  Find  the  modulus  for/37  sin^  +  7a  sin^  -¥  afianC. 

Am.  ^an.Aan.3  anC.        (333) 
IS.  Knd  the  modulus  for  the  inoirde 

An$.  4cos«^oos»f  oos^^.     (334) 
2  2  2 

14.  It  Uj  i,  e  denote  the  lengths  of  the  sides  of  the  triangle  of  reference, 
prore  that  a<^  +  */8*  +  ^  +  (a  +  *  +  <?)  (ojB  +  ^7  +  7a)  =  0  denotes  a  circle 
tbxough  the  centres  of  the  three  escribed  circles. 

15.  If  J?  a  radios  of  circnmcirde,  prove  that  the  modulus  of  the  circle 
in  Ex.  14  if  2J2  sin  ^  sini?  sin  C. 

16.  The  equation  ft/S*  +  <?7»  -  aa»  +  2  («  -  a)  O7  -  70  -  o/S)  -  0  de- 
notes the  circle  through  the  incentre  and  two  excentres,  and  its  modulus 
]8-2J2tinulBini?sina 

17.  If  a  =  distance  of  incentre  from  circumoentre,  prove,  by  aid  of  the 
sodoku  of  the  equation  of  the  drcumdrde,  that 

^.  +  5^8-?  ^'^^ 

18.  If  on  the  sides  A3,  £0,  CA  of  the  triangle  of  reference  portions 
BF,  CD,  AJS  be  cut  off  equal  to 


"6)'  ^^)'  "(=)• 


wpeetiTelj,  where  X  denotes  a  line  of  any  given  length,  the  triangle  £DF 
k  snular  to  A£C.    For,  by  an  easy  calculation, 

^^ ii^ ' 

with  limilar  values  for  FE*,  ED^. 

19.  Find  the  condition  that  the  general  equation  in  baryoentrio  oo-ordi- 
B>tci  represents  a  circle. 
Am.  (*  +  f-2/)/sin»^-(tf+«-^)/sin«^=:{«  +  *-2A)/sln«a    (336) 
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(M7) 


20.  Proye  that  in  baryoentrio  oo-ordinates 

{*»  +  «»-««)  «!»  +  («»  +  •»-«») i8«+(i^+«»-^)y-0 
represents  a  circle. 

21.  Prove  that  the  anti-complementary  of  (387)  is 

(a  +  3  +  7)  (t^a  +  h^fi  +  «»7)  -  («'^  +  *»r«  +  <^^)  =  0. 

(LONOOHAICPS.) 

22.  Prove  by  the  method  of  mntnal  powers  that  the  circle  throu|^  the 
middle  points  of  the  sides  touches  the  inscribed  and  escribed  circles. 

Let  Jf  denote  the  circle  through  the  middle  points,  X  the  incirde,  and 
1)  2»  3  the  middle  points  of  the  sides,  then,  by  Frobenius's  theorem,  \  98, 
we  get 


=  0. 


{NN),  (im. 

0, 

0, 

0 

(AZ),      (IZ), 

(»-«)», 

(•-«)». 

(•-»)' 

0,        (»-«)», 

0, 

4' 

4 

0,        (»-.)», 

0, 

4 

0,        (•-»)», 

4' 

4' 

0 

Hence  (NN).  {XX)  -  (NX)\ 


(Lachlak.) 


Therefore  N  touches  X    SimOarly  it  toodhes  the  escribed  circles. 
23.  Find  the  radical  axis  of  the  incirole  and  the  circle  through  the  middle 
points  of  the  sides. 

SscnoK  rV. — ^TAirGENTiAL  EaxTinoNs. 

128.  To  find  the  tangmtial  $quatum  of  th$  circuwieirele  of  the 

triangle  of  reference. 

First  method, — If  we  eliminate  y  between  tHe  equation  of  the 

i$     h      e 
oircumcirde  -  +  -  +  -  =  0  and  the  line  Xa  +  fu8  +  vy  =  0,  we 
a     P     y  r^         t 

get  (JX)o*+  (tfX  +  V  -  cv)ap  +  (flfi) )8*  »  0. 

l^ow  this  denotes  two  lines  passing  through  the  point  (a^) 
and  the  points  where  the  line  Aa  +  /a)3  +  vy  «  0  meets  the 
circle.  Hence,  if  it  be  a  perfect  square,  the  line  touches  the 
circle  ;  that  is,  if 

a»X*  +  ^V*  +  A^  -  2tf5V  -  2JC/W'  -  ^Mik  -  0. 
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But  the  nonn  of  this  is 

^/ak  +  Vhyk  +  v^rv  =  0. 
Hmce  ^J\  +  y/^  +  ^^  „  0  (338) 

is  the  condition  that  the  line  Aa  +  fi^  +  vy  »  0  should  tonch  the 
dide,  and  is  on  that  account  called  its  tangential  equation. 

If  the  equation  of  the  circle  be  in  barycentric  co-ordinates 
the  tangential  will  be 

<>/X  +  h  v^fi  +  e^s/v^  0.  (339) 

SmohJ  Method, — The  same  equation  can  be  obtained  other- 
wise as  follows : — Since  Xa  +  fi^+vy>>Oisa  tangent  to  the 
circle,  if  the  point  of  contact  be  a'jS'y',  comparing  it  with  equa- 
tion (314),  we  have 

.a  h  e 

^--i*   f"-^    "-yi- 

Hence  "7  +  "5?  +  ">  "  ^^  +  ^*M  +  ^^• 

a      p      Y 

But  since  a'P'Y  is  a  point  on  the  drcumoircle,  we  have 
a       h       e      ^ 

Hence        '  y/dk  +  V^  +  Vcv  «  0. 

129.  To  find  the  tangential  equations  of  a  circle  circumscribed 
is  apchfgon  of  any  number  of  sides. 

This  problem  requires  the  following  lemma : — If  AB  be  a 
^ori  of  a  circle  APB^  and  X,  ft  denote  the  perpendiculars  from 
Ay  B  on  the  tangent  at  F;  a  the  perpendicular  from  P  on  AB ; 
ttm  o»  e  Xfu     [Euclid,  Ti.  xvii.,  Ex.  11.] 

Now,  if  a  polygon  ABCD^  &c.,  of  n  sides  be  inscribed  in  the 
circle,  and  if  the  standard  equations  of  the  sides  be  a  »  0,  ^  «  0, 
Ac.,  we  have  by  equation  (311) 

AB     BC     CD     BE    ^       ^ 

+  -;j-+  —  +  -r-  +  &c.  o  0. 

a         /8  y         0 
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Hence,  if  the  perpendicxilars  from  -4,  -5,  C,  &c.,  on  any  tan- 
gent to  the  circle  he  denoted  hy  X,  /a,  k,  p,  &c.,  we  have 

AB       BC       CD      ^  LA  ,,^. 

-— r  +  "7=  +  "7=  +  &c +  -yr=^  =  0,       (340) 

vXfL     Vfiv     vvp  v«X 

which  is  the  required  equation. 

Car, — H  tlie  polygon  reduce  to  a  triangle,  the  equation 
(340)  hecomes 

e  a  h     ^ 

V^X/A     v^ftv     \/vX 

or  a  \/X  +  8  v^/a  +  e  Vv  =  0, 

which  has  been  already  found. 

130.  To  find  the  tangential  equation  of  the  ineircle  of  the  tri- 
angle of  reference. 

If  Xa  +  fi)8  +  vy  =  0  be  a  tangent  to  the  circle,  comparing  it 
with  equation  (323),  viz. — 

Ih,        fn\p       w»y      . 
v/a'      VP'      Vi 
we  have  — =■  =  X,  &c.    Hence  /*  \/a'  =  r-,  &c. 

But,  since  a'^y  is  a  point  on  the  circle, 

i\  v^7+  w*  -/js^  +  n*  \/7"  ^ ; 

therefore  7  +  —  +  -  =  0 ; 

X     ft      V 

and  restoring  the  values  of  /,  m,  n  (see  §  124),  we  get 

cosH^  ^  cos'i^  ^  cosH^^^Q  ,341N 

X  ft  K  ' 

which  is  the  required  equation. 

131.  To  find  the  tangential  equation  of  the  ineircle  of  an  n-eidei 
polygon. 
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If  AJB  be  any  chord  of  a  circle,  P  any  point  in  its  circum- 
ference, Q  the  pole  of  AB ;  then,  if  a,  X  be  the  perpendiculars 
from  P  on  AB,  and  from  Q  on  the  tangent  at  P  respectively, 
it  may  be  easily  proved  that  a-rX^  wniA  QB ;  but  if  i2  be 
the  radius  of  the  circle,  AB  »  2R  cos  ^  A  QB,    Hence 

AB     2RcoiiAQB 
a    "  \ 

l^ow,  for  any  inscribed  polygon  we  have,  by  equation  (311), 

AB     BC     CD     ^ 

+  -5-  + +  &c.  c  0. 

a         ^  y 

Htnce,  for  a  circumscribing  polygon  whose  angles  are  Ay  B^  (7, 
Ac,  we  have 

coti^      coti-5     cotiC     ^        ^        ,„^„. 
— ^  +  — 2—  + ^—  +  &c.  =  0  ;       (342) 

where  X,  fi,  v,  &c.,  are  the  perpendiculars  from  the  angles  on 
any  tangent  to  the  circle. 

Cor. — In  the  case  of  a  triangle  we  get 

cotM^cati^^ooHC^  (843) 

which  is  the  tangential  equation  for  barycentric  co-ordinates. 

mSOBLItAiniOUS  ezbboisbs. 

(Ok  the  Cibclb.) 

1.  Find  the  centre  and  radios  of  «*  +  y'  ~  6^;  +  8y  -  11  =  0. 

2.  Find  the  value  ofmifysm^bea  tangent  to  ^+y>  -  6^  -  2y  +  8  =  0. 

3.  Find  the  points  where  d^  +  y^-7«-8y  +  12B0  outs  the  axes. 

4.  Find  the  circle  through  the  origin,  and  making  intercepts  A,  A;  on  the 
axes. 

5.  If  the  axes  be  oblique,  find  the  equation  of  a  circle  touching  each  at  a 
distance  a  from  the  origin. 
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6.  Find  the  drde  throogli  the  points  (7,  6),  (-  2,  4),  (8»  -  8). 

7.  Find  the  circle  whose  diameter  is  the  intercept  made  by 

rc«  +  y«  =  r»    on    ?  +  ?  -  1  -  0. 

a     0 

8.  Find  in  the  same  case  the  pair  of  lines  from  the  origin  to  the  pointB 
of  intersection. 

9.  Find  the  length  of  the  common  chord  of  («-«)'+  (y  -  V  =  »*» 
{X  -  hY  +  (y  -  «)»  -  f*. 

10.  Find  the  equation  of  the  oirde  whose  centre  is  (2,  3),  and  whi^ 
touches  3s  +  4y  -h  12  B  0. 

11.  Find  the  condition  that  the  line  As  +  /uy  +  r  =  0  may  toadi  the  drde 
{s-a)«+(y-*)»  =  r«. 

12.  Find  the  radical  oentre  of  the  cirdee  s^  +  y'  +  6s  +  4y  +  12  «  0, 
a5*  +  y'-6s+4y+12«0,  s*  +  y»  +  6s-4y+12a0. 

13.  Through  0,  the  origin,  aline  OPQ  cuts  s»  +  y»  + 2^s  + 2/y  + ^  =  0 
in  the  points  P,  Q ;  find  the  locus  of  J2  in  each  of  the  following  cases : — 

l"".  When  OR  is  an  arithmetic   mean  between  OP,  OQ,    T.  A 
geometric  mean.    3^.  A  harmonic  mean. 

14.  If  two  tangents  be  drawn  to  s^+y^-r^^^O  from  the  point  (a,  0), 
find  the  equation  of  the  inoirde  of  the  triangle  formed  by  the  tangents  and 
the  chord  of  contact. 

16.  If  0  be  the  centre  of  a  circle  whose  radius  is  r,  proye  that  the  area  of 
the  triangle  which  is  the  polar  reciprocal  of  a  given  triangle  ABC  is 

r*  (ABC)^  -r  4  {AOB) .  {BOC) .  (COA),  (344) 

16.  Proye  that  a  triangle  and  its  polar  reciprocal  with  respect  to  any 
giren  circle  are  in  perspective. 

17.  If  a  chord  of  a  given  circle  of  a  coaxal  system  pass  through  either 
limiting  point,  the  rectangle  contained  by  the  perpendiculars  from  its  extre- 
mities on  the  radical  axis  is  constant. 

18.  The  three  circles  whose  diameters  are  the  three  diagonals  of  a  com- 
plete quadrilateral  are  coaxal. 

19.  Being  given  two  circles  0,  (/.  If  A  A',  BB'  be  exterior  common 
tangents,  and  CC,  BB'  interior  common  tangents,  prove  that— 1'.  CA,  CA' 
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are  peipendicular,  and  inteneot  on  the  line  of  centres ;  2^.  If  the  chords 
CAy  CS^  intersect  in.  B^  CB  and  C'A'  in  B^^  the  line  BK  passes  through 
the  intersection  of  CC\  BIf .  (Kbubsro.) 

20.  Find  the  polar  equation  of  the  circle  whose  diameter  is  the  join  of 
the  points  0>'«'),  (p''^'). 

21.  The  equations  of  any  two  drdes  can  he  written  in  the  forms 
«*  +  y*+2ibf  +  5  =  0,  «*  +  y»+  Ik'x  +  5  =  0,  and  one  is  within  the  other 
if  hk  and  5  are  both  positiye. 

22.  If  three  given  circles  he  cut  by  a  fourth  circle  Q  which  is  variable, 
the  radical  axes  of  Q  and  the  given  circles  form  systems  of  triangles  in 
perspective. 

28.  If  J2  be  the  drcumradius  of  the  triangle  ABC^  prove  that  the  dis- 
tance between  its  orthooentre  and  circumcentre  is 


22  Vl  -  8  cosul  coe^  COS  (7.  (345) 

24.  The  locus  of  the  radical  centre  of  the  circles  («  -  a)*  +  (y  -  b)* 
=  (r  +  p)S  («  -  aT  +  (y  -  hj  -  (r  +  /)«,  {x  -  a")»  +  (y  -  Vy  =  (r  +  p")», 
where  r  is  a  variable  quantity,  is  a  right  line. 

26.  If  ay  =  Ar/35  represent  a  circle,  prove  that  ^  »  i,  and  give  the 
geometrical  interpretation. 

26.  If  ay  t=  hff'  represent  a  circle,  prove  h^X^  and  give  the  interpreta- 
tion. 

27.  ABO ...  is  a  polygon  of  n  sides  inscribed  in  a  circle  whose  centre  is 
R\  &  is  the  centre  of  mean  distances  of  the  points  A^B^  ^>  •  •  •>  and  0  Ib 
any  point  on  the  cirde  whose  diameter  is  QB,  The  power  of  the  point  0 
with  respect  to  the  first  circle  is 

=  {OA^  +  0^  +  0(7»  +  . .  -)/••.  (840) 

(Laisant.) 

28.  Prove  that  the  tangential  equation  of  the  circle  whose  radius  is  r,  and 
centre  o'/S'y',  is 

r»(A"  +  M'+I^-2/ijrC0S-4-2l'AC0S5-2XMCOS^-(Aa'  +  Mi8'+»y)'.   (847) 

29.  The  sum  of  the  powers  of  any  point  Pwith  respect  to  the  four  drdes 
whoee  diameters  are  the  four  sides  AB^  BO,  CD^  DA  of  a  quadrilateral  is 
equal  to  four  times  the  power  of  F  with  respect  to  the  cirde  whose  diameter 
is  the  line  joining  the  middle  points  of  AC^  BJ).  (Laisamt.) 
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30.  If  the  sum  of  the  perpendiculars  on  a  variaUe  line  &om  any  nam1)er 
of  giyen  points,  each  multiplied  by  a  constant,  be  given,  the  enyelope  of  the 
line  is  a  circle. 

31.  Find  the  condition  that  the  points  are  conoydic  in  which  the  circles 
«*  +  y*  +  ^op  +  /y  +  tf  =  0,  a^  +  y*  +  /«  +  /'y  +  ^  =  0  meet  respectiTclj 
the  lines    A*  +  /iy  +  r  =  0,    x'l:  +  /i'y  +  »^  "  0. 

^  32.  Find  the  equations  of  the  tangents  to  the  **  Nine-points  Cirde  "  at  its 
points  of  contact  with  the  escribed  circles. 

33.  The  circle  which  passes  through  the  symmedian  point  P  and  the 

points  B,  C7  of  the  triangle  of  reference  is  i9  -  3a  sin^  sin  (7=  0,         (348) 

where  8  safianC-^  $yemA-^ay  onB, 

'  34.  The  circle  whose  diameter  is  the  side  a  of  the  triangle  of  reference  ii 

1^  C08-4  =  37  +  a(i3  cos^+  7  COS  C).  (349) 

This  may  be  inferred  from  Ex.  14,  p.  77,  but  we  indicate  an  independent 
proof  here.    The  equation  will  evidently  be  of  the  form 

Ara  (a  sin  ^  +  3  sin  B  +  7  sin  0)  +  (ei3  sin  (7+  iS7  sin  ^  +  7a  sin  ^)  s  0. 

Now,  put  3  a  0  in  this,  and  equate  the  result  toacos^-7COs(7,  and  we 
get  A;  a  -  cos^  :  this  gives  the  required  equation. 

35.  To  find  the  equation  of  the  circle  which  passes  through  the  feet  of  the 
perpendiculars.  The  line  i9cosB  +  7COsC7-acos^  =  0  will  evidently  be 
the  radical  axis  of  this  circle  and  the  last.  Hence  the  equation  wiH  be  of 
the  form 

(/3  cosB  +  7  cos  (7- a  cos^)  (iS  sinB  +  7  sin  C+ a  sin  ^) 

«=  ifc  {fl^  cos  ^  - /37  -  a  (/9cosB  +  7  COS  (?)}  ; 

and  this  must  pass  through  the  points  whose  co-ordinates  are  0,  cos  (7,  cos  J. 
Hence  Ar  =  —  2  sin  ^ ;  and  by  substitution  and  reduction  we  get 

a*8in2^+/3»ain25+7'sin2(7-2(/578in-4+7asinB+ajSsinC?)=0.  (350) 

36-38.  0,  (/  axe  two  circles,  8  a  centre  of  similitude,  SA'B'AS  a  secant 
through  8f  circles  2>,  1/  touch  O,  (/  in  ihe  pairs  of  points  -4,  ^,  A\  B, 
respectively,  when  the  secant  turns.  1**.  The  difference  of  the  radii 
of  the  circles  i>,  D'  is  constant.  2**.  One  of  their  centres  of  ffimfli*^'^^** 
describes  the  radical  axis  of  the  circles  0,  (/.  2>*,  The  foot  of  the  radical 
axis  of  2>,  D'  describes  a  circle.  (Nbubero.) 

39.  Being  given  a  point  C,  and  two  lines,  OX,  OF,  through  (7are  drawn 
two  lines  cutting  02^  OF  in  concyole  points,  prove  that  the  locus  of  the 
centre  of  the  circle  through  these  points  is  a  right  line.  (Lbmoxnb.) 
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40.  If  a,  3, 7  denote  the  tangents  drawn  from  any  point  to  three  ooazal 
cirolee  whose  centres  are  A^  B,  C,  prove  that 

SCc?  +  CA0^  +  ABy^  -  0.  (861) 

41.  ProTe  that  a  common  tangent  to  any  two  drdes  of  a  coaxal  sjrstem 
subtends  a  right  angle  at  either  limiting  point. 

42.  If  through  the  symmedian  point  an  antiparallel  be  drawn  to  one  of  the 
sides  of  the  triangle  of  reference,  find  the  equation  of  the  circle  described 
on  the  intercept  made  by  the  other  sides  on  it  as  diameter.  This  will  pass 
through  the  three  points  tsaiA,  emC,  0 ;  0,  tan^,  sin  ^ ;  sin ^,  0,  tan  (7. 

43.  BateaPt  Tkeorem. — The  intersections  of  opposite  sides  of  a  hexagon 
inscribed  in  a  circle  are  ooUinear. 

Let  the  equations  of  i^Cbe  a  »  0;  BE,  7  =  0;  £F,  ^  «  0 ;  CF,  5  =  0  : 
then  the  equation  of  the  circle  will  be   afi-yS^^O, 


The  equation  of  AB  will  be  of  the  form  la-y^O;  of  AJ^  fi^lS^O; 
of  DS,  /3  -  f»7  s  0 ;  of  CD,  ma  -  5  =  0 ;  it  will  be  seen  that  the  line 
Ima  —  3  =  0  passes  through  each  pair  of  opposite  sides. 

44.  If  t'f  f\  f"  be  the  tangents  drawn  to  a  circle  from  the  yertices  of 
a  self-conjugate  triangle ;  B  the  radius  of  the  circle,  and  A  the  area  of  the 
triangle;  then 

-4A«2P  =  <^<"«r'2.  (862) 

(P&OP.  OuBTISy  S.J.) 

For  if  («'yO,l(«"/0,  i^'V")  be  the  vertices  of  the  triangle,  multiplying 
the  determinants 


*-. 

y; 

-B, 

*'. 

y', 

-n. 

<", 

0,     0, 

*", 

r", 

■8, 

*". 

y", 

-.8, 

we  get 

0, 

«"».  0, 

^", 

r> 

«, 

*"', 

r. 

--B, 

0. 

0,     <•">, 

which  proves  the  proposition. 
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45.  Find  the  equation  of  the  circle  whose  diameter  ia  any  of  the  peipo- 
diculan  of  the  triangle  of  reference. 

46.  If  a  ss  0,  3  B  0,  7  =  0,  5  =  0  he  the  standard  eqnationfl  of  the 
sides  of  a  cydio  quadrilateral,  and  their  lengths  a,  by  e,  d,  the  equation  of 
the  third  diagonal  is 

a     3     y     9 

-  +  X+-  +  3-<J-  (353) 

abed  ^      ' 

47.  In  the  same  case,  if  «  b  0,  ^  «  0  denote  the  other  sidee  of  the  quad- 
rangle, and  e,  /their  lengths,  the  equations  of  the  remaining  sidee  of  the 
diagonal  triangle  are 


2  +  1  +  2  +  1=0.  f+i+»  +  |=o. 

a     e      c     f  be      d    f 


(354) 


48.  The  circle  passing  through  the  summit  ^  of  a  triangle  ABC,  and 
through  the  feet  of  its  internal  and  external  hisectors,  is 

sin(i^-  Cf)  {afi  mn  O -\-  fiy  an  A  +  ^a  sini^) 

+  (i3sina-ysinB)(asin^  +  /5sinS  +  7ain(7)«»0.     (365) 

This  drde  and  its  two  analogues  are  called  the  circles  of  Apollonius ;  their 
centres  are  the  points  of  intersection  of  the  sides  of  the  triangle  ABC  wiHk 
the  tangents  drawn  to  the  circumcirde  through  the  opposite  summits. 
They  are  coaxal,  the  radical  axis  heing  the  Brocard  diameter 

sin(J?  -  (7)  a  +  sin {C^A)  $-\-aR{A~  B)  y^O. 

49.  Find  the  equation  of  the  pair  of  lines,  from  the  origin  to  the  inter- 
section of  the  circles 

50.  With  the  same  hypothesis  as  in  Ex.  44,  prove 

?i  +  pi  +  p?  «  ^-  (Pbof.  Cubtm,  8.  J.)   (366) 
Equate  to  zero  the  product  of  the  two  matrices 


«', 

»'. 

-Ji, 

«-, 

y', 

s, 

*", 

y", 

-■8. 

*", 

If", 

s. 

*"', 

v"-, 

--B, 

«•", 

y"', 

■B. 

0, 

0, 

-s, 

0, 

0. 

s 
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61.  UN  e  0  be  the  eqoatioii  of  the  **  Nine-points  Circle,"  proye  that  the 
drcle  irhose  diameter  is  the  median  that  bisects  a  is 

Jf~2aco8^(asin^+i9  8in^  +  7sin(7)s0.  (867) 

52.  The  radical  axis  of  the  circumoircle  and  the  circle  whose  diameter  is 
tlie  median  that  bisects  a  is 

/3oos^  +  7cos(7=0.  (858) 

63.  Find  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
the  feet  d  the  perpendiculars  of  the  triangle  of  reference. 

54.  If  the  three  sides  of  a  plane  triangle  be  replaced  by  three  circles, 
then  the  circle  tangential  to  those  corresponding  to  the  inscribed  and 
esezibed  circles  of  a  plane  triangle  are  all  touched  by  a  fourth  circle 
(Dr.  Hart's),  which  corresponds  to  the  '*  Nine-points  Girde"  of  the  plane 
txiangle.    Its  equation  is 

-^  _.^^^4=f  =-^4  =-4^^0.  (869) 

12'.13M4      21'.23.24      31'.32.34      41'. 42. 43 

irhan  8\,  S29  Sx.,  correspond  to  the  inscribed  and  escribed  oiroles  of  the 
phne  triangle,  and  12',  4».,  denote  transverse  common  tangents. 

66.  Find  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
the  middle  points  of  the  sides  of  the  triangle  of  reference. 

66.  Find  the  equation  of  the  circle  which  passes  through  the  points  of 
ioteiteetvm  of  bisectors  of  angles  with  opposite  sides. 

57.  If  ABCD  be  a  cyclic  quadrilateral,  ^(7  the  diameter  of  its  drcum- 
eode,  prove  the  difference  of  the  triangles  BAD,  BCD  =  \AC^  wo? BAD, 

(Stbinbb.) 

68.  If  a  point  in  the  plane  of  a  polygon  be  such,  that  the  area  of  the 
%ine  figrmed  by  joining  the  feet  of  perpendiculars  from  it  on  the  sides  of 
^  pdygon  be  given,  its  locus  is  a  circle.  (Ibid,) 

69.  If  any  hexagon  be  described  about  a  circle,  the  joins  of  the  three 
psiit  of  opposite  angles  are  concurrent.  (Brianchon.) 

Let  the  equation  of  the  drole  be  V^  +  y/mh  +  y/t^^O;  ABO  the  tri- 
sDi^  of  reference ;  and  let  the  equations  of  the  alternate  sides  D£,  FO, 
£f  of  the  hexagon  be  respectively 

Xa  +  M/J  +  ryeO,    a'o  +  m'/8  +  k'7  =  0,    V'a  + /i"/5  +  r'V  =  0. 

»  1«0), 

l2 
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Again,  the  equationB  of  the  three  diagonalB  are  easily  seen  to  he- 
far    GD, 


M    SB, 


«        3         7       ^ 

/IV        \V       \fl 


«  3  7        ^ 


a  B  y 


And  the  condition  of  concurrence  is  the  vanishing  of  the  determinant. 


L  L  1. 

/iV'         x'/        xV 


1 


1 


1  1  1 

m'V      xV"      xV 

this  differs  only  hy  the  factor    -r-r^  from  the  determinant  got  by  elimi- 

XV  r 
natmg  l^  m,  n  from  the  equations  (i.).    Hence  the  proposition  is  proTed. 

(See  Weight's  Trilinear  Co-ordinates.) 

60.  The  diameter  of  the  oirde  which  cuts  the  three  escribed  circles  ortho- 
gonally is 


(1  +00SAcOBS+0OBScMC+<SM0eMA}' 


(360) 


Digitized  by  LjOOQIC 


Miscellaneous  Exercises  on  the  Circle.  149 

The  co-ordioates  of  the  radical  centres  of  the  three  escrihed  oirdet  are 
riC08^(^~(7)/28inJ^,  &c  Substitute  these  in  the  equation  of  the  ex- 
cirde,  which  touches  a  externally,  viz. — 

a« cos*  J -4  + /3»sin*  JS  +  ysin*§  C7 -  237 8in«§5  sin"  J C 

+  27asm«}(7cos»}-4  +  2o^co8»}-4  8in«}5, 
and  divide  the  result  by  the  modulus  of  the  circle  ;  that  is,  by 

4  cos*  } -4  sm*  }  5  sin"  }  (7. 
The  quotient  is  the  square  of  the  radius  of  the  orthogonal  circle.    In 
reducing,  we  substitute  for  r  the  value  ataii,\Basi\ClooB\A.    Thus 
we  get — 

a  I 

JJ  =  r-T — -.  (I  +  cos -4  cos  5  + cos  ^  cos  (7 +008  (7  cos -4)*. 
2  sin^  ^  ' 

61.  liA\B*,  C  be  the  feet  of  the  altitudes  of  the  triangle  ABC^  prove 
that  the  joins  of  the  incentre  and  circumcentre  of  the  triangles  AB'C\ 
BCA',  CJlB\  respectively,  are  concurrent,  and  that  the  conunon  point  is 
at  the  contact  of  the  incircle  and  ''  Nine-points  Circle." 

62.  A  similar  theorem  is  true  for  the  joins  of  the  excentres  and  ciroum- 
centres. 

63.  The  diameters  of  the  circles  cutting  the  inscribed  drole  and  two 
escribed  circles  orthogonally  are 

-: — r  (l+C06^COsS-C08^C08C+C0S(7C0Sui}i,  ftO.        (361) 

sin^ 

64.  Prove  by  the  modulus  of  the  equation  of  the  <'  Nine-points  Circle  " 
that  it  touches  the  inscribed  and  escribed  circles. 

65.  P»>ve  tbat  the  determinant 


=  0         (362) 


is  the  circle  orthogonal  to  the  three  circles  «•  +  y"  +  V*  +  V^V  +  «'  =  0, 
&c. 

66.  There  exists  a  relation  of  the  form  2mP=  constant,  where  mi,  ma,  &c., 
are  certain  constants  whose  sum  is  zero,  between  the  powers  Pi,  Pa,  dec, 
of  any  arbitrary  point  if,  and  four  fixed  circles  whose  centres  are  u<i,  A%, 
ftc.  (LUOAS.) 


*+/. 

y+Z 

/*  +/y  +  if. 

*+/', 

y+r, 

s"x+rt/+'', 

«+«'". 

y+/"'. 

/"*+/"'y+«"' 
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For  let  Pi  =  «» +  y*  -  2aix  -  2i3iy  -f  71 .  .  . 
Then,  eliminating  s^  -¥  y^f  »,  ^', 


•Pi-n, 

1. 

«ll 

Pi, 

Pa-y* 

I, 

«», 

0*, 

Pj-TJ. 

1. 

«s. 

»» 

Pi-74, 

1, 

04, 

»i 

rO. 


Hence 


2P1 .  AtA%Ai  =  :87i .  A%A^A\. 


(363) 


Ci^r. — If  71  s  73  a  79  Bs  '^4,  the  four  circles  are  orthogonal  to  a  fifth,  and 
then  2mP=0. 

67.  There  ezistfl  a  relation  of  the  form  SmP  s  0  between  the  powers  of 
any  arbitrary  point  with  respect  to  five  fixed  circles.  2m  in  this  relation  is 
zero.  (Ibid,) 

68.  If  three  circles  whose  centres  are^',  P',  <T  pass  respectively  through 
the  pairs  of  points  By  C\  C,  A\  A^B;  and  if  their  powers  with  respect  to 
Ay  By  C  he  Bay  Bby  Be,  the  barycentric  co-ordinates  of  the  radical  centre 
are  1/P«,  IjPby  IjBe,  (Nkubbro.) 

69.  In  the  same  case,  if  (>  be  the  circumdbntre  of  ABC,  the  areas  of  the 
triangles  OB'O'y  OC'A'y  OA'B'  are  proportional  to  1/P«,  1/P^,  1/Pe. 

{md.) 

70.  Find  the  equation  of  the  circle  whose  diameter  is  the  join  of  the 
orthocentre  and  symmedian  point  of  the  triangle  of  reference. 

Am,    2a^cos^(sin>P  +  8in2(7)-2aj3cos(ui-P)sinP8in(7. 

(364) 
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THE  OENEEAL  EQUATION  OF  THE  SECOND  DEGREE. 
Cabtesiah  Go-obdinatbs. 

132.  The  equation  i8faa«'  +  2Aajy  + Jy'  +  2^«  +  2/y  +  <>  =  0,  or 
as  it  may  be  written  tia  + 1^  + 1^  «  0  where  th  denotes  the  terms 
of  the  second  degree,  &c.,  is  the  most  general  equation  of  the 
second  degree.  The  object  of  this  chapter  is  to  classify  the 
curves  represented  by  it,  to  reduce  their  equations  to  their 
normal  forms,  and  to  prove  some  properties  common  to  all  these 
curves.  Our  investigations  will  include  the  following  sub- 
divisions : — 

1°.  Centres.  2°.  Diameters.  3°.  Conjugate  Diameters. 
4°.  Axes.  6°.  Tangents.  6®.  Poles  and  Polars.  7^  Classiaca- 
tion  of  Conies.     8°.  Asymptotes.     9°.  Newton's  Theorem. 

Pbeldonaby  Algebeaio  Fbopositions. 

133.  In  cmy  quadratie  equation  ap^-^-bp+C'^  0,  if  the  coefficient 
of  f?  vanish^  one  of  the  roots  wiU  he  infinite  and  the  other  finite.  If 
the  coefficients  off?  and  p  vanish  loth  roots  will  he  infinite. 

Bern. — ^Put  p  =  ->  and  the  equation  op'  +  Jp  +  ^  =  0  becomes 

<3p'*  +  2^p'  +  a  =  0.  Now  if  a  =  0  one  value  of  p'  is  zero,  and 
the  other  is  -  ^hjc.  Again,  if  not  only  a  =  0  but  also  h^O  the 
second  value  of  p'  is  zero ;  but  when  p'  is  zero  p  will  be  infinite. 
Hence  the  proposition  is  proved. 
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134.  DsF. — The  result  obtained  from  any  expremon  8  in  x  by 
multiplying  each  term  by  the  index  of  x  in  that  term,  and  dim- 
nishing  the  index  by  unity ,  is  called  the  derived  of  8  with  retpeet 
to  X, 

The  equation  /S  =  oa^  +  2hxy  +  ^'  +  2gx  +  2/y  +  ^  =  0  has 
three  distinct  derivatives. 

1°.  With  respect  to  x,    2ax  +  2hy  +  2g. 

2°.  With  respect  to  y,     2^  4  2iy  +  2/ 

3°.  If  we  make  8  homogeneous  hy  writing  it  in  the  form 

oa:*  +  ^'  +  <»*  +  2fyz  +  2gzx  +  2hxy  =  0, 

in  which  %  denotes  a  linear  unit,  we  get  a  derivative  with 
respect  to  «,  viz.  2^4?  +  2fy  +  2c.  We  shall  denote  the  halves 
of  these  derivatives  by  8ij  829  ^j,  respectively.     Thus 

8isax  +  hy-^  g.  (365) 

82^hx  +  by  +/.  (366) 

Si^gx+fy-^-e.  (367) 

135.  From  equations  (365)-(367)  we  get  at  once  Euler's 
theorem 

{x8i  +  y8t  +  %8^)  =  8.  (368) 

Ghakob  of  Obigin. 

136.  Transform  8^  ax^-^  2hxy  +  by^  +  2^«  +  2/y  +  c  =  0  to 
parallel  axes  thromgh  the  point  xy  we  get 

ax^  +  2Aa!y  +  i^+  2^1^:+  2^^  +"^=0.  (369) 

The  following  remarks  on  the  composition  of  the  new  equa- 
tion are  very  important : — 1°.  The  terms  of  the  second  degree 
in  07,  y  are  unaltered.  2^.  The  coefficients  of  the  terms  of  the 
first  degree  are  the  powers  of  the  point  xy^  with  respect  to  the 
derivatives  of  8,  3°.  The  last  term  is  the  power  of  xjf  with 
respect  to  8. 
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iNTEJsaEcnoN  OF  A  Ld^e  akd  a  Coinc. 

137.  In  order  to  find  the  intersection  of  a  line  y  ^mx-^-n 
with  8^  we  transfer  to  parallel  axes  through  a  point  iy  of  the 
line.     Then  8  becomes 

aa^  +  2hxy  ■\'hf-\-  28iX  +  28ly  +5=0, 

and  the  line  becomes  y  -  mx.  Hence,  for  the  points  of  inter- 
section with  8,  we  have 

a:2(a  +  2hm  +  hm^)  +  2ic(^i  +  m8t)  +  5"=  0. 

Hence  we  infer  that  a  line  cats  the  conic  8  generally  in  two 
points.  We  distinguish  the  following  particular  cases,  which 
will  be  studied  more  in  detail  further  on — 

1°.  If  ("^1  +  mS^y  -  (a  +  2hm  + 11^^)81^  0. 
The  line  is  a  tangent  to  the  curve ;  and  as  this  is  a  quadratic 
in  m,  we  can  from  xy  draw  two  tangents. 

2°.  If  a  +  2hm  +  hm^  =  0,  every  line  whose  angular  coefficient 
satisfies  this  equation  meets  the  curve  in  one  finite  point,  and 
in  another  at  infinity. 

3°.  If  a  +  2hm  +  ^'  =  0,  8i  +  m82  =  0,  the  curve  meets  the 
line  in  two  points  at  infinity. 

4°.  If  <i  +  2hm?  +  *m«  =  0,  5^  +  m/Sj  -0,  iS  =  0,  the  line  is 
contained  as  a  factor  in  8, 

The  discriminant  of  8  and  the  minors  are  given  in  §  37 ;  from 
the  values  there  given  we  find  at  once 

BC^F^^a^,     CA-G»=^b^,    AB  ^  H^  ^  e^  \ 

.     (370) 
GH-^AFr^fliL,    HF-BG  =  g/^,    FG-CH^h£!k) 

Centbs. 


138.  Def. — A  point  in  the  plane  of  a  oonio  which  is  such  that 
every  secant  passing  through  it  meets  the  curve  in  points  equidistant 
from  it  is  called  the  centre. 
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Lehka. — If  the  origin  he  the  centre  the  terms  of  the  fret  degree 
in  the  equation  S^aa^  +  2hxy  +  hy^  +  2gx  +  2fy  +  0  =  0  vanieh^  and 
cowcerselg. 

In  fact,  two  points,  symmetrical  with  respect  to  the  origio, 
have  co-ordinates  of  the  forms  x,y\  -  «,  -  y.  Hence  the  equa- 
tion does  not  change  if  the  origin  be  centre,  when  x^  y  di^ 
replaced  by  -  «,  -  y.  This  requires  that  /  =  0,  y  =  0,  which 
proves  the  proposition. 

ESSBABCH  OF  GEirTBB. 

139.  If  the  point  xy  be  the  centre  of  8y  then  from  the  Lemma 
and  equation  (369)  we  must  have  8i  =  0,  iS,  =  0.  ffence  the 
point  common  to  the  lines  represented  by  the  derivatives  of  8  with 
respect  to  x  and  y  is  the  centre,    Now,  since  these  lines,  viz. 

^isac  +  Ay  +  y=:0,     ^a  =  ^  +  ^  +/=  0, 
may  intersect  1°  in  a  finite  pointy  2°  at  infinity,  3^  he  eoinddeni, 
we  have  three  distinct  cases  to  consider. 

1°.  Let  ax  +  hy  -k-  g  =  0,  hx  ■{■  by  +f=0  intersect  in  a  finite 
point. 

Solving  for  x  and  y  we  get  the  co-ordinates  of  the  centre, 
viz. 

X  =  (A/-  hg)l{ab  -  A»)  =  G/C.  (371) 

y={gh-  af)/{ah  -  h')  =  Fj  C.  (372) 

Since  these  values  are  finite,  C  does  not  vanish.  We  shall 
see,  in  §  152,  that  the  curve  is  an  ellipse  or  hyperbola  according 
as  C7  is  positive  or  negative.  These  curves  having  a  finite  centre 
are  called  central  curves. 

2°.  Let  ax  +  hy-^g^O,  and  hx-\-by  +/=  0  be  parallel. 

Here  we  have,  §  27,  Cor.  1,  a3  -  A«  =  0,  that  is  C  =  0. 
Hence  the  co-ordinates  Xy  y  are  infinite,  that  is  the  centre  is  at 
infinity.  The  curve  is  in  this  case  called  a  parabola.  Now, 
C  a  0  is  the  condition  that  U2  =  0  may  be  a  perfect  square. 
JSTence,  in  the  parabola  the  centre  is  at  infinity,  and  the  terms  of  the 
second  degree  in  8  form  a  perfect  square. 
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3°.     Let  or  +  Ay  +  y  B  0,  and  hx  -{-by  +/«  0  be  coincident. 
Here,  we  have  a/h  =  h/h  =  g/f.    Hence 

0^-^=0,   hf-hg^O,    gh-af^O.oi:  C=0,   6^=0,   -P=0, 

and  the  co-ordinates  Xy  y  are  indeterminate,  as  they  should  be ; 
since  in  this  case  every  point  on<M;  +  Ay  +  ^aO  is  also  a  point 
onlix  +  hy  +/=  0  there  is  a  line  of  centres. 

Reduction  of  the  Equation  to  the  Centbb. 

140.  If  there  exists  an  unique  centre,  5py,  the  equation  (869) 
becomes  ax^  +  2hxy  +  3^*+  iSf  =  0,  for  the  co-ordinates  5,  y  make 
8i  =  0,  /Sa  =  0.  But  from  Baler's  theorem,  xSy  +  yS^  +  %8^  =  8. 
Hence,  substituting  the  co-ordinates  x,  y  we  get 

'8^'a^r.gx  -^fy  \c^{g9  \fF-^  eC)\C^bL\C. 

Hence  the  equation  when  transferred  by  parallel  axes  to  the 
centre  is 

09^  +  2Aay  +  Jy2  +  A/(7  r=  0.  (873) 

141.  If  there  exist  a  Une  of  centres  the  g^eral  equation  repre- 
sents two  parallel  lines. 

For,  transferring  the  origin  to  any  point  i,  y  of  the  line  of 
centres,  we  have  aa^  +  2hxy  +  3y*  +  iS»3  =  0,  as  in  §  140,  multi- 
pl3ring  by  a,  and  substituting  h^  for  aby  this  becomes 

{ax  +  Ay)*  4  0^  =  0,  (374) 

which  represents  two  parallel  lines ;  real,  if  a8i  be  negative, 
imaginary  if  positive. 

Diametebs. 

Dep. — The  locus  of  the  middle  point  of  a  system  of  chords  parallel 
to  a  fixed  direction  is  called  the  diameter  conjugate  to  that  direction. 

142.  Let  y  =  mx  ■{■  n  be  a  fixed  line. 

Transferring  the  origin  to  any  arbitrary  point  C  (xy)  we  get 

a«*  +  2Aicy  +  ^»  +  2SiX  +  2i8^jy  +  ^  «  0, 
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and  drawing  through  C  a  parallel  to  the  line  y  =  m*  +  n,  this 
will  be  y  =  mx.  And  the  abscissae  of  its  points  of  intersection 
with  8  are  given  by  the  equation 

«*  (a  +  2hm  +  hrn^)  +  2a?  (^,  +  m^,)  +  ^=  0.  (1) 


A  X 

Supposing  a  +  2hm  +  bm*  not  zero,  then  the  line  y  ^mx  cuts  S 
in  two  points  i>,  E.  In  order  that  C  may  be  the  middle  point  of 
DEf  the  roots  of  the  preceding  equation  must  be  equal  in  mag- 
nitude, and  have  contrary  signs,  which  requires  Si  +  m/S,  =  0. 
Therefore  the  locus  of  the  middle  points  of  a  system  of  chords 
parallel  to  the  line  y  ^mx  +  n  is 

8i  +  mSt  =  0.  (375) 

Hence  the  diameters  of  conies  are  right  lines. 

Also,  since  8i+fn8i=  0,  passes  through  the  intersection  of  81,  S^, 
it  passes  through  the  centre.  Simce  every  diameter  passes  through 
the  centre. 

Discussion. — The  equation  81  +  mS^  =  0  may  be  written 
a?  (a  +  «»A)  +  y  (A  +  mh)  +  (y  +  w/)  =  0.      (2) 

1°.  The  equation  (1)  will  be  of  the  first  degree  if 
(a  +  2hm  +  hm^)  =  0, 
and  there  will  be  no  diameter,  properly  so  called.     See  §  153, 
Asymptotes. 

2°.  The  angular  coefficient  of  the  diameter  (2)  is 

(o^+mA) 

fn  =  ^  _ _  i 

h+mh 

This  varies  with  w,  unless  h/a  =  bjh,  or  ah  -  h*^  0 


d/l  +  mhla\ 
'hyT+mh/hf 
^  ah'h^ 
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JSimeef  in  central  curves  every  system  of  parallel  chords  has  a 
corresponding  diameter, 

3°.  If  hia  =  h/h,  or  C7  =  0,  w'  =  -  <i/A,  and  is  independent 
of  m,  bnt  mf  is  the  angular  coefficient  of  (2).  SeneCy  in  the  para- 
hola  all  the  diameters  are  parallel.    The  diameter  is  illusory  if 

a  +  mA  s  0,   A  +  m^  =  0,  f or  then  »»'=-;  but  the  case  ota-^mh 

=  0,  or  m  =  -  a/A  is  that  of  the  diameters  of  the  parabola.  JSence 
the  diameters  of  a  parabola  form  a  parallel  system  which  do  not 
admit  a  diameter, 

4°.  If  we  have,  at  the  same  time,  a  +  mA  «=  0,  A  +  m^  =  0, 
y  +  m/*  a  0,  OT  m  ^  -  a/h  =  -  h/h  =  -  gif  the  equation  (2) 
vamahes  identically.  This  occurs  when  the  general  equation 
represents  two  parallel  lines. 

Cor. — 8i  =  0  is  the  equation  of  the  diameter  which  bisects 
chords  parallel  to  the  axis  of  ;i; ;  iSs  =  0  of  the  diameter  which 
bisects  chords  parallel  to  the  axis  of  y. 

CONJUGATB  DiAMEIEES  OF  CeNTBAL  CoNICS. 
(a  4-  mK\ 

143.  From  the  equation  m'  «  -  \r ~ ,  §  142,  2®,  we  get 

a  +  A  («•  +  m')  +  hnm!  =  0.  (376) 

Since  this  equation  is  symmetrical  in  m,  m\  it  follows  that  the 
diameters  whose  angular  coefficients  are  m,  m'  are  sudh,  that 
each  bisects  chords  parallel  to  the  other.  8uch  diameters  are 
called  conjugate  diameters. 

Cor.  1. — jy  in  the  general  equation^  A  =  0,  the  axes  ofx^yare 
parallel  to  a  pair  of  conjugate  diameters. 

For,  if  A  =  0,  iSi  8  0  reduces  to  ax-\-g'^0,  that  is,  the  diameter 
which  bisects  chords  parallel  to  the  axis  of  ;i;  is  parallel  to  the 
axis  of  y. 

Cor.  2. — If  two  corrugate  diameters  he  taken  for  axes,  the  equa- 
tion of  the  curve  will  he  of  the  form    Mz^  +  iVy*  +  P  =  0. 

For  to  each  value  of  x  will  correspond  two  values  of  y,  which 
are  -equal  in  magnitude,  but  of  contrary  signs. 
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Axes. 

144.  Def. — A  diameter  of  a  conic  which  is  perpendicular  to 
the  chords  which  it  bisects  (called  its  conjugate  chords)  is  called 
an  axis. 

Pababola. — The  angular  coefficient  of  the  diameters  of  a 
parabola  is  ^  -  ajh.  Hence  the  angular  coefficient  of  the  chords 
perpendicular  to  the  axis  is  A/a,  and  substituting  in  8i+mSt-0^ 
the  equation  of  the  axis  of  the  parabola  is 

a8i  +  hSi  ^  0.  (377) 

OEirrEAL  CxjBTES. — The  condition  that  two  diameters  are  con- 
jugate is,  a  +  A  (m  +  m')  +  6mm'  «  0  (376),  and  if  these  are  per- 
pendicular, mm'  =  -  1. .  Hence  eliminating  m'y  we  get 

m^^m{h-  a)lh  -1-0.  (378) 

This  being  a  quadratic  in  m,  shows  that  there  are  two  axes. 

If  A  «=  0,  and  b  -  a  not  zero,  the  roots  are  m  =  0,  and  m  =  oo , 
and  the  axes  of  symmetry  are  parallel  to  the  axes  of  co-ordinafces. 
If  A  =  0,  and  b  -  a  =  0,  the  equation  (378)  is  indeterminate. 
This  is  the  case  when  8  denotes  a  circle,  and  every  diameter 

is  an  axis. 

Bedxtction  of  the  General  EauATioir  to  the  Nobkal  Fobx. 

145.  Cekttbal  Cubves. — It  has  been  proved  (§  140)  that  when 
the  centre  is  origin,  the  equation  of  the  curve  is 

ax^  +  2hxg  +  ^'  +  A/(7  =  0. 

We  shall  now  show  that  this  equation  can  be  further  simplified. 
Thus,  transforming  by  the  substitution  of  §  18  to  new  rect- 
angular axes,  inclined  at  an  angle  $  to  the  old,  that  is  putting 
x^xcobS -ymiS,  g  rzxsmS  +  g cosS,  we  get 

a'a^  +  2h'xg  +  b'g*  +  ri/C=  0, 

where  a'  =  a  cos^O  +  b  an^S  +  A  sin  2$,  (379) 

*'  =  a  sin*tf  +  b  cos»^  -  A  sin  2tf,  (880) 

2A'  =  2A  cos  2d  -  (a  -  J)  sin  2$.  (381) 
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From  these  equations  we  get,  after  an  easy  calcnlation, 

a'+J'  =  a  +  J,    and  afh' ^  h'^  ^  ab  -  h\        (382) 
Sim^  a  +  &,  and  ah  -h^  'are  invariants.    In  other  wordsy  thsy 
are  functions  of  the  coefficients  which  are  unaltered  by  trans- 
formation  from  one  rectangular  system  to  another. 
If  A'  =  0  we  have,  from  (381), 

tan  2tf  =  2A/(a  -  ft),*  (383) 

and  the  equation  of  iS  is  reduced  to  th^orm  afs^  +  ft'y*  +  A/  (7=  0 ; 
and  since  A'  =  0  we  have,  from  (382), 

a'  +  ft'  =  a  +  ft,  o'ft'-oft-A*. 
Solving  for  a',  V  we  get,  putting  jS*  =  4A*  +  (a  -  J)*, 

a'  =  i(a  +  ft  -  ^),  ft'  =  i  (a  +  J  +  R).  (384) 

Hence       i6fa(a  +  ft  -  jB)«'  +  (a+ft  +  jB)y*  +  2A/(7=0.     (385) 
If  this  be  written  in  the  form 

«>/a«  +  y»/)8»=l,  (386) 

which  is  the  normal  form,  we  have 

a-*  =  -  (7  (a  +  ft  -  ^)  /  2A,    )»■»  =  -  (7  (a  +  ft  +  ^)/2A. 
Hence  a*,  ^  are  the  roots  of  the  quadratic 

,     A(a  +  ft)        A*     ^  ,^^_ 

p'+-^^P  +  ^-0.  (387) 

Cor. — The  equation  of  the  new  axes  when  referred  to  the 

old  is 

^  -  (a  -  h)xy  -  Ay«  =  0.  (388) 

This  is  obtained  from  (378)  by  putting  m  =  yjx. 

The  FabjlBola. 

146.  In  equation  (377),  if  we  put  A  =  a*fti,  and  substitute 
for  8iy  82  their  values,  we  get  the  equation  of  the  axis  of  the 
parabola  in  the  form 

a^x  +  ft*y  +  (aV  +  **/)/(«  +  *)  =  0.  (389) . 

•  For  a  diBOussion  of  this  equation,  see  notes  at  the  end  of  volume. 
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Hence,  by  an  easy  calcnlation, 

8^(^x-^  h^y  +  {(^g  +  h^f)l{a  +  h) 
-{(a  +  J)(26^4:  +  2i^)-a^-J^  +  2Afl')/(a+i)»=0. 
Now  making    €^x  +  h^y  +  {i^g  +  hif)/{a  +  i)  =  0, 
and  (a  +  h)  {2Qx  +  2^y)  -  fl-5  -  ftui  +  2hH  =  0, 

our  new  axes  of  co-ordinates ;  then,  if  y',  ^  be  the  perpendica- 
lars  from  any  point  zy  oi  8  on  these  lines,  we  get 

y*  \/a  +  ^  =  aia?  +  h^y  +  {chg  +  h^f)\{a  +  J), 
2a/ (a  +  ft)  /(6»  +  ^)  =  (a  +  ft)(2^a:  +  2i?V)  -o^ -ft-4  +  2A^. 
Hence,  by  substitution, 

^.       .,     2v/(0»  +  i^)   , 


or,  omitting  accents,       y*  ■=  — r^ — rrj — ^  x ; 

(<f  +  ^)* 

,      ^  2v^(G^  +  i?^) 

andputtmg  ^«_^___^, 

^^px,  (390) 

which  is  the  standard  form  of  the  equation  of  the  parabola. 

The  quantity  i?  is  called  the  parameter  or  latw  rectum. 

Cor.  1. — ^The  new  axes  are  perpendicular  to  each  other. 

For  the  condition  of  perpendicularity  is  a^^  +  b^F^  0 ;  and 
this  is  easily  shown  to  hold  when  a*J»  =  h. 

Cor.  2. — The  co-ordinates  of  the  new  origin  are  formd  by 
solving  for  x  and  y  from  the  equation 

aix  +  h^y  +  (aiy  +  h^f)l{a  +  J)  =  0  ; 
or  ax-\-hy  '\-  {ag  +  hf)l{a  +  ft)  «  0, 

and  2Qx  -V^Fy^  {aB  -^hA-  2hR)l(a  +  ft). 

Thus— 
x^[h{aB'hJT)'\-h(bA'-hir)+2F{ag+h/)]l{(2Gh--2aF){a-\-h)], 

(391) 
y^{a{hB:-aB)-^a{hR-bAy2G{ag+h/)\/{{20h-2aF){a+h)]. 

Cor.  3.— The  parameter  of  the  parabola  (392) 

=  2  -/(6^  +  i?^)/(a  +  ft)«.  (393) 
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TANGEirrs. 

147.  If  we  transform  the  equation  to  parallel  axes  throagh  a 
point  If(x^)  on  the  curve,  we  get 

ax^  +  2^  +  ^  +  2^1^:  +  28ty  =  0, 

since  8  =  0,  asxy  is  on  the  curve.     Then,  through  the  new 
origin,  draw  a  line  y  =  mx^  and  eliminating  y  we  get 

a:*  (a  +  2lm  +  hw?)  +  2a:  (iSj  +  mS^)  =  0, 

one  of  the  values  of  a;  in  this  equation  is  zero,  because  the  line 
y  =^mx  meets  it  at  the  new  origin,  and  the  other  is 

-  2  (^1  +  miS,)/(tf  +  2hm  +  bm^). 
This  second  value  will  also  be  zero  iiy  =  mx  touch  the  curve. 
Hence  in  this  case,  Si-^mSi^^O;  and  eliminating  m  between  this 
and  y  =  mar,  we  get  for  the  tangent  the  equation  x8i  +  y8i  =  0 
referred  to  the  new  axes,  or  (x  -  x)  8i  +  {y  -y)  82^=0  when 
referred  to  the  old.     But  by  Euler's  theorem, 

x8i  +  y82-¥»8'z^8=^  0. 
Hence  the  equation  of  the  tangent  is 

x8i  +  yS^  +  5,  =  0.  (394) 

Takosntial  EauATiov. 

148.  Find  the  condition  that  the  Une  Aa;  +  /xy  +  v  «  0  may  le  a 
tangent  to  8^0. 

Eliminating  y  between  Aa:  +  /my  +  v  =  0  and  8^0,  we  get  a 
quadratic  in  a;,  whose  roots  will  be  the  abscissas  of  the  points 
where  the  line  meets  the  curve ;  now  these  will  coincide  if 
it  touches  the  curve.  Hence  the  condition  required  is  found 
by  forming  the  discriminant  of  the  equation  in  x.    Thus  we  get 

^iX*  +  J?/i»  +  CV  +  2Ftxv  +  2GvX  +  2JBr\fi  =  0,     (395) 

where  A,  By  &c.,  have  their  usual  meanings. 

M 
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Poles  akd  Folabs. 

149.  To  find  the  ratio  in  which  the  join  of  the  points  ar'y',  s^'f 
is  cut  ly  8.  Let  the  ratio  be  ^ :  1  ;  then  the  co-ordinates  of  the 
point  of  intersection  are 

(y  +  fcr")/(i  +  *),    (y'+V)/(i  +  *). 

and  these  substituted  in  8  give  the  quadratic 

^'+2ifeP''  +  ;fe»/S"  =  0.  (396) 

Where  8\  8"  denote  the  powers  of  the  given  points  with 
respect  to  8^  and  P"  the  power  of  a/'y"  with  respect  to  the  line 

F  a  8i'x  +  ^,'y  +  8^'  -  0.  (397) 

The  equation  (396)  is  a  fundamoDtal  one  in  the  theory  of 
conies.  Several  important  theorems  are  inferred  from  it  by  sup- 
posing its  roots  to  have  special  relations  to  each  other. 

1*^.  8uppose  the  sum  of  the  roots  to  he  %ero. 

Then  P"  ■»  0  and  the  point  a/'y"  must  be  on  the  line  P. 


Let,  in  the  annexed  diagram,  Q,  i2  be  the  points  where  the  join 
of  the  points  -4,  B^  that  is  of  a/y',  a/y ,  meets  the  curve,  tiien 
the  values  of  ^  are  the  ratios  AQ:  QB,  AR :  RB,  and  these  are 
equal,  but  vrith  contrary  signs,  since  their  sum  is  zero.  Hence 
AB  is  divided  harmonically  in  Q  and  R, 

Cor,  1. — Any  line  through  A  is  divided  harmonically  hy  {P) 
and  8, 

Cor.  2.— (P)  is  the  chord  of  contact  of  tangents  from  A, 
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For  if  the  line  QR  turn  round  A  until  the  points  Q,  R  coin- 
cide, then  since  B  is  the  harmonic  conjugate  of  A  with  respect 
to  Qf  R  when  Q,  R  come  together,  B  coincides  with  them,  and 
the  line  AB  will  be  a  tangent. 

Dep.— 2%«  line  (P)  is  called  the  polar  of  the  point  afy\ 

Cor,  3.  If  a  point  be  external  to  a  conic  its  polar  cuts  the 
conic.  If  the  point  be  internal  its  polar  is  external.  For  the 
hannonic  conjugate  to  an  internal  point  on  any  line  passing 
through  it  is  external  to  the  conic.  Lastly,  if  a  point  be  on 
the  conic  its  polar  is  the  tangent  at  the  point,  for  then  equation 
(397)  is  the  same  as  (394). 

2^.  Let  the  anharmonie  ratio  of  the  four  points  A,  B,  Q,  R  be 
pven. 

In  this  case  the  roots  of  (396)  have  a  given  ratio,  let  this 
ratio  be  X,  and  changing  k  into  kX,  in  (396)  we  get 

Klfminating  k  between  this  and  (396)  and  omitting  double 
accents  we  get  the  locus  of  a  point  B,  which  divides  a  secant  of 
8  passing  through  a  given  point  in  a  given  anharmonie  ratio, 
viz. 

(l+X)»iS^iS^'-4XP»  =  0.  (398) 

Paib  op  Tangents  feom  a  Given  Point. 

150.  Let  the  roots  of  (396)  be  equal,  since  the  roots  are  the 
ntio  AQ  :  QB^  AR  :  RB, 

they  will  be  equal  only  when  p  ^^^"^      ^^^ — ^ 

the  points    Q,   R    coincide,     y^       y  \ 

that  IB  when  the  line  AB  is 
a  tangent  to  the  curve.  The 
condition  for  equal  roots  in 
(896)  is  ffS""!^'* = 0,  which 
must  be  fulfilled  when  x^y  is  on  either  of  the  tangents  from  ^y'. 

k2 


a; 
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Hence,  sapposmg  the  latter  fixed  and  the  former  yariable,  we 
get  the  equation  of  the  pair  of  tangents  from  xfy'  to  8^  viz. 
SS'^F^^O.  (399) 

Car. — The  angular  coefficients  of  tangents  from  i^  to  iS^  are 
given  by  the  equation 

m\S2^'h8)i'2m(Si82-h'8)-\''8i*'a8=  0.        (399') 
For  this  is  the  discriminant  of 

«>(a  +  2Am  +  hm^)  +  (Si  +  mK)  a:  +^  »  0.        (§  142.) 

Obthoptic  Circle. 

151.  If  the  equation  SS*  -  P*  =  0  be  expanded  we  get 
(  C/«-2iy+^)«»+  (  Cx^'2Ga/+A)i/*-  2(  Cir'y'-  Fa/-  Qy'^E)xy 
-\r2{Fi!y'  -Gy^  'Bx/  ■^Hy)x-^2  {Qafy'  -^  Ik^-^m/ -  Ay')y 
^BtKf^-  2JEUy'  +  Ay'^  «  0.  (400) 

Now  if  these  tangents  be  at  right  angles  to  each  other  the  sum 
of  the  coefficients  of  ^  and  y'  is  zero.  Hence,  omitting  accents, 
we  find  the  locus  of  points  whence  rectangular  tangents  can  be 
drawn  to  a  conic  to  be  the  circle. 

C(a^+  y*)  -  2^ar  -  2^  +  ^  +  J?  =  0.  (401) 

This  is  called  the  orthoptic  circle  of  the  conic* 
Cor.  1. — If  the  curve  be  a  parabola  C  =  0,  and  the  locus  of 
points  whence  rectangular  tangents  can  be  drawn  to  the  curve  is 
2Gx  +  2Fy  -A-B^O.  (402) 

Cor.  2. — If  a?'  =  0,  y'  =  0,  equation  (400)  reduces  to 
Bx^  -  2Bxy  +  Ay*^0. 
Hence  the  pair  of  tangents  from  the  origin  is 

Bx^  -  2Sxy  +  Ay*r.O.  (403) 

Cor.  3. — ^The  equation  (400)  may  be  written 

^(y-y')'+^(«-«')'+^(^'-^y)*-2i^(«-«')(ay-a:'y) 

+  26^(y-y')(«y'-a?'y)-2ir(a?-a?')(y-y')  =  0.     (4000 

Compare  (395). 

*  This  circle  has  hitherto  been  called  the  director  circle  in  English  irorkfi ; 
but  that  term  is  now  employed  by  French  writers  to  denote  the  circle  whoae 
centre  is  a  focus  and  whose  radius  is  equal  to  the  transverse  axis. 
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Classification  of  C!oinc8. 

152.  From  §  142  we  see  that  if  the  origin  be  transferred  to 
any  point  xy  on  the  line  y  -mx  ^-n  the  abscissse  of  the  points 
in  which  y  -mx-^n  meets  the  curve  are  the  roots  of 

a:*  (a  +  2Am+  hm^)  +  2x  (Si+tnSl)  +  8^0, 

Kow,  §  133,  one  of  these  points  will  be  at  infinity  if 
a  +  2hm  +  hw^  «  0.  Let  the  roots  of  this  equation  be  f»ii  ^• 
These  are  real  and  distinct  if  A*  -  a(  be  positive,  showing  that 
two  systems  of  parallel  lines,  viz.  y  =  miX  +  w,  and  y  =  m^  +  n, 
where  n  may  have  any  value,  can  be  drawn,  each  meeting  the 
curve  at  infinity.  This  form  of  the  curve  is  called  a  hyperbola. 
Hence  the  condition, that  8^0  r^resent  a  hyperbola  is 
A«  -  ai  >  0. 

Secondly — If  A^  -  a^  =  0,  Wi  =  f»2>  only  one  system  of  parallels 
can  be  drawn  meeting  8  at  iofinity.  The  curve  in  this  case  is 
called  a  parabola  {see  §  139,  2°). 

Lastly — Let  mi,  n^  be  imaginary.  Then  no  system  of 
parallels  can  meet  the  curve  at  infinity  »^  This  species  is  closed  in 
every  direction  and  is  called  an  ellipse ;  mj,  ins  are  imaginary 
when  A'  -  o^  is  negative.  Hence  the  curve  will  be  a  hyperbola, 
a  parabola,  or  an  ellipse,  according  as  A^  -  a(  is  positive,  zero, 
or  negative. 

Cor.  1. — The  hyperbola  meets  the  line  at  infinity  in  two  real 
and  distinct  points,  the  parabola  in  coincident  points,  and 
therefore  touches  it,  and  the  ellipse  in  two  imaginary  points. 

Cor.  2. — If  either  aorh  vanish  but  not  A,  or  if  a  and  I  have 
contrary  signs  the  curve  is  a  hyperbola,  for  in  these  cases  h*-ab 
is  positive. 

Cor,  3. — The  circle  is  a  species  of  ellipse,  for  in  the  circle 
A  a  0,  and  a  »  &.    Hence  A'  -  a&  is  negative. 
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Example. — C,  D  are  two  fixed  points  in  the  diameter  AB  of  a,  circle, 
and  OB  a  semichord  parallel  to  AB.  The  looua  of  P  the  intersection  of 
DO  J  (7J?  ia  a  conic.  (Brocaed.) 


Let  0  he  the  centre.    Join  OB,  and  let  CO  =  e,  DO^  d,  and  the  angle 
BOB  s  e ;  then  the  equations  of  CB,  DO  are 

(r  8inO)«-(r  co8  0+c)y  +  rtf  8inO  =  0,    {raji$)x-dy  +  rdmn9  =  0,    \ 
Hence  eliminating  9  we  get 

(e  -  rf)2«»  +  cPy»  -  r»(«  +  rf)2  =  0, 
which  hy  the  foregoing  condition  is  an  ellipse,  a  parahola,  or  a  hyperbolvv 
according  as  (c  -  rf)*  -  r*  is  positive,  zero,  or  negative. 


^- 


Asymptotes.  \ 

163.  In  the  case  of  the  hyperhola^  if  the  line  y  ^mx  -^-n  meet 
8  in  two  points  at  infinity,  that  is  if  it  touch  it  at  infinity,  it  is 
called  an  asymptote.  When  this  happens  the  two  values  ^  x  in 
the  equation 

ic»(tf+  2hm  +  hm*)+2x{8i  +  niSt)  +  8=0 

are  infinite.  Hence,  §  133,  a  +  2hm  +  hm*  =  0,  and  8x+  m5,  =  0, 
and  eliminating  m  we  get  aS^  -  2h8i,  8%  +  h8i^  =  0,  or  restoring 
the  values  of  8i,  8%  and  reducing  we  get 

ra  -  A  =  0,  (404) 

which  is  the  equation  of  the  two  asymptotes.  They  are  at  right 
angles  if  the  hyperbola  be  equilateral. 
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Cor.  1. — ^If  /«  0,  ^  =  0,  that  is  if  the  curve  be  referred  to 
the  centre,  the  equation  of  the  asymptotes  is  o^ + 2hxy  +  3y' »  0. 
Hence,  when  the  equation  of  a  conic  is  in  the  form  Ua  +  iiq  »  0, 
M2  =  0  is  the  equation  of  the  asymptotes. 

Cor.  2. — K  <f>  denote  the  angle  between  the  asymptotes, 

tan»<^  =  4C7/(a4  hf.  (405) 

Cor.  8. — ^The  asymptotes  intersect  in  the  centre. 

Cor.  4. — The  line  at  infinity  is  the  polar  of  the  centre. 
For  it  is  the  chord  of  contact  of  the  asymptotes. 

Cor.  5. — An  asymptote  is  a  diameter  conjugate  to  itself. 

The  Hyperbola,  bbferbjbd  to  the  Astkptotbs. 

154.  Let  the  co-ordinates  of  any  point  P  in  the  hyperbola, 
as^  +  2hxy  +  Jy*  +  A/  C  =  0,  with  respect  to  the  asymptotes,  be 
off  y'.  Now,  if  from  P  perpendiculars  be  drawn  to  the  lines 
at*  +  2hxy  +  3y'  =  0,  it  is  easy  to  see  that  their  product  is  equal 
to  the  power  of  P  with  respect  to  the  lines  divided  by  i2,  where 
^  has  the  same  meaning  as  in  §  145  ;  but  these  perpendiculars 
are  equal  to  a?*  sin  ^,  y'  sin  ^,  respectively.     Hence 

ar'y'  sin»  <^  =  (ac»  +  2hxi/  +  ^/)/-R, 
and  from  equation  (405)  we  get,  sin*  ^  =  ^CjJB?.    Hence 

aos^  +  2hxy  ^hf^afy'.  4CIE, 
and  therefore  the  equation  of  the  hyperbola  referred  to  the  asymp- 
totes is 

ary+JZA/4C»  =  0.  (406) 

Newton's  Theoeem. 

155.  If  through  a  point  P  two  chords  he  drawn^  meeting  the 
conic  in  the  pairs  of  points  A^  B ;  C,  D,  respectively,  then  the 
ratio  PA .  PB  :  PC .  PB  is  constant  whatever  he  the  position  of 
Py  provided  the  direction  of  the  lines  is  constant. 

Dem. — Let  the  lines  PAB,  PCB  be  taken  as  axes,  then,  if 
the  equation  of  the  conic  be 

00^  +  2hxy  +  Jy«  +  2gx  +  2/y  +  <?  =  0, 
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putting  y  =  0,  PA,  PB  are  the  roots  of  a«*  +  2gx  +  ^  =  0.    Hence 
PA  .  PB  =  cja,  similarly, 

PC.PB  -=  elh  i.  e.  PA.PBi  PC.  PB::  l/a :  Ijh. 
Now,  if  the  cnrve  he  referred  to  parallel  axes  through  any  point, 
the  coefficients  a,  h  remain  unaltered.     Hence  the  proposition  is 
proved. 

Cor. — If  through  any  other  point  P',  two  lines,  P*A'B^ 
P'CB^  he  drawn  parallel  to  the  former,  and  cutting  the  conie 
mA',B'\  t?',  iX,  then 

PA.PB:PC.PB:: P*A' .  FB" :Fa .  FU.     (407) 

156.  Newton's  theorem  corresponds  to  Euc.  in.,  zzxv., 
ixxvi.     The  following  are  special  cases : — 

1°.  If  Pbe  the  centre,  then  PA  =  PB,  PC  ^  PB,  and  we 
have  the  following  theorem  from  (407): — The  rectangles  otm- 
tained  hy  the  segments  of  any  two  chords  of  a  conic  are  proportional 
to  the  squares  of  parallel  semidiameters. 

2°.  If  the  lines  PAB,  PCD  turn  round  the  point  P  until  they 
become  tangents,  PA  .  PB  becomes  PB*,  and  PC .  PD  becomes 
PB^,  and  we  have  the  following  theorem  : — The  squares  of  tw$ 
tangents  drawn  from  any  point  to  a  conic  are  proportional  to  the 
rectangles  contained  hy  the  segments  of  any  two  parallel  chords. 
Also,  two  tangents  from  any  point  to  the  conic  are  proportional  to 
the  parallel  semidiameters. 

3°.  Let  the  join  of  PP  produced  be  a  diameter,  and  let  the 
lines  through  P  be  this  diameter, 
and  its  conjugate  CD,  then  the 
chords  through  P'  will  be  AB 
and  CD,  of  which  the  latter  is 
bisected  in  P'.  Then,  denoting 
AP  by  a,  PC  by  h,  PF  by  x, 
and  PC  by  y,  we  have,  from 
(407),  a»  :  5« : :  (a  +  «)  (a-a:)  :y», 
or, 


^la^^y^ll^^X, 


(408) 


which  is  the  normal  form  of  the  equation  of  central  conies. 
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157.  The  demonstratioo  in  §  155  fails  if  either  axis  of  co-ordi- 
nates meets  the  curve  at  infinity,  for  in  that  case  either  a  =  0 
or  i  =  0.  Suppose  a  =  0,  then  either  FA  or  FB  will  become  in- 
finite. Let  FA  remain  finite,  then  FA  »  -  e/2ff,  and  as  in  §  155, 
FC.FD=^  c/h.  Hence,  FA:FC.FD::-b:2ff.  Now,  if  we 
transform  the  equation  to  parallel  axes  through  a  new  origin, 
X,  y,  h  will  remain  unaltered,  and  the  new  g  will  be  hy  '\-  g; 
hence  the  new  ratio  will  be  -  J  :  2  (Ay  +  g),  Now,  if  the  curve  be 
a  parabola,  A*  -  a^  =  0,  but  a  «  0  by  hypothesis ;  hence  A  «  0,  and 
the  ratio  will  be  unaltered. 

Sence,  if  a  line  parallel  to  a  given  one  meet  any  diameter  of  a 
parabola,  the  rectangle  contained  hy  its  segments  is  proportional 
to  the  intercept  on  the  diameter. 

Thus,  if  CD,  aiy  be  parallel  chords,  AFF*  the  diameter 
which  bisects  them,  then 

APiAFii  CF,FD :  aV .FJy, 


or, 


AFxAPw  Ci»:  OF^, 


Hence,  supposing  F  fixed  and  F* 
variable,  and  denoting  AF*^  F'C  A| 
by  ar,  y,  respectively,  we  have 

therefore,  putting  CF  =  4a  .  AFy 
we  have 

f  =  4e»a?,  (409) 

which  is  the  standard  form  of  the  equation  of  the  parabola. 
Again,  suppose  the  curve  to  be  a  hyperbola,  and  that  one  of  the 
axes  of  co-ordinates  is  parallel  to  an  asymptote,  in  this  case  y 
will  be  constant,  and  so  will  the  ratio  -3:2  (Ay  +  y).  Hence 
we  have  the  following  theorem : — 

The  intercepts  made  hy  parallel  chords  of  a  hyperbola  on  a 
line  parallel  to  an  asymptote  are  proportional  to  the  rectangles  con- 
tained by  the  segments  of  the  chords. 
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Exercises  on  the  General  Equation. 

1.  ProTe  that  five  conditions  are  sufficient  to  determine  a  conic. 

2.  Transform  the  following  curves  to  their  centres : — 

1°.     4:r»  -  6«y  +  6y»  +  10a;  -  12y  +13  =  0. 

2".    ajy  +  4fla;  -  23y  =  0. 

Z\     3a:*  -  2j;y  -  3y»  +  6a;  -  9y  =  0. 

3.  What  ourves  are  represented  by  the  equations 

2^    («+l)-i+(y  +  2)-»  =  2; 

3*.     cos-^a;  +  cos-V  =  -  P 
3 

4.  Find  the  equation  of  the  asymptotes  of  the  hyperbola 

3jp«  _  4a?y  -  Sy*  +  2a;  -  4y  +  6  =  0. 
6.  Prove  that  the  equation  of  the  chord  of  the  conic 
as^  +  2hxy  +  V  +  2ya?+  2/y  +  <?  =  0, 
which  passes  through  the  origin  and  is  bisected  at  that  point,  is  yj; +^  =  0. 

6.  The  axes  of  a  central  conic  are  its  mayimum  and  minimum  semi- 
diameters. 

For  the  conic  referred  to  the  centre,  viz. 

ax^  +  2hxy  +  *y»-|-  A/(7=  0, 

will  meet  the  circle  a;*  +  y*  -  r*  =  0,  where  it  meets  the  line  pair 

(ar^  +  AlCr)af^  +  2f^hxy  +  {br^  +  A/C)  y*  =  0  ; 

and  it  is  evident  when  these  lines  coincide  that  r  has  its  maximum  or  mini- 
mum value,  and  forming  the  discriminant  we  get 

which  proves  the  proposition.     (See  equation  (387).) 

7.  If  the  line  joining  any  fixed  point  0  to  a  variable  point  P  of  a  conic 
S  meet  a  fixed  line  in  the  poiot  Q,  prove,  if  jS  be  the  harmonic  conjugate 
of  P  with  respect  to  0  and  (?,  that  the  locus  of  J^  is  a  conic. 
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8.  Find  the  locus  of  tlie  centre  of  a  conic  passing  through  four  given 
points.  If  8,  8'  he  two  fixed  conies  passing  through  the  given  points,  then 
S  +  kS'  is  the  most  general  equation  of  a  conic  passing  through  them,  and 
the  centre  of  this  is  the  intersection  of  the  diameters 

^1  +  *^i' ^0;  S2-^kS2'  =  0,    (See  }  139.) 

where  Siy  8i,  &c.,  are  the  derivatives  with  respect  to  x  and  y.    Hence, 
diminating  k,  the  required  locus  is 

SiS2''Si'S2  =  0.  (410) 

Thus,  if  one  of  the  three  pairs  of  lines  passing  through  the  four  points  he 
taken  as  axes,  another  pair  may  he  written 

These  pairs  heing  taken  for  8y  8'  respectively,  the  required  locus  will  he 

This  conic  is  called  the  nine^point  eonie  of  the  quadrangle  of  the  four  fixed 
points.  For  it  passes  through  the  middle  points  of  its  six  sides  and  through 
the  three  diagonal  points.  These  nine  points  are  the  centres  of  special 
comics. 

9.  With  the  same  notation,  find  the  value  of  k,  in  order  that  8+  k8'  may 
be  an  equilateral  hyperbola. 

An..It  =  l\^ l\^'-[^ i-.l.  (412) 

10.  The  centre  of  the  nine-point  conic  is  the  mean  centre  of  the  four 
summits  of  the  quadrangle. 

11.  If  the  harmonic  mean  between  the  rectangles  contained  by  the  seg- 
ments of  two  perpendicular  chords  of  a  conic  be  given,  the  locus  of  their 
point  of  intersection  is  a  conic. 

12.  Prove  that  through  four  points  can  be  drawn  two  parabolas.  Con- 
struct their  diameters. 

13.  Find  the  equation  of  the  chord  joining  the  points  o/y',  x'*y''  on  the 
conic  8sas^  +  2hxy  +  V  +  2^*  +  2/y  +  fl  =  0. 
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^'  =  a  («-«')(*-«")+ M(*-*0(y-y")  +  («-«")(y-y")} 
+  M(y-y')(y-y")}-o 


i 


evidently 
chord. 


through  «y,  aj'y.    Hence  5^  -  5'  =  0  ia  the  required 


14.  If  a  conic  passes  through  four  fixed  points,  the  diameter  conjugate  to 
a  giyen  direction  passes  through  a  fixed  point.  (Lamb.) 

15.  In  the  same  case  the  polars  of  a  fixed  point  aro  concurrent. 

16.  If  a  variahle  conic  pass  through  three  .fixed  points,  and  have  an 
asymptote  parallel  to  a  giyen  line,  the  locus  of  its  oentro  is  a  parahola.  If  it 
passes  through  two  given  points,  and  have  its  asymptotes  parallel  to  two 
given  lines,  the  locus  of  its  centro  is  a  right  line. 

17.  If  two  points  A,  Bhe  such  that  the  polar  of  A  passes  through  B^ 
the  polar  of  £  passes  through  A. 

1 8.  To  describe  a  conic  section  (x. )  through  five  given  points  AfB,Cf  J),  E. 
Join  Bf  D,  C,  B.    Through  A  ^ 

H 


draw  AG  parallel  to  BD,  cutting 

the  conic  in  O,  and  AK  parallel 

to  CB,  cutting  BD  in  S.    Then 

BI  ,  ID  '.  CI.IE  i\  BE,  ED 

:  AE .  JJJT;  theroforo  JE'is  a  given 

point.  In  like  manner,  6^  is  a  given 

point.  Hence,  bisecting  AK  in  X, 

CEin.  JV,  AO  in  P,  and  ^D  in  Q, 

0,  the  point  of  intersection  of  BN 

and  jPQ  is  given.    Again  (J  166),  FQ^  :  QL^  : :  OF*  -  Oi* :  OF*  -  OQ^; 

hence  Fis  a  given  point.    In  like  manner  {7 is  a  given  point,  and  OV,  OQ 

aro  semioonjugate  axes.    Hence,  &c. 
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CHAPTEE  V. 

THE  PARABOLA. 


158.  Det.  I. — Being  given  in  position  a  point  S  and  a  line 
NN'.     The  locus  of  a  variable  point 
P  whose  distance  SF/rom  8  is  equal 
to  its  perpendicular  distance  PN 
from  NN'j  is  called  a  pababola. 

It  will  be  seen  subsequently 
that  this  definition  agrees  with 
that  already  given  in  p.  165. 

n. — The  point  8  is  called  the 
FOCUS,  and  the  line  NN'  the  direc- 

TBIX. 

in. — If  from  8  we  draw  80  perpendicular  to  NN'y  and  bisect 
it  in  A,  then,  since  OA  =  A8^  the  point  A  (Def.  i.)  is  on  the 
parabola,  and  is  called  the  tbstbx. 

IV. — If  the  Une  A 8  be  produced  indefinitely  in  the  direction  AX, 
the  whole  line  produced  is  called  the  axis. 

159.  To  find  the  equation  of  the  parabola. 

Let  the  vertex  -4  be  taken  as  origin,  and  .4X  and  -4  F  per- 
pendicular to  it  as  axes.  Then  denoting  OA  -  A8  hj  a,  and 
the  co-ordinates  of  any  point  P  in  the  curve  by  a?,  y,  we  have 
(Def.  I.)  8P=  PN\  but  PN=  OM^  OA  +  AM=^ a\x\  therefore 

Again,  8M=  AM- A8  = :(:  -  a,  andPM=y. 

Hence,  from  the  right-angled  triangle  8MP,  we  have 


.  («  -  a)*  +  y"  =  (a  +  x)* ;  therefore  y'  =  4ax, 


y 


2    V/t  V 


(413) 
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The  Parabola. 


which  is  the  standard  form  of  the  equation  of  the  parahola. 
Compare  §  157,  equation  (409).  From  the  equation  of  the 
parahola,  we  see  that  two  values  of  y  correspond  to  each  value 
of  X ;  and  that  these  are  equal  in  magnitude,  hut  contrary  signs. 
Hence,  if  Pif  he  produced,  it  will  meet  the  curve  on  the  other 
side  of  the  axis  in  a  point  P',  such  that  Pif  =  MP',  Senee  the 
axis  of  the  parahola  is  an  axis  of  symmetry  of  the  figure. 

V. — The  double  ordinate  LL'  through  the  focus  is  called  the 
LATUS  RECTUM  of  the  poTabola. 

Cor. — ^The  latus  rectum  =  4a ;  for  SL  =  LR  =  OS  =  2a;  there- 
fore ZZ'  =  4a. 

Ex.  1. — If  through  a  fixed  point  0,  a  line  OB  be  drawn  meeting  a  fixed 
line  AB  in  B,  then,  if  BF  be  perpendicular  to  AB  and  OP  to  OB,  the 
locus  of  P  is  a  parabola.  For,  draw  OM  parallel  to  AB,  then  we  have 
OiP  =  BM.MF,   OTf/^  =  ax. 

Ex.  2. — The  tangent  at  a  point  ^  of  a  circle  meets  a  fixed  diameter  CD 


in  Ff  and  F  ia  joined  to  the  extremities  of  the  diameter  perpendicular  to  CD, 
the  locus  of  the  intersection  of  AF  with  the  perpendicular  from  S  to  CD  is 
a  parabola.  (Bbocard.) 

Let  x^y  be  the  point,  the  equation  of  £F  is  xx'  +  yy'  =  r*.  Hence 
OF  =  r*//;  therefore  the  equation  o(  AF  ia  yt^jf^  —  xjr  «  1,  and  the 
equation  of  EF  is  y  -  y'  s  0.  Hence  eliminating  y',  we  get  y*  =  r  (r  +  #), 
or  making  A  the  origin,  ^  s  rx. 
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160.  The  eo-ordinates  of  a  point  on  the  parabola  can  be  expressed 
M  terms  of  a  single  variable. 

For,  writing  the  equation  in  the  form  2x ,  2a  =  f/*,  it  is  a 
special  case  of  ZIf=JS^,  a  form  in  which  each  of  the  three  conies 
may  be  written ;  and  we  may  put  2x  =  if  tan  ff>y  2a  ^  if  cot  <^,  or 
which  is  the  same  thing,  y  -2a  tan  <!>,  x  =^  a  tan*  <f>.  Hence  the 
co-ordinates  of  a  point  on  the  parabola  may  be  denoted  by 
a  tan'  <f>,  2a  tan  <f>.  We  shall  for  shortness  call  it  the  point  4>y  ^^d 
^  the  TSTBissic  ANGLE  of  the  point. 

Cor,  1. — Since  F8  =  a  +  x-a-\-  a  tan*  ^  =  a  sec^  ^,  the  dis- 
tance of  the  point  <^  from  the  focus  is  a  sec*  4>, 

Cor.  2, — ^The  angle  ASP  is  equal  to  twice  the  intrinsic  angle 
dP. 

^o«     ^^     atan*^-a 

For     cos  ifiSP=-^^= Y^r—  =-cos2<^; 

SP         a  sec*  ff> 

therefore  ASP  =  2«^. 

161.  To  Jind  the  equation  of  the  chord  passing  through  two 
feints  a/y'y  a/'y"  on  the  parabola. 

Let  the  intrinsio  angles  of  the  points  be  ^',  <^";  then  the 
required  equation  is  (§  81,  Ex.  3,  4°), 

2a?-  (tan^A'+tan^^'Oy  +  2«  tan  <^'  tan  «^"  =  0  ;      (414) 

or,  putting  for  tan  ^',  tan  4>"  their  values  in  terms  y',  y", 

4«ar  =  (y'+y'0y-y'y"-  (415) 

EZ]ptOI8BS. 

1.  If  a  chord  of  a  parabola  cut  the  axis  in  a  fixed  point,  the  rectangle 
oontained  by  the  tangents  of  the  intrinsic  angles  of  its  extremities  is 
ooDstant. 

Becanse  if  we  put  x  =  AO,  y  s  0,  in  equation  (414),  we  get 

OA 

tan  ^' .  tan  ^"  s . 

a 
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2.  If  PJf,  m'  be  the  ordinates  of  the  points  P,  P*,  and  OQ  the  oidi- 
nate  of  0,    FM.  F'M*^^  OC^.  K 

For,  from  equation  (414)  we  get 
(2«  tan  ^')  (2a  tan  4»")  =  -  4a .  0-4  =  -  0(?. 

3.  In  the  same  case,  AM.  AIT  =  A€^. 

4.  The  direction  tangent  of  PP' is 

2/(tan  ^'  +  tan  ^") .    (See  equation  (414).) 

Hence,  if  a  chord  of  a  parabola  be  parallel  to  a 
fixed  line,  the  sum  of  the  tangents  of  the  intrinsic 
angles  of  its  extremities  is  constant. 

5.  If  PP  cut  the  axis  of  y  in  a  fixed  point  Q,  from  equation  (415)  we  get 
cot  p'  +  cot  ^"  -  2ajAQ,  Hence,  \f  through  ajlxedpoint  on  the  tangent  at 
the  vertex  of  a  parabola  any  secant  be  drawn,  the  cum  of  the  cotangents  of 
the  intrinsic  angles  of  its  points  of  intersection  with  the  parabola  is  eonstmt, 

6.  If  8,  8'  and  ^  be  the  distances  of  the  extremities  of  a  focal  chord  and 
of  the  focus  from  any  Hne,  p,  p  the  focal  vectors  of  the  extremities  of  the 
chord,  prove 

«//»  +  57p'=^/a. 

7.  A  A',  B£^  are  parallel  chords  of  a  parabola,  A'B  is  joined,  and  J'Cif 
a  chord  parallel  to  A'B,  prove  that  the  tangent  at  B  is  parallel  to  the 
chord  AC. 

162.  To  find  the  equation  of  the  tangent  to  the  parabola  at  the 
point  afyf. 

In  equation  (414),  suppose  the  points  <^',  ^"  become  con- 
secutive,  then  their  joining  chord 


becomes  a  tangent,  viz. 

«-ytan<^'  +  <itan»<^'  =  0,     (416) 

or,  putting  of  -  a  tan'  <^',  y'  =  2a 
tan  <^',  J 


5^/  =  2a  (a? +  4?').      (417) 
Cor.  1.— If  Pr  be  the  tangent, 
putting  y  =  0,  we  get  from  (417), 
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but  when  y  =  0,  x  -  AT.    Hence,   since  3/  =  AM,  we  have 
ir= -  AM\  therefore  TA  =  AM,    Hence  TM  is  bisected  in  A. 

J^Et.^The  Una  MT^  inUreepted  on  the  axis  between  the  ordi- 
nsU  end  the  tangent,  is  called  the  sub-tangent.  Hence  in  the 
parabola  the  subtangent  is  bisected  at  the  vertex. 

Cor,  2. — ^The  axis  of  y  is  the  tangent  at  the  vortex  of  the 
parabola ;  for  if  in  (417)  we  pnt  a:'  =  0,  y'  =  0,  we  get  4?  =  0. 

Cor,  8. — The  equation  (416)  may  be  written  y  =  a?  cot  <^' 
+  a  tan  ^',  from  which  it  is  seen  that  ^'  is  the  angle  PB  F, 
which  the  tangent  PT  at  P  makes  with  A  F,  the  tangent  at  A, 
Hence  we  have  the  following  theorem  : — 

The  intrinsic  angle  of  any  point  of  a  parabola  is  equal  to  the 
emgle  which  the  tangent  at  that  point  makes  with  the  tangent  at  the 
vertex. 

If  t  denote  the  length  of  an  arc  of  any  cunre  measured  from  some  fixed 
point  ^  to  a  Tariable  point  P;  ^  the  inclinatioii  of  the  tangent  at  the  latter 
point  to  the  tangent  at  the  fixed  extremity  A  ;  then  the  equation  expressiiig 
the  relation  hetween  s  and  ^  has  been  by  Dr.  Whbwsll  (Fhil,  Trans., 
roL  Till,  p.  659)  termed  the  intrinsie  equation  ot  the  curve,  a  nomenclature 
viiich  has  been  adopted  by  mathematicians.  It  was  this  that  suggested 
the  propriety  of  calling  ^  the  intrinsic  angle, 

(V.4.— Since  2!4=a:',ra=:«'+a=asec'»<^  =  iSP(§  160,  Cbr.l); 
hence  T8  ^  8P;  therefore  the  angle  8PT  =  8TP  =  TPJS'. 
Hence  P  J  bisects  the  angle  8PII. 

Bef. — If  from  a  fixed  point  in  the  plane  of  a  curve  perpendi- 
culars be  let  fall  on  its  tangents,  the  locus  of  their  feet  is  called 
the  frst  positive  pedal  of  the  curve  with  respect  to  the  point.  Also 
the  pedal  of  the  first  positive  pedal  is  called  the  second  positive 
ptdal,  Sfc,  Conversely,  the  curve  itself  is  called,  in  relation  to  a 
positive  pedal  of  any  order,  the  negative  pedal  of  the  same  order. 

Cor.  6. — ^If  PTmeet  the  tangent  at  the  vertex  in  B,  since 
TA  «  AM,  TB  ^  BP\  hence  the  triangles  TB8,  PB8  are 
eq[Qal  in  every  respect;  therefore  the  angle  PB8  is  right,  and 
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8B  is  perpendicular  to  the  tangent.    Hence  the  pedal  of  a 
parabola  with  respect  to  the  focus  is  the  tangent  at  the  vertex. 

Car.  6. — lip  denote  the  length  of  the  perpendicular  from  8 
otlPT, 

p  «  ^/a  {a  +  sf). 

For  since  the  angle  A8B  is  equal  to  <t>\  we  have 

(^ 
A8  -T  SB  =  cos  <^',  that  is  -  =  cos  ^'. 
P 


Hence  |?=  aseo<^'  =  A/<»(a +  d/).  (418) 

(V  th%u :  the  triangles  A8B^  SBP  are  equiangular ;  hence 

A8:  8B::  8B:  8P;  that  is,  a:p::p:a  +  s/. 

Cor.  7. — The  equation  of  any  tangent  to  a  parahola  may  be 
written  in  the  form 

f/  ssfnx  +  a/m,  (419) 

for  equation  (416)  will  reduce  to  this  form  if  we  put  m  =  cot^', 

BZBBOISBS. 

1.  The  first  negatiye  pedal  of  a  right  line  ib  a  parabola. 

2.  The  circle  described  about  the  triangle  formed  by  three  tangents  to  a 
parabola  passes  through  the  focus ;  for  the  feet  of  perpendiculars  from  the 
focus  on  these  tangents  are  coUinear. 

3.  The  polar  reciprocal  of  a  parabola  with  respect  to  the  focus  is  a  circle ; 
for  the  reciprocal  is  the  inyerse  of  the  pedal  with  respect  to  the  focus, 
which  {Cor.  5)  is  a  right  line. 

4.  The  polar  reciprocal  of  a  circle  with  respect  to  a  point  in  its  circum- 
ference is  a  parabola. 

6.  Given  four  right  lines,  a  parabola  can  be  described  to  touch  them. 
The  focus  IB  the  point  common  to  the  oircumcirdes  of  the  triangles  formed 
by  the  lines.  Hence,  being  given  a  quadrilateral,  there  exists  a  point 
whose  projections  on  the  sides  are  collinear. 

6.  The  orthocentre  of  the  triangle  formed  by  any  three  tangents  to  a 
parabola  is  a  point  on  the  directrix. 
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7.  Find  the  co-ordinates  of  the  intersection  of  tangents  at  the  points 

Ant.  *  =  atan^' tan^",    y  »  a  (tan  ^' +  tan  ^").    (420) 

8.  If  tan  ^"  bear  a  given  ratio  to  tan  ^\  the  envelope  of  the  chord 
joining  the  points  ^',  ^"  is  a  parabola. 

9.  The  area  of  the  triangle  formed  by  three  tangents  to  a  parabola  is 
half  the  area  of  the  triangle  formed  by  joining  the  points  of  contact. 
(Compare  {  9,  £x8.  6,  7.) 

10.  If  two  points  on  the  axis  of  a  parabola  be  equidistant  from  the 
focus,  the  difference  of  the  squares  of  their  distances  from  any  tangent  is 
independent  of  its  position.  (Bbooabd.) 

11.  If  a  triangle  be  formed  by  two  tangents  to  a  parabola  anMheir 
chord  of  contact,  prove  that  the  symmedian  line  of  this  triangle,  through 
the  vertex,  passes  through  the  focus. 

12.  In  the  same  case,  prove  that  the  chord  of  the  oircumdrole  through 
the  vertex  and  focus  is  bisected  at  the  focus. 

163.  To  find  the  locus  of  the  middle  points  of  a  system  of 
parallel  chords. 

Let  FF"  (see  fig.,  §  161,  Ex.  2)  be  one  of  the  chords,  m  its 
directioii  tangent ;  then  m  =  4<i/(y'  +  y").    (See  equation  (415).) 

Again,  if  y  denote  the  ordinate  of  the  middle  point  of  PF, 
we  have 

y  =  4(y'  +  y");  (42i) 

therefore  y  =  2a/m  ; 

or,  putting  m  =  tan  $, 

y  =  2acot0.  (422) 

Hence  the  locus  of  the  middle  points  of  a  system  of  parallel 
chords  of  a  parabola  is  a  line  parallel  to  the  axis. 

Bef. — A  bisector  of  a  system  of  parallel  chords  is  celled  a 
diameter. 

Cor.  I. — ^The  tangent  at  the  end  of  a  diameter  is  parallel  to 
the  chords  which  the  diameter  bisects;  for  the  tangent  is  a 
limiting  case  of  a  chord  of  the  system. 

n2 
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Or  thus: 

Let  x^ff'  be  the  point  where  the  diameter  y  =  2a  cot  ^  meets 
the  corye.  Hence  y'  =  2a  cot  6,  and  since  the  tangent  at 
^Z  is 

yy'  =  2a(a:4a0>  (§162) 

we  have  y  =  tan  d  (a?  +  a/), 

which  is  parallel  to  the  chords,  since  its  direction  tangent  is 
tan  9. 

Car.  2. — ^The  tangents  at  the  extremities  of  any  chord  meet 
on  the  diameter  which  bisects  that  chord;  for  the  diameter 
which  bisects  a  system  of  chords  parallel  to  the  join  of  <^',  ^'\ 
is  y  s  a  (tan  ^'  +  tan  4>")  (equation  (421)),  which  passes 
through  the  intersection  of  tangents  at  the  points  <^',  <^".  (See 
equation  (420).) 

Cor.  3. — The  diameter  through  the  intersection  of  two  tan- 
gents bisects  their  chord  of  contact. 

Cor.  4. — If  ^  be  the  intrinsic  angle  of  the  point  where  the 
diameter  which  bisects  the  joiu  of  ^',  ^"  meets  the  curve, 
tan  4^  =  J  (tan  «^'  +  tan  4>").  (423) 

Cor.  6. — If  0  denote  the  direction  angle  of  the  tangent  at 
<^,  «  +  4^  =  ir/2.     (§  162,  Cor.  3.)  (424) 

BZBBOISBS. 

1.  The  distance  of  the  focus  from  the  intersection  of  two  tangents  ii 
a  mean  proportional  between  the  focal  Teoton  of 
the  points  of  contact. 

T 
For  if  ^',  ^"  denote  the  points  of  contact,  p\  p\ 

their  focal  yectors,  we  have  (§  160,  Cor.  1), 

Py 

/>>' '  =  a«sec»4»'  «©««  4»".  r 

Ar 
Again,  the  co-ordinates  of  T  are  a  tan  ^'  tan  ^", 

a  (tan  ^'  +  tan  ^").  Hence  the  square  of  the  dis- 
tance of  this  point  from  S^  whose  co-ordinates  are 
a,  0  is  a^sec*^'  seo*^".    Hence 

S'n  =  p>".  (426) 
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2.  If  7  be  the  iatenection  of  tangents  at  ^%  ^'\  A  the  vertex,  S  the 
tocQBy  the  angle 

A8T^  ^  +  ^".  (426) 

For,  sabetitating  the  co-ordinates  of  T  and  ^  in  the  equation 

y'  -  V" 

-. — ^  =  *»» 

X  -  X 

vhich  gives  the  direction  tangent  of  the  line  through  two  points,  we  get 

tan^.'  +  tani^"       „__  ^_  .o^_  tan»-  +  tani^- 

tan  ^' tan  ^"* 


tanJ:5r=- 


1 


Hence  tan  ^i$I*B 


1 


tan  ^'.  tan  ^' 

3.  Since  ABT^  ^W\  ASr  =  24»'  (§  160,   Cbr.  2),  AST  =  J(^5P 
+  -4fiP").    Hence  8T  bisects  the  angle  P'fl^P". 

4.  The  triangles  F8T,  T8F*  are  directly  similar  (Exs.  1  and  8). 
6.  The  angle  p'TF"  is  the  supplement  of  half  F'SF', 

6.  If  FT,  P"r,  be  two  tangents, 
TM  the  diameter  through  T,  meeting 
the  chord  FF*  in  if,  TM  is  bisected 
by  the  curve. 

For,  draw  the  tangent  AQ,  This  is 
panUel  to  FF'\  and  since  the  dia- 
meter through  Q  bisects  AF'  (Cor.  3), 
we  have  AN  =  NF',  Hence  TQ 
«  QF\  and  therefore  T^  =  AM. 

7.  Find  the  co-ordinates  of  the 
points. 

^tan  ^'  +  tan  ^' 


.^JU.    X 


l^ 

=»(- 


.1  ;   y  =  a  (tan  ^' +  tan  ^"). 


8. 


AM^ai^JLzJ^jLLV, 


(427) 
(428) 
(429) 


9.  ■ig=agec'»^a(l  +  tan»»)  =  a{l  +  (*^*'+*^»'yj. 

10.  If  a  quadrilateral  circumscribe  a  parabola,  the  rectangle  contained 
by  tibe  distances  of  the  extremities  of  any  of  its  three  diagonals  from  the 
focus  is  equal  to  the  rectangle  contained  by  the  distances  from  the  focus  of 
the  extremitiee  of  either  of  the  remaining  diagonals. 

11.  If  ABC  he  a  triangle  circumscribed  to  a  parabola,  A'B'C  the  points 
of  contact.    Then    ABjBC  ^  FCfCA. 
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For  if  y\y  y%y  y%  be  the  ordinates  of  A*,  Vy  C\  those  fA  Ay  B^  C  vr^ 

(ya+y3)/2,    (y8  +  yi)/2,    {yi  +  y2)/2. 
Hence  projecting  on  the  tangent  at  the  vertex  of  the  parabola  we  have 
AB  ^  (ys  +  yi)/2  ~  (y2  +  y8)/2  ^  yi  -  y2  ^^ 

BC'"^  y,_(y,  +y3)/2  ys  -  yV 

164.  To  find  the  equation  of  the  parabola  referred  to  any 
diameter  and  the  tangent  at  its  vertex  as 
axes. 

Let  P'P''  be  a  double  ordinate  to  the 
diameter  AM ;  A  Y  the  tangent  at  A ; 
then  AY  (§  163,  Cor.  1)  is  parallel  to 
P'P".  Let  <^',  <^"  be  the  intrinsic  angles 
of  the  points  P\  P";  then  (§  6) 

P'jfy/2  ^  a3(tanV  -  tan^")' 
+  4a«(tan<^'-tan4^")»; 
therefore 


^„^^.^tan£-t«n£yjj^^ 


/tan  <^'  +  tan  ^^''V; 


)1 


=  4A8 .  AM.        (§  163,  Exs.  8,  9.) 
Therefore,  denoting  AShj  a\  AM,  MP"  by  x,  y,  we  hare 

y»=4fl'ar,  (430) 

which  is  the  required  equation,  and  identical  in  form  with  the 

old  one,  y*  =«  4nx. 

Cor.  1. — If  the  angle  between  the  axes  AXy  AY  he  denoted 

by  Oy  and  if  <^  be  the  intrinsic  angle  of  the  point  A,  we  haTe, 

since 

^  +  ^  a  w/2,  cosec'd  =  sec'<^ ;   but  AS  =  a  sec*<^ ; 

therefore  A8  =  a  cobbc^O.  (481) 

Cor.  2. — The  equation  of  the  tangent  to  the  parabola  at  any 
point  aff/'y  referred  to  the  new  axes  ^X,  ^  F,  is  the  same  as  for 
rectangular  axes,  viz. 
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EXEBOISES. 

1.  From  any  external  point  hk  can  be  drawn  two  tangents  to  a  parabola. 
For  the  tangent  at  a  point  x'^  of  the  parabola  is  yy"  =  2a  («  +  a?') :  if  this 
passes  through  the  point  hk,  we  have 

V=2a(A  +  «'); 
but  y**  =  400?'. 

Hence  y'«  -  2ky'  +  iah  =  0.  (432) 

This  quadratic,  giving  two  values  of  y',  proves  the  proposition. 

2.  Find  the  equation  of  the  chord  of  contact  of  tangents  from  hk. 
By  removing  the  accents  from  equation  (432),  we  get 

y2  _  2Ay  +  4aA  =  0. 
This  denotes  two  lines  parallel  to  the  axis  of  x,  and  passing  through  the 
points  of  contact ;  and  since  the  parabola  is  y^  —  ^ax  s  0,  subtracting  and 
dividing  by  2,  we  get  the  required  equation — 

2a(a;  +  A)-.^  =  0.  (433) 

3.  If  the  chord  of  contact  of  two  tangents  pass  through  a  given  point  hk, 
the  locus  of  their  intersection  is  a  right  line. 

For  if  a3  be  the  point  of  intersection  of  the  tangents,  the  chord  of  con- 
tact is  2a  (iT  +  a)  ~  /iy  =  0 ;  and  since  this  passes  through  hk,  we  have 
2a  (A  +  a)  -  /iA;  s=  0,  or,  putting  xy  for  ajS, 

aa(a;+ A)-A:y  =  0, 
an  equation  which  is  the  same  in  form  as  (433). 

DvF.^The  line  2a(x -k- h)  -  ky  =  0  \b  called  the  polar  of  the  point  hk. 

4.  If  there  be  two  points  A,  B,  and  if  the  polar  of  A  passes  uirough  B, 
the  polar  of  B  passes  through  A. 

6.  The  intercept  made  on  the  axis  by  any  two  lines  is  equal  to  the  diffe- 
rence of  the  absdsssB  of  the  poles  of  these  lines. 

6.  The  polar  of  the  focus  is  the  directrix. 

7.  If  any  chord  pass  through  the  focus,  the  tangents  at  the  extremities 
are  at  right  angles. 

For  in  the  equation  of  the  chord,  viz.  2x  ~  (tan  ^'  +  tan  ^")  y  + 
2a  tan  ^'  tan  ^"  s  0,  substitute  the  co-ordinates  of  the  focus,  and  we  get 
tan  ^'  tan^^e-  1. 

8.  Any  pair  of  opposite  sides  of  a  quadrangle  whose  summits  are  conoyclic 
points  on  a  parabola  are  antiparallel  with  respect  to  the  axis. 

9.  The  difference  between  the  intrinsic  angles  of  two  points  being  given, 
to  find  the  locus  of  the  intersection  of  tangents  at  these  points. 
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Let4»'-4»''=9;  then  tan^S 


(tan  4p'  +  tan  0")'  -  4  tan  ^'  tan  <p" 
(l  +  tan0'  tan0")» 


and 


*  y. 


substitutmg  -,  -  for  tan  ^' .  tan  ^",  tan  ^'  +  tan  0",  respectively,  we  get 
a  a 

(y*  -  4«p)  =  (a  +  xf  tan*8,  which  is  the  required  locus.  (434) 

Cor, — ^The  isoptic  curye  (that  is  the  locus  of  the  intersection  of  tangents 

making  a  given  angle)  of  a  para  bl    is  a  hyperbola. 

10.  Find  the  co-ordinates  of  the  point  of  intersection  of  the  lines  F*  F\ 

i5r(§163,  Ex.  1,  fig.). 

y     sin  2^'  +  sin  2^" 

a 


X     sinV  +  sinV 

Am.  -  =  — ^, ~7,, 

a      cosV+  cos*^ 


cosV  +  cosV'* 

Dbf. — 7^  normal  at  any  point  of  a  plane  curve  U  the  perpendicular  to 
the  tangent  at  that  point, 

165.  To  find  the  equation  of  the  normal  at  the  point  a^\f. 
Since  the  equation  of  the  tan- 
gent is 

the  equation  of  the  normal  is 


-^  =  -^(^-^)- 


(436) 


AN,  x^  =  AM,     Hence 


Cor.  1. — If  in  the  equation  of 
the  normal  we  put  y  =  0,  we  get 
X  -  af  =  2a\  but  in  this  case  x 
x-ixf^  MN\  therefore  iCV=  2<». 

Def. — The  line  MN  intercepted  on  the  axis  between  the  ordi- 
nate and  the  normal  is  called  the  Sttbstobmal.  Hence  in  the 
parabola  the  subnormal  is  constant. 

Cor.  2.— Since  8M^  x!  -  a,  and  JCV=  2a,  we  have  BN^  sf 
■¥ar.8F. 

Cor.  3. — ^From  any  point  a/3  can  be  drawn  three  normals 
to  a  parabola. 

For  if  the  normal  (436)  passes  through  a/3,  we  get,  after  sub- 
stituting for  x'y^  their  values  in  terms  of  the  intrinsic  angle, 
a  tan'<^  -  (a  -  2a)  tan  <^  -  /3  =  0,  (487) 

a  cubic  giving  three  values  for  tan  ^. 
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Cor,  4. — Since  the  cubic  (437)  wants  its  second  term,  the 
sum  of  the  three  yalnes  of  tan  <^  must  be  zero.  Hence,  if  from 
any  point  three  normals  be  drawn  to  a  parabola,  the  sum  of  the 
ordinotes  of  their  feet  is  zero.  Hence  the  locus  of  the  mean 
centre  of  the  feet  of  the  normals  is  the  axis. 

JoACHIHSTHAL's  ClfiCLE. 

166.  This  is  the  cvrole  through  the  feet  of  the  three  normals  that 
Am  he  drawn  from  a  given  point  a/S  to  a  given  parabola. 

Its  equation  is 

'^  «»  +  y»-(a  +  2a)4?-j8/2.y  =  0.  (438) 

For  if  we  eliminate  x  between  this  and  ^  =  4ax,  and  put 
jf  =  2atan<^  in  the  result,  we  get  (437). 

Cor,  1. — Joachimsthal's  Circle,  having  no  absolute  term, 
passes  through  the  origin.  Menee,  if  from  any  point  three  nor- 
inah  he  draum  to  a  parabola,  their  feet  and  the  vertex  are  eon- 
epeUe, 

Cor,  2. — ^If  a,  j3  be  the  co-ordinates  of  the  point  whence  the 
normals  are  drawn,  the  co-ordinates  of  the  centre  of  Joachim- 
Bthal's  Circle  are 

(o  +  2a)/2,  /3/4.  (439) 

ClBCLE  OF   CUBVATUBE. 

167.  Dbp. — The  circle  through  three  consecutive  points  of  a 
cftrve  is  eaUed  its  Cirele  of  osculation  or  Curvature,  and  its  centre 
and  radius  the  centre,  and  the  radius,  of  curvature  at  the  point. 

If  t,  f,  f  be  the  tangents  of  the  intrinsic  angles  of  three 
points  of  a  parabola,  the  co-ordinates  of  the  circumcentre  of  the 
triaDgle  formed  by  the  tangents  at  these  points  are 

x^^(^  +  f^  +  f^+tf-^ff'  +  tf't  +  4), 
y  =  -^{t+f){f  +  t")  (<"  +  <).     (Equation  (98).) 
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Hence,  supposing  the  three  points  to  be  consecutive,  we  get  the 
co-ordinates  of  the  centre  of  curvature,  viz. 


«  =  a(3^  +  2),     y  =  -2a^. 


(440) 


Now,  let  AE  be  the  tangent  at  the  vertex  of  the  parabola, 
NR  the  directrix.  Then,  if  0  be  the  centre  of  curvature  at  P, 
produce  OP  to  meet  the  directrix  in  N,  and  draw  OE  parallel 
to  the  axis,  to  meet  ^^in  E  and  the  ordinate  PiTproduced  in  F, 
Then  we  have  EO=^a  (3^  +  2),  and  EF  =  AM=-  a^.  Hence 
FO  =  2a  (1  +  ^)  =  2a  sec»«^  =  28P  =  2Pi>.  Hence  OP  =  2Piir; 
that  is,  the  radius  of  curvature  at  any  point  P  of  a  parabola  is  equd 
to  twice  the  intercept  on  the  normal  between  the  point  P  and  the 
directrix. 


Cor,  1. — The  radius  of  curvature  =  2asec'^.  (441) 

For  PiV=  PD  sec  «^  =  /S^P  sec  «^  =  a  sec»^,  and  OP  =  2PiV^. 

Cor.  2. — If  we  form  the  equation  of  the  circle  whose  centre 
is  0  and  radius  =  2a  sec'<^,  we  have  the  circle  of  curvature. 
Hence  circle  of  curvature  is 


««  +  y2  -  2a(3^  +  2)x  +  4a^V  =  3a»^ ; 


(442) 
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or  if  jr'y'  be  the  point  of  contact, 

«»  +  y»  -  2a?(3«'+  2a)  +  ?^.y  -  3^  =  0.      (443) 

Cor.  3. — ^Throngli  any  point  can  be  drawn  four  circles  oscn- 
lating  a  given  parabola. 

For  if  the  point  be  A,  it :  snbstituting  for  «,  y  in  (443),  and 
omitting  accents,  their  points  of  contact  lie  on  the  conic 

Zoj^  +  ^ahx  -  2kxy  +  Aa'h  -  a(A*  +  ;P)  =  0,      (444) 
but  this  intersects  the  parabola  in  four  points. 

Cor,  4. — When  the  point  Kk  is  on  the  curve,  the  circle  oscu- 
lating at  hk  counts  for  one,  and  three  others  can  be  described 
oeculating  elsewhere. 

Etolute  of  Pababola. 

168.  Dkf. — The  hem  of  the  centres  of  curvature  for  all  the 
pointt  of  any  curve  is  called  its  evolute. 

If  we  eliminate  t  between  the  equations  (440),  we  get 

4(a:-2<i)»  =  27ay»,  (445) 

which  is  the  evolute  of  the  parabola. 

Ciw.— Joachimsthal's  Circle  touches  the  parabola  when  two 
of  the  three  normals  coincide ;  then,  if  ay  be  the  centre  of 
curvature,  and  afi  of  Joachimsthal's  Circle,  we  have,  from 
equation  (439),  2a  =  a?  +  2<»,  4/3  =  -  y.  Hence,  from  (445), 
we  get 

2  (a  -  2a)»  =  27a/3«,  (446) 

which  is  the  locus  of  the  centres  of  the  Joachimsthal's  circles 
that  touch  the  parabola. 

BXBBOISBS. 

1.  If  Pi,  Pi,  Ps  be  three  points  whose  nonnals  are  concurrent,  the  line 
throng  the  vertex  parallel  to  any  side  of  the  triangle  PiP»Ps  will  meet 
the  parabola  again  in  the  synunetrique  of  the  opposite  vertex. 

2.  The  lines  through  Pand  A  (fig.,  {  167)  antipaiallel  with  respect  to 
the  izis  to  the  tangent  at  P,  wiU  meet  the  parabola  again  in  the  points 
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where  tlie  osculating  and  the  Joaohimathal's  oiroles  at  P  respectiyely 
meet  it. 

3.  The  hyperbola  «y  -  («' -  2a)y  -  2ay'  =  0  (447) 
passes  through  the  feet  of  the  normals  from  x't^, 

4.  The  envelope  of  the  chords  of  osculation  of  a  parabola  is  the  parabola 

y»  +  12«c  =  0.  (448) 

6.  If  a  Joachimsthal's  circle  touch  a  parabola  at  ^v^y*,  the  chord  joining 

this  to  the  intersection,  different  from  the  vertex,  is  xjx'  +  yly' »  2,  and  its 

envelope  is 

y«  +  Z2ax  =  0.  (449) 

6.  If  ^y'  be  the  co-ordinates  of  the  point  of  intersection  T  of  two  tan- 
gents to  a  parabola,  x"y"  the  coordinates  of  iV,    the  intersection  of 

normals 

:r"  =  2a  -  «' +  y'^/a,    y"  =  -«y/a.  (460) 

For  if  Pi,  Pa  he  the  points  of  contact  on  the  parabola,  the  circle  on  TK 
as  diameter  passes  through  Pi,  Pa,  and  also  the  Joaohimsthal  circle  of  2f. 
Hence  P1P2  is  the  radical  axis  of 

(x  -  x*)(x  -  O  +  (y  -  y')(y  -  y")  =  0, 

and  «»+y«-(ar+2tf)«-^«0. 

Hence  the  equation  of  P1P2  is  a;  (a?'  -  2a)  +  y  (y'72  +  y*)  -  x'x"  -  /y"  =  0 ; 
but  P1P3  is  the  polar  of  T  with  respect  to  the  parabola.  Hence  its  equation 
is  yy'  =  2a  (« -I-  x') ;  and  comparing  coefficients,  &c. 

7.  Two  normals  at  right  angles  intersect  on  the  parabola 

y»-a(*-3a).  (461) 

8.  Find  the  locus  of  the  intersection  of  nonnals  at  the  extremities  of  a 
chord  which  passes  through  a  given  point. 

Since  the  chord  passes  through  a  giyen  point,  the  intersection  of  the 
tangents  will  be  on  the  polar  of  the  point.  Hence  eliminating  x'y'  between 
this  polar  and  equation  (450),  we  get  the  required  locus. 

9.  If  normals  at  xiyi,  x%y%y  xzyz  be  concurrent, 

(*i  -  ira)/y8  +  (*2  -  «8)/yi  +  («i  -  a?i)/y2  =  0.  (462) 

10.  If  the  normal  at  ^  meet  the  parabola  again  at  ^',  then 

tan  ^  (tan  ^  +  tan  ^')  +  2  =  0.  (463) 

11.  If  x'y'  be  the  co-ordinates  of  the  point  of  osculation,  the  co-ordinites 
of  the  other  extremity  of  the  chord  of  osculation  are 

9*',    -3/.  (464) 
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12.  If  the  osculating  drole  at  Pmeet  the  parabola  again  at  P*,  and  the 

oectdating  circle  at  F*  meet  it  again  at  P",  the  envelope  of  PP"  is  the 

parabola 

25y»  =  36««;  (466) 

and  the  locus  of  the  centroid  of  the  triangle  P'PP"  is  the  parabola 

39y»  =  28aa?.  (466) 

13.  Show  that  from  any  point  of  a  parabola,  besides  the  normal  [at  the 
point,  two  others  can  be  drawn ;  find  the  envelope  of  the  chord  joining  their 
feet  and  the  locus  of  its  pole. 

169.  To  find  the  polar  equation  of  the  parabola^  the  focus  being 
pole. 

Let  8  be  the  focus,  P  any  point  in 
the  parabola ;  then  denoting  the  angle 
08P  (in  Astronomy  called  the  true 
anomaly)  by  tf,  and  8P  by  p.  Since 
8P  =  PN^  0M=  2a  -  8M,  we  have 


p  =  2a  -  p  cos  tf ; 


therefore 


2a 


,  =tf8ecH^,     (457) 


^       1+COB^ 

which  is  the  required  equation. 

Cor*  1. — ^K  P8  produced  meet  the  curve  again  in  P, 

PP=4acoBGC^e.  (458) 

Car.  2.—  P8.8P  =  PP. a.  (459) 

Cor.  3. — The  polar  equation  of  the  tangent  at  the  point 
whose  angular  co-ordinate  is  a,  is 

a).  (460) 


2a 

■—  =  cos  tf  +  cos  (0  • 

P 


For  this  will  be  satisfied  if  we  make  0  -a;  and  for  other  values 
of  tf,  the  value  of  p  derived  from  this  equation  is  greater  than 
the  corresponding  value  obtained  from  the  equation  of  the  curve 
Hence,  except  at  the  point  a,  the  line  (460)  does  not  meet  the 
curve. 
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Cor,  4. — The  polar  equation  of  the  normal  at  the  point  a  is 

?=cot|coe|Bm(tf-?);  (461) 

for  if  we  make  tf  =  a,  we  get  p  =  «  sec'  Ja.  Hence  the  line 
passes  through  the  point  a.  Again,  if  we  make  tf  =  x,  we  get 
the  same  value  for  p,  Now,  the  focal  vector  of  the  foot  of  the 
normal  is  equal  to  that  of  the  point  of  contact  (§  165,  Cor.  2). 
Hence  the  line  (461)  passes  through  two  points  on  the  normal, 
and  therefore  must  coincide  with  it. 

Cor.  5.  The  intrinsic  angle  at  any  point  of  a  parahola  is  half 
the  polar  angle. 

Cor.  6. — The  polar  co-ordinates  of  the  intersection  of  tan- 
gents at  the  points  whose  intrinsic  angles  are  ^',  ^",  are 

p  =  fl  sec  ^'  sec  ^",     tf  =  <^'  +  <^".  (462) 


BXBBOISBS. 

1.  Find  the  polar  co-ordinates  of  the  intersectioii  of  tangents  at  the  points 
whose  angular  co-ordinates  are  (a  +  /8),  (a  -  /8). 

2.  The  equation  of  the  chord  joining  the  points  (a  +  /3),  (a  -  jS)  is 

2a 

—  -  cos  0  +  seciS  cos(0  -  o).  (463) 

P 

3.  If  ^1,  ^,  ^  be  the  intrinsic  angles  of  three  points  on  a  parabola,  the 
oircumcircle  of  the  triangle  formed  by  the  tangents  at  ^i,  ^,  ^  Ib 


p  cos  ^1  cos  ^  cos  ^  =  a  cos  (0  -  ^1  +  ^  +  ^),  (4W) 

make  use  of  (462).  (Bitchib.) 

4.  If  0\y  Oif  (hi  Oi  be  the  circumcentres  of  the  four  triangles  foimed  by 
the  tangents  at  ^i,  ^,  ^  ^4  the  points  Oi,  (h,  O3,  O4  are  on  the  circle 
passing  through  the  focus 


2pcos^icos^co8^co6^  =  aooa((^-^i+^  +  ^+  ^4).     (465) 

(iW.) 
The  co-ordinates  of  Oi  are 

»  =  ^i+^  +  ^,    p  =  ^  sec  ^1  sec  ^  sec  ^. 
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5.  If  ^,  ^,  ^  ^,  ^  be  the  intrinsic  angles  of  fire  points,  O'l,  O'z,  O's, 
C/4,  O^s  the  centres  of  fire  circles  detennined,  as  in  Ex.  4,  by  the  tangents 
^^  ^li  ^  &c.,  taken  four  by  four,  the  points  O'l,  0%,  &c.,  are  on  the 
ciicle 


4/»  006^1  co8^  cos^a  006^4  cos^5=a  cos ((^-^1  +  ^  + ^  +  ^4+^5)*   (466) 

(Ihid.) 

6.  Tangents  at  two  points  P,  P'  meet  the  axis  in  the  points  T,  T' ;  proye 

7.  The  polar  equation  of  the  circle  which  touches  the  parabola  at  the 
point  whose  intrinsic  angle  is  a  is 

p  cos'  a  =  a  cos  ((>  -  3o).  (467) 

8.  If  hf  ht  be  the  lengths  of  two  tangents  to  a  parabola,  ^  their  con- 

(468) 


tained  angle,  then  h^  +  fe»  +  2/1/2  cos  ^  =  {hha^<p)t 


9.  If  p,  p'  be  the  radii  of  curvature  at  the  extremities  of  a  focal  chord, 

then 

p-f +  p'-|  =  (2a)-I.  (469) 

170.  To  Jlnd  the  length  of  a  line  dratvnfrom  a  given  point  in  a 
given  direction  to  meet  the  parabola. 

Let  0  be  the  given  point,  OP  the  given  direction,  and  let  the 
rectangular  co-ordinates  of  0,  P  be  a/y,  xy  respectively ;  then 
denoting  OP  by  p,  we  have  P^ 

X  =  3?  +  p  cosO^    g  =  g'+  p  sm$. 

Substituting  these  values  in  the  equation 
y*  =  4ax,  we  get 

p*  em^ $  +  2 {g* em$ - 2a  cob6)p 

+  j^-4aar'=0,  (470) 

a  quadratic  whose  roots  are  the  values 

required.    If  the  roots  of  this  equation 

be  pi,  p2,  and  if  OP  meet  the  curve  again  in  P,  we  may 

put  OP=:pi,  Oi>'=p3. 

Cor.  1. — If  PP  be  bisected  in  0,  we  have  p,  =  -  p-,>  and  the 
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co-efficient  of  the  second  term  in  (470)  is  zero.  Hence,  if  0  be 
constant  and  y*  variable,  we  see  that  the  locus  of  the  middle 
points  of  a  system  of  paraUel  chords  is  the  line  ^  =  2a  cot  0 
(Comp.  }  163.)  (470) 

Cor,  2. — The    product  of  the  roots  of  equation  (470)   is 
(y^-4flw?')  cosec'tf.    Hence 

OP.OF^iff^-  4aar')  cosec» 0. 
Similarly,  if  another  chord  QQ'  be  drawn  through  0,  making 
an  angle  ff  with  the  axis,  we  have 

OQ.OQ^  (y'*  -  4ar')  cosec»  ff. 


Hence 


OP.  OP:  OQ.  OC::  cosec'tf  :cosec»^. 


BXEBOISBS. 

1.  If  AXf  A' J!  be  two  diameters  of  a  parabola,  0,  Ct  any  two  points  in 
them,  TFy  Q,Q£  parallel  chords  through  0,  (/  respectively, 

AOxAawOT.OrxOQ.O'Qt, 

2.  If  2!S,  TV  be  two  tangents,  S  the  focus, 

ri?:  TV^\\8R\SV. 

3.  lic^e  be  the  lengths  of  focal  chords  parallel  respectively  to  TR^  TV, 

4.  If  a  chord  PP'  through  the  point  ^  of  a  parabola  make  an  an^e  ^ 
with  the  tangent  at  ^,  and  an  angle  $  with 

P. 

PP*  cos^sin^O 


the  axis 


sini^c 

Let  FT,  PTbe  the  tangents  at  F P* ;  and 
since  the  angle  MTF  is  the  complement  of 
^,  we  have 

8un(r :  cos  ^  : :  MT  (or  2AM) :  MF ; 
therefore        JIIF  sin  4^  =  2AM  cos  ^. 
Again,  if  i^  be  the  focus, 

4A8.AM^MF*;    (§164.) 
therefore  2AS ,ean^^  MF  cos  ^. 
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Bnt 

A8^ao(x/^$, 

(§  164,  Cbr.  1.) 

Henee 

.    ,     PJP' coe  ip .  as?  $ 
sm^s 7^^ . 

(471) 

5.  If  tlmmg^  any  point  ^  on  a  parabola  be  drawn  two  chords  making 
aa^  4>,  f  witii  the  tangent  at  ^ ;  then,  if  «,  ^  be  their  lengths,  $,  $'  their 
dizMtioQang^ 

sin^ :  Binf : :  <;  on' 9 :  /  sin* ^.  (472) 

171.  ^  Xy  fij  y  denote  the  perpendiculars  from  the  summits 
of  a  eireumseribed  triangle  on  any  tangent  to  a  parabola,  and  if 
t'i  ^"f  4*'"  ^  the  points  of  contact  of  its  sides^ 

tan^^-tan^^     tan^[^-tan^'     tan  »^^^  -  tan  »^ 

(473) 

&T  the  equation  of  any  tangent  is  z-ytsji4>'^a  tan*  ^  =  0  ; 
and  X  being  the  perpendicular  on  this  from  the  intersection  of 
tmgents  at  ^',  4>",  we  have 

X  =  acoe^(tan^-tan^')  (tan  ^  -  tan  ^")  ; 

therefore 

tan^'-tani^"  1 


X  acoe^  |tan^-tan^'     tan^-tan^")' 

with  similar  values  for 

tan <^"-  tan <^'"     tan  i^'"-  tani^' 
, 

sad  these  added  vanish  identically.    Hence  the  proposition  is 
pfored. 

Cor,  1. — U  y',  y",  y"'  denote  the  ordinates  of  the  points  of 
contact  of  the  parabola  with  the  sides  of  the  triangle, 

tzK.tlzr.fCL-f^O.  (474) 

X  ft  F  ^  ' 

0 
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Car.  2. — In  like  mann^,  if  a  polygon  of  anj  number  of  sides 
be  circumscribed  to  a  parabola, 

X  ft  y  i 

Cor.  3. — If  the  co-ordinates  of  the  summits  be  a')8',  a"j8",  &c., 
it  is  easy  to  see  that 

yp'^'Aaa!  =  a  (tani^'  -  tan  ^"). 
But  p*^  -  4aa'  is  the  power  of  the  point  a'p'  with  respect  to  the 
parabola.   Hence  \/l3^  -  4aa'  may  be  denoted  by  -v/^«    Hence 
wehaye 

^V-  + + +  &c-  =  0,  (476) 

A  fl  F 

for  any  circumscribed  polygon. 

Car,  4. — If  a  circumscribed  polygon  consist  of  an  odd  number 
of  sides,  ^y",  &c.,  it  can  be  expressed  in  terms  of  the  ordinates 
of  its  summits ;  thus,  in  the  case  of  a  triangle,  if  p>j  /3",  &c.,  be 
the  ordinates  of  the  summits,  we  get,  instead  of  (474),  the 
equation 

^^^^'^rizZ.o.  (477) 

A  ft  F 

Car.  5. — The  perpendiculars  from  the  points  ^',  ff/'  on  the 
tangent  at  ^  are 

a  cos  ^(tan  ^  -  tan  ^')S     a  cos  ^(tan  ^  -  tan  ^"J* ; 
and  the  perpendicular  from  the  point  of  intersection  of  tangents 

is 

a  cos  ^(tan  ^  ~  tan  ^')(tan  ^  -  tan  ^"). 

Hence  we  have  the  following  theorem — The  perpendicular  Jram 
an  external  point  R  on  any  tangent  to  the  parabola  is  a  mem 
proportional  between  the  perpendiculars  on  the  same  tangent  from 
the  points  where  the  polar  of  R  meets  the  parabola. 

Cor.  6. — ^From  Car.  6  we  have  immediately  the  following 
theorem  \—If  a  quadrilateral  circumscribe  a  parabola,  theproiud 
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ofiheperpendieulaTsfrom  the  extremities  of  one  ofite  three  diagonaU 
on  any  tangent  is  equal  to  the  product  of  the  perpendiculars  on 
the  same  tangent  from  the  extremities  of  either  of  the  remaining 
diagonals. 

Exercises  on  the  Parabola. 

1.  Find  the  polar  equation  of  the  parabola,  the  vertex  being  the  pole. 

2.  What  ia  the  intrinsic  angle  at  either  extremity  of  the  latuB  rectum  F 

3.  What  is  the  equation  of  the  tangent  at  an  extremity  of  the  latua 
rectum? 

4.  AB,  CD  are  two  rectangular  diameters  of  a  circle.    Through  A 
chord  AF  is  drawn  meeting  CD  in  JE,  and  through  £,  EK  is  drawn  parallel 
to  AB  meeting  BF  in  JT;  prove  that  the  locus  of  JTis  a  parabola. 

(Bbooabd.) 

5.  Find  the  equation  of  the  nonnal  at  the  extremity  of  the  latus  rectum 

6.  In  the  figure,  §  169,  prove  that  the  points  P',  A^  JVare  coUinear. 

7.  If  the  ordinates  of  three  points  on  a  parabola  be  in  geometrical  pro 
gression,  prove  that  the  pole  of  the  line  joining  the  first  and  third  lies 
the  ordinate  through  the  second. 

8.  If  from  a  point  0  whose  abscissa  is  a;  a  perpendicular  be  let  fall  on 
the  polar  of  0,  if  this  meet  the  polar  in  R  and  the  axis  in  G^ 

9.  If  two  equal  parabolse  have  a  common  axis,  but  different  vertices,  the 
tangent  to  the  interior,  and  bounded  by  the  exterior,  is  bisected  at  the  point 
of  contact. 

10.  Prove  that  the  locus  of  the  pole  of  a  chord  which  subtends  a  right 
angle  at  the  point  hk  is 

ax2  -  V  +  (4«»  +  2aA)*  -  7,aky  +  a  (A'  +  *»)  =  0.  (478) 

The  condition  that  the  extremities  of  the  chord  joining  the  points  ^',  ^ ' 
may  subtend  a  right  angle  at  the  point  hk  is 

{h  -  af^  (h  -  <U"^)  +  (*  -  2aO(*  -  2a«")  =  0 ; 

and  the  co-ordinates  of  the  pole  of  the  chord  are 

Hence  olitniTiftting  t\  f'  we  get  the  required  equation. 

o2 
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11.  If  ^m  any  point  in  the  line  x^a'  tangents  be  drawn  to  a  parabola, 
the  product  of  their  direction  tangents  is  a  -  a'.  (^79) 

12.  Find  the  locus  of  the  intersection  of  tangents  at  the  points  ^r,  ^*\ 
if  tan  ^'  B  M  tai^  ^"-  -^f^-  y*  =  (m*  +  M"^)'  «*•        (*80) 

13.  Proye  that  the  equation  of  the  chord  whose  middle  point  is  Ailr  is 

*(y-*)  =  2a(r-A).  (481) 

14.  If  a  chord  of  a  parabola  subtend  a  right  angle  at  the  yertex  the  locus 
of  its  middle  point  is  y*  *=  2a  (x  -  4a).  (482) 

16.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^',  f " 
and  their  chord  of  contact  is 

^(tan^'-tanO«.  (488) 

16.  If  a  yariable  circle  touch  a  fixed  circle  and  a  fixed  line,  the  locus  of 
its  centre  is  a  parabola. 

17.  If  the  difference  between  the  ordinates  of  two  points  on  a  parabola  be 
given,  the  locus  of  the  intersection  of  tangents  at  these  points  is  an  equal 
parabola. 

18.  If  two  tangents  to  a  parabola  from  a  variable  point  P  include  an 
angle  9,  prove,  if  iS  be  the  focus,  FN  a  perpendicular  on  the  directrix, 

FN^SFcmB,  (484) 

19.  The  area  of  the  triangle  formed  by  the  points  ^',  ^"  and  the  focus  b 

a»  (tan  ^'  -  tan  ^")  (1  +  tan  ^'  tan  ^").  (485) 

20.  A  triangle  ABC  is  inscribed  in  a  parabola  whose  focus  is  F;  show 
that  one  of  the  circles  touching  the  perpendicular  biBectors  of  FA^  FB,  FC 
passes  through  the  circumcentre  of  the  triangle  ABC,       (E.  A.  Bobxbxs.) 

Let  p,  ri,  rs,  n  be  the  distances  of  a  point  F  from  P,  A,  B,  C,  respec- 
tively, and  a$y  the  co-ordinates  of  F  with  respect  to  the  triangle  formed  by 
the  perpendiculars  to  FA,  FB,  FC  at  their  middle  points.  Then  we  have, 
evidently, 

p»  -  n'  =  2FA  .  a  =  2a  8e<^  ^1 .  a. 
Hence 

a  =  cos*  ^1  (/j^  -  ri»)/2a. 
Similarly, 

i8  =  cos«^(p«-ra«}/2a,    y  =  cos»  ^  (f.»  -  ri«)/2a. 

Now,  the  equation  of  a  circle  touching  a$y  is 

cos  JO87)  ^/'i  +  oos  J(7a)  y/fi  +  cos  J(«^)  \/y  «  0. 
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Heaoe,  by  substitutiony  we  get 

Bin (^  -  ^)  COS ^1 V^/)*-  n'  +  gin  (^8  -  ^i)  cos^xV'p'  -  rf 

+  gin  (^1  -  ^)  cos  ^8  V^/)*  -  rs*  =  0, 
Imt  if  P  be  the  circumcentre  of  the  triangle  ABC,  ri^r2  =  rz,  and  we  get 

sin  (^-  ^)  cos  ^1  +  sin  (^-^i)  C06^  +  sin  (^i  -^)  cos ^8  =  0, 
which  is  true. 

21.  The  co-ordinates  of  the  centroid  of  a  triangle  ABC  inscribed  in  the 
parabola  y^ = \ax  are  a,  /3 ;  show  that  the  co-ordinates  of  the  centroid  of  the 
triangle  fonned  by  the  tangents  at  A,  B,  C  are 

^-^^,  0.  (Hid.)  (««) 

22.  If  a  series  of  circles  8,  81,8%,  83,  See.,  touch  each  other  oonseoutively 
along  the  axis  of  a  parabola ;  then,  if  the  first  be  the  circle  of  cuirature 
of  the  i>arabola  at  the  vertex,  and  the  others  haye  each  double  contact 
with  the  parabola,  prove  that  their  diameters  are  proportional  to  the  odd 
numbers  1,  3,  5,  &c. 

23.  If  p,  p'  be  two  radii  yectores  of  a  parabola  from  the  vertex  at  right 
angles  to  each  other,  prove  pip'%  =  16a^  (pi  +  p'l).  (487) 

24.  The  perpendicular  from  the  focus  on  any  chord  of  a  parabola  meets 
the  diameter  which  bisects  that  chord  on  the  directrix. 

25.  If  from  any  two  points  ^',  ^"  of  a  parabola  perpendiculars  be  drawn 
to  the  directrix,  the  intersection  of  tangents  at  ^',  ^^  is  the  centre  of  a 
circle  through  the  focus  and  feet  of  the  perpendiculars. 

26.  If  from  any  point  F  a  perpendicular  FQ  to  the  axis  meet  the  polar  of 
Pin  J2,  find  the  locus  of  P,  if  PQ .  Pi2 be  constant 

Ana,  A  parabola. 

27.  Find  the  circle  whose  diameter  is  the  intercept  which  y^  -  4ax  »  0 
makes  on  the  line  y^mx-hn. 

Ant,  m*(«»  +  y«)  +  2(m«-2a)a?-4amy  +  4amn+«»=0.     (488) 

28.  If  8L  be  the  perpendicular  from  the  focus  of  a  parabola  on  the  normal 
at  any  point,  find  the  locus  of  L, 

29.  If  a  chord  of  a  parabola  be  bisected  by  a  fixed  double  ordinate  to  the 
axis,  the  locus  of  the  pole  of  the  chord  is  another  parabola. 

80.  If  in  the  equation  tors  t^^  to  and  s  denote  complex  variables,  prove, 
if  2  describes  a  right  line,  that  w  describes  a  parabola. 
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31.  Two  chords  from  the  yertex  to  pointfl  ^\  ^"  of  a  parabola  make  an 
intercept  on  the  directrix,  which  is  bisected  by  the  join  of  the  yertex  to  the 
intersection  of  tangents  at  ^\  ^", 

32.  Two  fixed  tangents  to  a  parabola  are  cut  proportionally  by  aay 
yariable  tangent. 

33.  If  pi,  pt,  p3  be  the  focal  yectors  of  three  points,  ^i,  ^s,  ^  of  a  paza- 
bola,  then 

2  sin  (  lpiP2)l^  B  0.  (Kbubebg!)    (489) 

Kpipa)  =  (^1  -  ^)    and   p3  =  «Bec'^. 

Hence,  by  substitution  we  get 

2  8in(^i-^,)coe^  =  0, 
which  18  true. 

34.  In  the  same  case,  proye  that 

«  =  2fnptpi  sin  i  (pipt)  sin  i  (paps)  sin  }  (pjpi)/2pip»  sin  (pipt). 

{Ibid,)    (490) 

35.  AB  is  a  focal  chord,  and  AM,  BM  are  respectiyely  parallel  and 
perpendicular  to  the  axis.  If  i\r  be  the  foot  of  the  normal  at  3,  lfJ\rii 
perpendicular  to  BN.  (Bbocabd.) 

36.  Trisect  an  arc  of  a  circle  by  means  of  a  parabola. 

37.  The  radical  axis  of  two  circles  whose  diameters  are  any  two  chordB 
intersecting  on  the  axis  of  a  parabola  passes  through  the  yertex. 

38.  A  coaxal  system  of  circles,  haying  two  real  points  of  intersection, 
are  intersected  by  two  chords  passing  through  onex>f  these  points.  In  two 
systems  of  points  P,  P',  P",  &c. ;  Q,  Q',  Q\  &c.,  proye  that  the  chocds 
PO,  P'Q',  P"Q",  &c.,  are  all  tangents  to  a  parabola. 

39.  LO,  the  perpendicular  at  the  middle  point  Z  of  a  focal  chord,  meeti 
the  axis  in  0,  Proye  that  80,  ZO  aro  the  arithmetic  and  the  geometne 
means  of  the  focal  segments  of  the  chord. 

40.  If  I'  be  the  intercept  which  a  tangent  to  a  parabola  makes  on  the  axis 
of  y,  and  ^  the  angle  it  makes  with  it,  proye  that  ir  =  a  tan  ^  is  a  tangential 
equation  of  the  parabola. 

41.  If  two  circles  touch  a  parabola  at  the  ends  of  a  focal  chord*  and  pass 
through  the  focus,  they  cut  orthogonally ;  also  the  locus  of  their  second 
intersection  is  a  circle. 

If  2a  be  the  direction  angle  of  the  focal  chord,  the  polar  equations  of  the 
two  circles  are 

p  sin^  a  a  a  sin  (8a  -  (^),  (491) 

pco8'a  =  -acos(8a-tf).  (492) 
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The  locus  of  their  second  pomt  of  intersectioii  is 

p^  -  ap  cos  a  -  2a*  =  0.  (493) 

42.  Give  a  geometrical  construction  for  drawing  a  tangent  to  a  parabola 
from  an  external  point. 

43.  If  i?  be  the  circnmradins  of  a  triangle  ABC  inscribed  in  a  parabola, 
"whoBe  side  AB  makes  an  angle  9  with  the  axis,  prove 

a^RtojiB  .Bm(9-A)t&R(9^-B),  (494) 

44.  If  />],  ps,  p3  be  the  distances  from  the  focus  to  the  summits  of  a 
circumscribed  triangle,  then,  if  i?  be  the  circumradius  of  the  triangle,  prove 
that 

4«=:pi/>ap3/J?.  (496) 

46.  If  ABC  be  a  triangle  inscribed  in  a  parabola,  A%  J^,  C  the  poles  of 
BC,  CAy  AB,  respectively,  prove  that  the  circumcentres  of  the  triangles 
A'BC,  AB'Cy  ABC,  and  the  focus  are  concyclic. 

46.  The  area  of  the  parabolic  segment  cut  off  by  any  chord  is  two-thirds 
ol  the  triangle  formed  by  the  chord  and  the  tangents  at  its  extremities. 

47.  Prove  that  the  angle  of  intersection  of  ^  -  4a«  s  0,  d;*  -  ^by  =  0,  is 

48.  If  the  normal  at  a  point  ^  on  a  parabola  meet  the  axis  in  JT,  the 
envelope  of  the  parallel  through  JT  to  the  tangent  at  ^  is  a  parabola. 

49.  If  the  sum  of  the  absciss®  of  two  points  on  a  parabola  be  given,  the 
locus  of  the  intersectioa  of  the  tangents  at  the  points  is  a  parabola. 

60.  If  from  the  vertex  ^  of  a  parabola  a  perpendicular  AF  be  drawn  to 
any  tangent,  the  locus  of  the  point  inverse  to  P,  with  respect  to  a  circle 
whose  centre  ii  ^,  is  a  parabola. 

61.  Find  the  locus  of  a  point  P,  if  the  normals  corresponding  to  the 
tangents  from  P  meet  on  the  line  ^j;  +  ^y  +  C  =  0.  (497) 

Am.  A^ -  Bxy  -  Aax  +  WA  +  a(7=  0. 

62.  If  normals  be  drawn  from  the  point  x*y*  to  the  parabola,  prove  that 
the  drcumcircle  of  the  triangle  formed  by  the  corresponding  tangents  is 

(a?-a)(«4«'-2a)+y(y  +  y')  =  0.  (498) 

63.  Two  parabolsB,  8,  S',  have  a  common  focus,  parameter,  and  axes, 
their  vertices  being  on  opposite  sides  of  the  focus ;  show  that  if  from  any 
point  on  S  two  tangents  be  drawn  to  S',  the  circumcirde  of  the  triangle 
fonned  by  these  tangents  and  their  chord  of  contact  touches  S^. 

(F.  PUASBB.) 
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64.  Two  equal  parabol»,  8^  S'y  have  coincident  axes,  which  have  the 
same  direction,  while  the  foona  ^  of  ^  ia  the  yertez  of  S^.  Show  that  if  F 
he  a  point  on  ^y  the  chord  of  8  through  P,  which  paasea  through  P,  is  the 
minimum  chord  through  P. 

{Ihid.) 

65.  If  /i,  i%f  tzy  ti  denote  the  tangents  of  half  the  inclinations  to  the  axifl 
of  four  ooQcyclio  tangents  to  a  parahola,  ^1/3^3^  *=  1.    (Nbubxbo.)    (499) 

^  -    Dbp. — Four  linei  -are  said  to  b$  coney elic  when  they  touch  the  tmno  eireU, 
The  tangent  at  the  point  f  to  a  parahola  ux--yisai^  +  a  tanV  =  0 ;  if 
this  touch  the  circle  {x  —  a)'  +  (y  —  JS)'  ^  J^s  the  perpendicular  on  it  fimn  the 
point  a$  is  equal  to  JK.    Hence  we  get 

a  cos'  ^-/Ssin^oos^  +  a  sin'  ^  =  J2  cos  ^. 
Now,  putting 

,    ^  «^      l-tan«a      1-^ 

8in^  =  co6  2tf  =  ,  .  ^    ,^  -  rT-5» 

tf <*  -  2  (J2  -  i3)  <»  +  2  (2a  -  a)  <»  -  2  (JJ  +  i3)  <  +  «  =  0. 
In  this  equation  the  roots  are  ^1,  ^,  <s,  ti.   Hence  the  proposition  is  prored. 

66.  If  a  circle  osculates  a  parahola,  and  if  2tf  he  the  inclination  of  the 
tangent  at  the  point  of  osculation,  and  2(^i,  of  the  other  common  tangent, 

^      tandieooftf.  {Ibid,)    (500) 

67.  The  diameter  of  the  circle  inscribed  in  the  quadrilateral  formed  hy 
concyclic  tangents  of  a  parabola  is  equal  to  the  sum  of  the  perpendiculars 
from  the  focus  on  the  tangents.  {Ibid.] 

For  the  equation  in  t  gives 

2  tana  =  2(J2  -  i8)/«,    2  oottf  =  2 (i?+  i3)/a. 
Hence,  by  addition, 

iRja  -  2(oote  +  tan  9)  *=  22  cosec2e  ^  22  sec^; 

.-.  22^  B  2a  sec^  =  sum  of  perpendiculars. 

68.  The  ordinate  of  the  centre  of  the  circle  is  the  arithmetic  mean  of  the 
sum  of  the  ordinates  of  the  points  of  contact  on  the  parahola.  {li*'^) 

69.  If  JRif  i?3,  J23i  -Sa  be  the  radii  of  curvature  at  the  points  of  contact 
with  the  parabola  of  concyclic  tangents, 

2*-B»  at  (fiii+J2,t+JJsJ+J24*).         {Ibid.)    (601) 
For  Ri  =  2a  sec»^i,  equation  (441). 

Hence,  a  sec  ^1 »  (a*i?i/2)l,  &o. 

60.  If  four  circles  osculate  at  the  points  of  contact,  of  oonoycKo  tangents, 
the  other  common  tangents  of  these  circles  and  the  parahola  are  ooncyclio. 
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THE  ELLIPSE. 


172.  Dkf.  I. — Being  given  in  position  a  point  S,  and  a  Kne 
NIP.    The  hem  of  a  variable 
point  P,  whose  distance  from  ^ . 
8  has  to  its  perpendicular  dis- 
tance from  NN'  a  given  ratio 
0y  less  than  unity ^  is  called  an  q  ■ 

XLUPSB. 

Def.  n. — The  point  8  is 
called    the   focus,     the    line  ^' 
NN'     the     DLEBCTEix,    and 
the  ratio  e  the  xocsKTBiciTr  of  the  ellipse. 

173.  To  find  the  equation  of  the  ellipse. 

1®.  Take  the  focus  as  origm,  and  the  line  through  8.  per- 
pendicular  to  the  directrix  as  the  axis  of  x,  and  a  parallel  to 
the  directrix  through  8  »b  the  axis  of  g;  also  denote  the 
perpendicular  80  from  8  on  the  directrix  by  /;  then,  if 
the  co-ordinates  82f,  MP  be  a?y,  we  have  /SP'=^«'+y*, 
FN'-  a  +/;  but  (Dep.  i.)  8F  -t  PiV=  e ;  therefore 

«3  +  y»  =  «»(«+/)«,  (502) 

which  is  the  required  equation. 


Obseryatlon. — It  will  b^  seen  that  equation  (602)  includes  the  tbree 
oonio  sections.    Thus,  when  #  is  less  than  unity,  it  represents  an  ellipse ; 
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when  equal  to  unity,  a  parabola;  and  when  greater,  a  hyperbola.  Alio 
the  general  equation  ac*  +  Ikxy  +  ^*  +  2^*  +  2fy  +  «  =  0  may  obviously 
be  written  in  the  form  (4?  -  a)*  +  (y  -  JS)'  ^  {Ix '\'  my  -k-  n)* ;  for,  by 
expanding  and  comparing  coefficients,  we  should  obtain  a  sufficient  number 
of  equations  to  detennine  a,  iS,  &o.,  in  terms  of  the  coefficients  of  the  general 
equation.  And  it  is  eyident  that  (x  -  «]'  +  (y  —  /3)'  s  (£r  +  my  +  n)*  can 
by  transformation  be  reduced  to  the  form  (602). 

2°.  If  in  (502)  we  put  a?  =  «  +  — ^, 
^eget  ^+-2_«__.  (X.) 

Hence,  if  C  be  the  new  origin, 


^^-1^-  ("•) 


Now,  putting  y  a  0  in  (i.),  we  get 


giving  for  x  two  values,  equal  in  magnitude,  but  of  opposite 
signs.  Hence,  denoting  the  points  where  the  ellipse  meets 
the  axis  of  x  by  -4,  -4',  we  have 


l-d»'  1-<J»' 

therefore  AC  ^  CA',  and   the  line  AA'  is  bisected  in  C, 
Hence,  denoting  AA'  by  2a,  we  have 

a=j--f^.  (in.) 

Again,    putting  d; « 0,   and   denoting  the   points  where  the 
ellipse  cuts  the  axis  of  y  by  B^  B\  we  get  in  the  same  maimer 


Hence  BB*  is  bisected  in  C;  and,  denoting  BB*  by  2ft,  ▼« 
have 
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IS'ow,  since  equation  (i.)  may  be  written 


from  (m.)  and  (it.)  we  get 


5-S  =  l-  («03) 


a' 


^ 


This  is  the  standard  form  of  the  equation  of  the  ellipse. 

Def.  m. — The  Unes  AA\  BJff  are  catted^  retpeetwely,  the 
TBAVSTEBSB  oxts  and  the  coNXueATB  axis  of  the  eUipse,  and  the 
point  C  the  ckktbe. 

Bbp.  IV. — The  double  ordinate  ZL'  through  S  is  called  the 

LATHS  RECTUM  OT  PAEAKBTBB. 

The  name  parameter  is  also  employed  by  mathematicians  in  another  and 
a  widely-different  signification.  Hence,  to  ayoid  confusion,  it  would  be 
better  to  discontinue  its  use  as  a  name  for  the  latut  rectum. 

174.  The  following  deductions  from  the  preceding  equations 
are  very  important : — 

1^.  ^  «  «» (1  -  «»),  from  (ra.)  and  (it.) 

2®.  U  CShe  denoted  hj  e,  e  =  ae,  from  (n.)  and  (m.) 


<i'  •'^     l-e"    •"     1  -«» 

4°.  y  +  0*  =  a\  from  1^  and  2°. 

5°.  ra.CO  =  «Sfrom2°and3°. 

6°.  Latus  Rectum  =  2<i(l  -  «•).  For  in  equation  (502)  put 
a?  =  0,  and  we  get  8Z  ^ef;  therefore  ZZ'  =  2ef  =  2a(l  -  «*), 
from  (m.) 

7°.  From  1^  and  6®,  we  infer  that  the  transverse  axis  AA\ 
the  conjugate  axis  BB',  and  the  latus  rectxmi  LZ\  are  con- 
tinual proportionals. 

8°.  From  the  equation  (503)  it  is  evident  that  the  ellipse 
is  symmetrical  with  respect  to  each  axis.  Hence,  if  we  make 
C8'  e  8C,   the   point   S'  will  be   another  focus.    Also,  if 
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we  make  C(y  =00,  and  through  O'  draw  MW  peipendionl^ 
to  the  transyerse  axis,  the  line  MW  will  he  a  second  directrix, 
corresponding  to  the  second  focus. 

BZBBOISBS. 

1.  Oiyen  the  base  of  a  triangle  and  the  sum  of  the  sides,  find  the  locus  of 
the  yertex. 

Let  8S^F  be  the  triangle,  let  the  sum 
of  the  sides  equal  2a,  half  the  base  =  e, 
and  xy  the  co-ordinates  of  F ;  then  8P 
=  {(^  +  *)»  +  y»}»,-S'P=;{(i:-*)«  +  y»}». 
Hence  {(<»  +  ir)«+y'}*  +  {(tf-«)»  +  y«}»    s* 

=  241.  (I.) 

This  cleared  of  radicals  givee 


(a»-ii*)«»  +  a>y»  =  <^(«^-«?); 


or,  putting  a'  -  «•  ?=  i*. 


Hence  the  locus  is  an  ellipse,  having  the  extremities  of  the  base  as  foci. 

Cor.  1 .—  S^F^^a-  e^.  (604) 

For  in  clearing  (i.)  of  radicals,  we  get 

that  is,  aS'Fetifi  -  aex :  therefore  S'F=a  -  sx. 

Cor.  2.—  5P  =  «  +  «p.  (606) 

2.  Giyen  the  base  of  a  triangle  and  the  product  of  the  tangents  of  the 
base  angles,  the  locus  of  the  vertex  is  an  ellipse. 

3.  Given  the  base  and  the  sum  of  the  sides,  the  locus  of  the  centre  of  the 
inscribed  circle  is  an  ellipse. 

For  if  xy  denote  the  co-ordinates  of  the  incentre  of  SFS*,  we  have  the 
perimeter  s  2a  +  2«. 

1 


Also 

Now, 

hence 


tanJi».tanJiS'  =  ?-^=-^^  , 

tanJ/8^  =  -^,    tanj^'=-^; 
*        «  +  »'  '         c-x 


1 
1+*" 
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Theraford 


(606) 


In  a  similar  way  it  may  be  proved  tliat  the  locus  of  the  centre  d  the 
esoiibed  oirole,  which  touches  the  base  externally,  is  the  ellipse 


^{l+e) 


(607) 


\ 


and  the  loci  of  the  centres  of  the  escribed  circles  which  touch  the  base 
produced  are  the  directrices  of  the  ellipse  which  is  the  locus  of  the  yertez. 

4.  MIf  IB  a  parallel  to  the  diagonal  J.C  ai  &  fixed  rectangle  ABCD. 
AE  is  made  equal  to  AD ;  and  EM;  DN   ^ 
joined ;  prove  that  the  locus  of  their  inter- 
section P  is  an  ellipse.  (Pohlkb.) 

6.  If  a  line  AB  of  given  length  slide 
between  two  rectangular  lines  OA,  OB, 
the  locus  of  a  point  P  fixed  in  the  sliding 
line  is  an  ellipse.  For  let  AF  »  h,  BP^a ; 
then,  denoting  the  co-ordinates  of  Pby  xy, 
and  the  angle  OAP  by  0,  we  have 

Henoe,  eliminating  9  we  get 

6.  If  a  fixed  point  8,  and  a  fixed  circle,  whose 
centre  is  0,  be  both  at  the  same  side  of  a  fixed  line 
JiN\  and  through  8  any  line  be  drawn  meeting  the 
circle  in  P,  and  IfN*  in  E ;  then  if  EO  be  joined, 
meeting  a  parallel  to  OP,  drawn  through  8mp,thQ 
locus  ofi?  is  an  ellipse.  (Boscovich.) 

7.  Prove  that  the  radius  of  the  Boscovieh  Circle^ 
divided  by  the  distance  of  its  centre  from  the  fixed  line, 
is  equal  to  the  eccentricity. 

8.  CB  iB  K  fixed  diameter  of  a  given  circle,  A  a 
fixed  point  in  CB  produced.    Through  A  draw  any 

line  meeting  the  circle  in  D  and  E,    Join  CD  and  produce  to  JP,  making 
CF  e  AE\  the  locus  of  P  is  the  ellipse 

-^  +  -^  -  1.  (Sir  W.  Hamilton.) 
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175.  To  exprM8  the  co-ordinates  of  a  point  P  on  an  ettip$e 
ABA-Bf  in  terms  of  a  single  variable. 

Let  AA'y  BB^  be  the  transverse  and  conjugate  axes  of  tiie 
ellipse  upon  AA'  as  diameter ; 
describe  the  circle  AT* A!,  Let 
F  be  any  point  of  the  ellipse, 
MP  its  ordinate;  produce  MP 
to  meet  the  circle  AlP'A'  in  P', 
Join  OP',  and  denote  the  angle 
MOP'hj  <l>;  then,  since  OM-  x, 
OP  =  «,  we  have  x  ^  a  cos  ^. 
This  value,  substituted  in  the 
equation  (503)  of  the  ellipse, 
gives  y  a  S  sin^ :  therefore  the  co-ordinates  of  jP  are  a  cos^ 
h  sin^. 

DsF. — The  circle  described  on  AA'  as  diameter  is  called  the 
AUxiLUBT  circle  of  the  ellipse,  and  the  angle  ^  the  eccentric 
angle. 

The  tenn  eooentric  has  been  taken  from  Astronomy ;  the  angle  ^  in  that 
science  being  called  the  eccentric  anomaly. 

Cor.  I, — Since  PM  =  8  sin  <^,  and  P'M=  a  sin  <^, 


^ — 

— ^ 

p' 

/             B 

/ 

X 

1                  0 

7/ 

\ 

k 

Am     r 

Vv 

^J 

V2 

y 

P'MiPMi'.aib. 


(508) 


Hence  we  have  the  following  theorem : — ^The  locus  of  a  point -P 
which  divides  an  ordinate  of  a  semicircle  in  a  given  ratio  is  an 
ellipse  ;  or  again,  If  from  aU  the  points  in  the  ciroumference  of  a 
circle  in  one  plane  perpendiculars  be  let  fall  on  another  planCf  in- 
dined  to  the  former  at  any  angle,  the  locus  of  their  feet  is  an  eUipte 

(called  THE    OETHOGOWAL    PBOJECTIOV    OP    THB    CIBCLK).      FoT  the 

diameter  of  the  circle  which  is  parallel  to  the  intersection  of  the 
planes  is  tmaltered  by  projection ;  and  the  ordinates  of  the  circle 
perpendicular  to  this  line  are  projected  into  lines  having  a 
given  ratio  to  them. 
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Cor.  2. — If  through  P  the  line  PiVbe  drawn,  making  with 
the  transverse  axis  an  angle  equal  to  the  eccentric  angle,  FN  is 
equal  to  the  semi-conjugate  axis  b. 

Cor.  3.— UN'  =  a  -  8.  (609) 

Cor.  4. — If  p  he  the  radius  vector  from  the  centre  to  any 
point  P  of  the  ellipse,  then 

p  =  a£k{4>),  where  £k{4>)  «  y^l  - «»  sin»«^.       (610) 

Observ«tion. — ^If  the  equation  of  the  ellipse  be  written  in  the  f  onn 


and  if 
weget 

or,  denoting  tan  $  by  <, 


(-=)('-3-e)' 

2B^(tana  +  cot^), 
o 

y        2t        X     1-f 


*      !  +  <»'    a      1+^' 


BXBBOISBS. 


(611) 


1.  The  auxiliary  oirde  touches  the  ellipeeat  the  two  points  Ay  A' ;  hence 
it  has  doable  contact  with  it. 

2.  If  on  the  conjugate  axis  as  diameter  a  circle  be  described,  and  ordi- 
nates  be  drawn  parallel  to  the  transverse  axis,  the  ordinates  of  the  ellipse 
are  to  those  of  the  circle  as  a :  d. 

3.  If  a  cylinder  standing  on  a  circular  base  be  out  by  any  plane  not 
parallel  to  the  base,  the  section  is  an  ellipse. 

4.  If  a  circle  roll  inside  another  of  double  its  diameter,  any  point  in- 
variably connected  with  the  rolling  circle,  but  not  on  its  circumference, 
describes  an  ellipse. 

For  if  P  be  the  point,  C  the  centre  of  the  rolling  circle  X.  Join  CF, 
and  produce  to  meet  X  in  X  and  Jf ;  then  X,  Jf  are  fixed  points  in  the  cir- 
cumference of  X  Hence  when  X  roUs  the  loons  of  each  is  a  right  line ; 
thus  the  points  2,  M  describe  two  rectangular  diameters  of  the  circle  on 
which  X  rolls.    Hence,  £x.  6^  page  205,  the  locus  of  P  is  an  ellipse. 
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176.  The  loeue  of  the  middle  pointe  of  a  eyetem  of  peraM 
ehords  of  an  ellipse  ie  a  right  line. 

Let  PJP'  be  a  chord  of  the  ellipse,  and  let  the  eccentric  angles 
of  i>,  P'  be  (a  +  13),  (a  -  13) 
respectively ;  then  (§31,  Ex.  3) 
the  equation  of  PP'  is 

b  cos  a.  x-\-a  eiaa.  ytsob  cos  j8. 

Now,  it  is  evident  that  if  a  be  con- 
stant and  j8  variable,  PJP*  will  be 
one  of  a  system  of  parallel  chords. 

Let  Xi,  yi  be  the  co-ordinates  of  the  middle  point  of  PP,  then 
we  have 

«?!=-  (cos'(a+^)+cos(a-j8)]  =aco8ocos)S, 

yi«-  (8in(a  +  j8)  +  sin(a-j8))  =  5  sin  a  cos  )3. 
Hence  2  sin  a .  o?!  -  a  cos  a .  yi  «  0 ; 

and  the  locus  of  the  middle  point  is 

^  sin  a  .  rr  -  «  cos  a .  y  s  0.  (512) 

This  is  the  line  QQ!. 

Cor.  1. — Let  RB!  be  the  diameter  parallel  to  PF\  then 
since  RP!  passes  through  the  origin,  its  equation  must  contain 
no  absolute  term.  Therefore  from  (i.),  cos  )3  a  0,  or  ^  =  90*^; 
hence  the  equation  of  RR'  is 

5  oosa.«  +  a  sina.y  B  0.  (513) 

Cor.  2. — If  PP  move  parallel  to  itself  until  the  points  P, 
P*  become  consecutive,  then  PP*  will  become  the  tangent  at  Q, 
and  evidently  we  must  have  ^  =  0';  therefore  the  tangent  atQ^B 

h  cosa. x-\- a  ema.y  9  ab.  (^1^) 

Now,  if  a/,  y'  be  the  co-ordinates  of  Q,  we  have  a/  =  n  cos  a, 
i/ "b  ana;  hence,  from  (514)  we  get  the  tangent  at ar'y', 


^+?^=i. 
i^*  i^ 


(515) 
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Cor.  3. — li  the  angles  wliich  QQf^  RBf  make  with  the  axis 
of  ip  be  denoted  by  d,  ^,  respectively,  we  have  from  (512), 

(513).  J  J 

tan0  =  -tana,     tan^a.-cota; 

tanfl.tanfl'=--.  (616) 

Since  this  remains  nnaltered  by  the  interchange  of  0  and  ^, 
it  follows  that,  if  two  diameters  QQ!^  RB!  of  an  ellipse  be  such 
tliat  the  first  bisects  chords  parallel  to  the  second,  the  second 
also  bisects  chords  parallel  to  the  first. 

Def. — Two  diameters  which  are  eueh  that  each  Heecte  chords 
parallel  to  the  other  are  called  covjvqaxe  diameters. 

Cor,  4. — Since   the    eccentric  angle  of  Q  is  a,  and  of  R 

a  +-  {Cor.  1),  we  see  that  the  difference  between  the  eccen- 

trie  angles  of  the  extremities  of  two  conjugate  semi-diameters 
ifl  a  right  angle. 

Cor.  5. — ^If  a?",  y"  denote  the  co-ordinates  of  Rj  we  have 


^'  •  a  cos   «  +  o  ]> 

y"=*8m^«+|); 

but 

fl/oacoso, 

y'  s  i  mn  a ; 

therefore 

'-f^. 

,:\.. 

(517) 

These  f  ormnl®  are  due  to  Chasles. 

Cor.  6. — If  the  conjugate  semi-diameters   CQ,  CR  be  de- 
noted by  a',  y,  respectively,  we  have 

af^^x^+  y^  -a»C08»a  +  ^8in»a»8«  +  ^a?^;      (618) 

^'^  -  «"»+  y"»  -  a*8in»a  +  J»  cos»a  =  a«  -  e^xf*;      (619) 

therefore  a^  +  y»  =  4^  +  ^;  (620) 

hence  the  som  of  the  squares  of  two  conjugate  semi-diameters 

is  constant. 

p 
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Cor.  7. — ^The  tangent  at  Q  is  parallel  to  the  diameter  BR. 
Cor.  8.— The  area  of  the  triangle  QC£  -  i  {x'y"  -  a/'y^j 

acoso, 

—  asino, 


-i 


^C06a 


-J  03;         (521) 


therefore  the  area  of  the  parallelogram  QCRT  is  equal  to  ah. 
Hence  it  follows  that  the  area  of  the  parallelogram  formed  ^  fkt 
tangents  at  the  extremities  of  any  two  eonfugate  diameters  of  an 
ellipse  is  eonstant. 

The  results  proved  in  Cors.  6,  8  are  caUed,  respectively,  the 
first  and  seoond  theorem  o/*  Apollohivs. 

BZBB0I8BS. 

1,  Given  any  two  conjugate  semi-diameten  OF,  OQ  of  an  ellipse,  to 
find  the  magnitade  and  direction  of  its  axes. 

From  P  let  fall  the  perpendicular  FIf  on  OQ ;  produce  and  cut  off 
FD  B  OQ;  join  OD,  and  on  OD  as  diameter  describe  a  drole ;  let  (7 be 


its  centre ;  join  FC,  cutting  tlie  circle  in  the  points  JS,  F;  join  OS,  OFt 
and  make  OB  m  EF,  and  0^  »  FF.    Then  OA,  OB  aie  the 
required. 
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l>em.—0^«  +  0^  «  jri>»  +  JRP»  =  2CP»  +  2(7^  »  2(7P»  +  2()(7» 

that  is,  equal  to  the  sum  of  the  squares  of  the  semi- conjugate  axes. 
Again, 

OA .  OB^FP.BP^  DP.  IfP»  OQ .  JVP=  paraUelognun  OPQS. 

Sence  {Cort,  6,  8)  OA,  03  are  the  semiazes  required. 

The  foregoing  beautiful  construction  is  due  to  Mannheim.  See  Jfotiv.  An, 
de  Math,,  1857,  p.  188 ;  also  OSom^lrie  Analytiqm,  tome  1,  p.  467,  par 

li.  O.  LONOCHAMPS. 

2.  Being  given  the  transverse  and  conjugate  diameters  of  an  ellipse  to 
construct  a  pair  of  equiconjugate  diameters. 

3.  Prove  that  the  acute  angle  between  a  pair  of  equiconjugate  diameters 
is  less  than  the  angle  between  any  other  pair  of  conjugate  diameters. 

177.  To  find  ih$  equation  of  an  eUipie  reforrsd  to  a  pair  of 
corrugate  diameters. 

Let  CP,  CD  be  two  semi-conjugate  diameters  of  lengths 
a',  V\  let  RB!  be  a  chord 
parallel  to  CD ;  then  RBf  is  bi- 
sected by  CF  in  N.  Hence, 
denoting  CN^  NR  by  a?,  y,  and 
the  eccentric  angles  of  i^  jS'  by 
(o  +  j8),  (a  -  j8),  respectively,  we 
have 

aco8(a+j8)-t-gcos(a-j8))a    (88in(a  +  )8)  +  88in(a-)8))» 


2 

=  (i^  coa^a  +  J*  sin'a)  cos»)8  =  <^  ao^p.    (§  176,  Cor.  6.) 
In  like  manner  y* «  l^&x^p  ; 

hence  i^  "*"  l» "  ^*    (^^°^P"*  S  ^^^'  ^0    (^^2) 

Cor.  1. — ^The  co-ordinates  of  any  point  on  an  ellipse  referred 
to  a  pair  of  conjugate  diameters  can  be  represented  by 

a'cosjS,    b'map.  (523) 

p2 
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Car.  2. — ^The  equation  of  the  tangent  to  an  ellipse  referred 
to  a  pair  of  conjugate  diameters  is 


— +  ^«1,  or  — ^^+  -y— -1. 


(624) 


Cor.  8. — If  the  tangent  at  R  meet  CP  produced  in  T, 

CN.CT=CP*;  (525) 

for  the  tangent  atjRis— +^  =  1;  and  putting  y  =  0,  we 
get  «ar'  -  0^,  or  CN.  CT=  CP\ 

Car,  4. — ^The  tangents  at  the  extremities  of  any  double  ordi- 
nate RBf  meet  its  diameter  produced  in  the  same  point. 

Car,  5. — The  line  joining  the  centre  to  the  intersection  of 
two  tangents  bisects  their  chord  of  contact. 

BXBBOISBS. 

1.  If  AB  be  any  diameter  of  an  ellipse,  AE,  BJ)  tangents  at  its  eztzemi- 
ties,  meeting  any  thiid  tangent  ED  in    ^ 
B  and  D,  prove  that  AE.  BD  «=  square 
of  semi-diameter  conjugate  to  AB, 

For  denoting  AC  and  its  conjugate 
by  a\  h\  the  equation  of  ED  is 


goosjg     ysin/g 


1. 


(Equation  (624).) 
Hence,  denoting  AE,  BD  by  yi,  Vtt 
respectiyely,  we  have,  substituting  -  a',  +  a',  respectivelj,  for  j^ 

yi8in/B  =  y(l  +  coe/B), 

ya  sin  iS  e  6'  (1  -  cos  /B) ; 
hoioe  yiyt«d''.  (636) 

2.  If  CD,  CE  be  drawn  intersecting  the  ellipse  in  i/,  E\  prove  that 
(72/,  CJT  are  conjugate  semi-diameters. 

3.  The  equation  of  the  ellipse  referred  to  equioonjugate  diameters  is 

«»  +  y»»(a*  +  *»)/2. 
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4.  If  AB  be  the  tranBrene  aziB,  the  circle  deecribed  on  JOB  as  diameter 
pcuaes  through  the  foci. 

6.  li  CFf  CD  he  any  two  semi-diameters;  FT,  LE  tangents  at  P 
and  2>,  meeting  CD,  CP  produced  in  T  and  E\  prove  that  the  triangle 
CFT^  CLE. 

6.  In  the  same  case,  if  PJ\^,  DJf  he  parallel,  respectively,  to  2>i?  and  PT, 
pit>Ye  that  the  triangle  CFN^  CLM, 

Dbp.— Tiro  chords f  tueh  as  AF,  BF,  joining  any  point  Fonth$  ellipse  to 
the  extremities  of  any  diameter  AB,  are  called  supplemental  chobdb. 

7.  Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugates. 

8.  If  a  parallel  to  a  fixed  line  meet  a  given  semicircle  in  C  and  its  dia- 
meter in  D,  prove  that  the  locus  of  the  point  E,  which  divides  (7i>  in  a 
giyen  ratio,  is  an  ellipse. 

9.  If  a  line  AB  of  given  length  slide  between  two  fixed  lines,  prove 
that  the  locus  of  the  point  P,  which  divides  AB  in  a  given  ntio,  is  an 
ellipse. 

10.  If  a  given  triangle  ABO  slides  with  two  vertices  A,  B  on  two 
fixed  lines  OX,  OT,   prove  that  the 
third    vertex    0  deiscribes  an  ellipse 
(SoHOOTEN,       Oryaniea       Oonieorum 
JDeseriptio,  1646,  c.  3,  Ex.  Math,  rv.) 

About  the  triangle  OB  A  describe  a 
eirde  cutting  AC  in  J) ;  join  BD,  OD ; 
then,  because  the  angle  AOBia  given, 
the  angle  ADB  is  given;  hence  the 
three  angles  of  the  triangle  BCD  are 
given :  and  since  BC  is  given,  CD  is 
given;  also  the  angle  BOD,  being 
equal  to  B AC,  is  given.  Hence  the 
line  OD  is  given  in  position ;  and  the 

proposition  is  reduced  to  the  following :—  AD,  a  line  of  given  length, 
slides  between  two  fixed  lines  OX,  OD,  and  (7  is  a  fixed  point  in  it : 
therefore  (Ex.  9)  the  locus  is  an  ellipse. 

11.  If  a  drole  pass  through  the  foci  of  an  ellipse,  and  intersect  it  on  one 
side  of  the  transverse  axis  in  the  points  G,  E,  and  on  the  other  side  in  the 
points  /,  JET,  the  rectangle  contained  by  the  perpendiculars  from  the  foci  on 
any  of  the  four  chords  IQ,  IE,  KQ,  EM  is  equal  to  b^l^. 
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178.  7b  Jktd  the  equation  of  the  normal  to  the  eUipte  at  (he 
pomt  si^. 

Let  a  be  the  eccentric  angle  of  the  point  afy^  \  then  the 
equation  to  the  tangent  at 
a  (§  176,  Cor.  2)  is 

dcosa.x+asina.yea^; 
hence 
adna  (a?-a/)- Joo8o(y-y')=0 

is  the  equation  of  the  normal ; 
and,  patting  for  4/,  if  their 
yalues  in  terms  of  a,  we  get 

asina.x-Scosa.yac'sinacosa, 


or 


(527) 
(528) 


Cor.  1. — ^In  equation  (527)  put  ysO,  and  we  get  :p  ==06*008 a, 
or  CQ^^sf:,  (529) 

hence  if^?' =  (1  -  ^)aco8a. 

Cvr.  2.—P0»  =  PJP  +  MG^  o  ^sin«a+  (1  -<>»)»«» co8»a; 
but  1  -^=  ^;  therefore  PG*  =  ^«  {8in»a+  (1  -  tf»)cofi»a} 
=  8'(1  -  ^C08*a)  ;  therefore 

PG^b  v/l-<J»co8»a.  (580) 

In  like  manneri 

p^.f^yi-^C08»a; 
0 

therefore  PG.  PG'  =  a«  (1  -  ij*  cos^a).  (581) 

Cor.  3. — 11  p,  p'  be  the  focal  vectors  to  P,  we  have 

f>Ba  +  «^<=a(l  +#  cosa), 

p'«  a  -  dui/  =  a  (1  -  0  cos  a) ; 
therefore  P^ .  p^' «  pp'.  (582) 
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Cor.  4. — If  Cfi  be  the  Bemi-diameter  conjugate  to  CP,  we 
have 

C^«  =  a«8m«a+8«co8«aa<^(l  -^C08*a). 

therefore  />p'  »  CiZ*  =  ^^  (533) 

Hence  PQ.  PQ'  «  }^  (534) 

Car,  5. — ^If  CL  be  perpendicular  to  the  tangent  at  P, 

CX«= . 

1  -  *•  cos*  a 

Therefore  CL.PG^ *»,  and  CL . PQ'  =  aK  (535) 

Cor.  6. — ^If  through  O,  G*  parallels  be  drawn  to  the  axes, 
meeting  in  JTthe  locus  of  JTis  an  ellipse. 

BXBBOISBS. 

1.  The  oo-ordinatee  of  the  intenectioa  of  normals  at  the  points  (a  +  i3), 
(a  -  iS),  aie 

<^co8a.cos(a-|.i3)oo8(a~i3)  «^8ma.8in(a+i3)  8in(a-^)      ,-«^. 

aoosp  ocoBp 

2,  If  the  nonnals  at  a,  /3,  7  be  concurrent, 
sec  a,        coseo  a,        1, 

aeo  iS,        coeec  iS,        1, 
sec  yy       coeec  7,        1 
This  relation  may  be  reduced  to  the  product 
{ain(/5+7)  +  8in(7  +  a)  +  8in(a+^)}{8m(iS-7)+8m(7-a)  +  sin(a-^)}=0 

(688) 
The  latter  factor  of  which,  yiz. 

■hi  08 -7)  +  sin  (7 -a)  +  am  (o-^) 

Tanishes  when  any  two  of  the  points  a,  /8,  7  are  consecutiYe.    Hence  the 
condition  that  normals  at  three  distinct  points,  et,  fi,y  may  be  concurrent  is 

■hiO  +  7)+«itt(7+a)  +  8in(a+^)=0.  (M9) 

8.  The  two  foci  and  the  points  P,  6^  are  concyolic. 
4.  Find  the  co-ordinates  of  the  intersection  of  two  conseoutiTe  normals. 
Making  i8  =  0,  in  Ex.  1,  we  get 

X -— ,     yo-__.  (640) 


-  0.  (687) 


Digitized  byLjOOQlC 


216  Hie  Ellipse. 

Or  thofl : — ^the  oo-ordinatee  of  a  point  equally  distant  from  a,  iS,  7  ({  32, 
Ex.  3)  are 

-ooeJ(o+iB)co8j(iS+7)ooBi(7+a),  -  j.W[i\(a-\-fi)msi\(fi'\-y)fasi\(y\-a)\ 

and,  supposing  tlie  points  to  become  consecutiye,  we  get,  for  the  centre  of 
a  circle  passing  through  three  conseoutiTe  points,  the  same  co-ordinates 
as  before. 

6.  Find  the  locus  of  the  centre  of  currature  of  all  the  points  of  an  ellipse. 
Eliminating  a  from  the  equations  (540),  we  get 

(«t)l  +  («y)l  =  tff,  (641) 

which  is  the  0PoiuU  of  the  ellipse. 

6.  The  radius  of  ciurature  at  a  is  <=  — ,  where  /^  is  the  perpendicnUr 

from  the  origin  on  the  tangent. 

The  radius  of  curvature  is  the  distance  between  the  points 


— ^ — » 1 — j;  (acoeo,  isma), 


which  by  an  easy  reduction  can  be  shown  »  — .  (642) 

P 

7.  In  the  figure,  {  175,  if  we  complete  the  rectangle  IfOITQ,  prore  that 
the  normal  at  F  passes  through  Q. 

8.  In  the  same  case  if  OP*  be  produced  to  Funtil  T'T^^b  and  PFjoiiied, 
prove  that  PFis  the  normal  at  P. 

9.  The  join  of  the  points  MN"  (fig.,  {  178)  is  normal  to  another  ellipee. 

179.  The  feet  of  the  normals  that  can  he  draum  from  anffpoini 
to  an  ellipse  lie  on  an  equilateral  hyperbola. 

Dem. — ^The  normal  at  a  point  x^y'  is  a^x/xf  -  h^y/y'  =  «*,  and 
if  this  pass  through  a  fixed  point  hk,  we  have  i^h/as^  -  W/y'  =  <^. 
Hence,  omitting  accents,  we  get 

c*ay  +  h^hc  -  fl%  =  0,  (548) 

which  denotes  an  equilateral  hyperbola  passing  through  the 
centre,  and  thibugh  the  feet  of  the  normals  from  hk. 

Cor.  1. — Since  the  hyperbola  (543)  intersects  the  ellipse  in 
four  points,  four  normals  can  be  drawn  from  any  point  to  an 
ellipse. 
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Cor,  2. — The  equation  of  the  normals  from  hk  to  the  ellipse  is 

(aV  +  ly)  {kc  -  hf/y  =  d^a^y\  (544) 

For,  transforming  the  ellipse  and  hyperbola  to  the  point  hk  as 
origin,  we  get 

a*(y  +  ife)'  +  *»(iP  +  A)»  =  fl23»,    o*«y  +  o^jfea?  -  J»%  =  0. 

In  these  equations  change  x  into  Xx,  and  y  into  Xy,  and  elimi- 
nate X. 

It  was  by  the  hyperbola  (543)  that  ApoUonius  solved  the 
problem  of  drawing  normals  to  an  ellipse.  It  is  called  the 
Apollonian  hyperbola.  Prom  equation  (543)  it  is  evidently  the 
same  for  all  homothetic  ellipses. 

BXEBOISBS. 

1.  The  product  of  the  abBciss®  of  each  pair  of  opposite  vertioes  of  the 
complete  quadrilateral  formed  by  tangents  to  an  ellipse  at  the  feet  of  normals 
from  any  point  hk,  is  equal  to  —  a\  and  the  product  of  ordinates  s  —  ^. 
For,  if  oTiyi,  x^t/i  be  a  pair  of  opposite  vertices,  their  polars,  viz. 

«Pi/a'  +  yyi/*2  -  l  =  o,    and    xx2la^  +  yy«/^  -1  =  0, 

will  be  a  line  pair  passing  through  the  feet  of  normals,  and  therefore  through 
the  intersection  of  eUipse  and  the  Apollonian  hyperbola  of  the  point  hk. 
Hence,  for  some  value  of  \  we  must  have 

\{(^xy  +  V^kx-  a^hy)  -  {xxija^  +  yyi/A^  -  1} 

{xxila*  +  yyj/ft«  -  1 }  a  «»/a«  +  y^/A*  -  1.  (i.) 

And  by  comparing  coefficients  we  have 

xiXa  =  -  «S    yii/2  =  -  ft*.  (646) 

2.  If  the  foot  of  one' of  the  four  normals  be  the  point  x'p\  the  triangle 

formed  by  the  tangents  at  the  feet  of  the  three  other  normals  is  inscribed  in 

the  hyperbola 

a^/«+y7y+l=0.  (646) 

For  three  of  the  opposite  summits  lie  on  the  tangent  at  s^y',  that  is,  on 
aa^M'  +  tn^l^  -1  =  0, 
and  changing  x  into  -  a^fx  and  y  into  -  J*/y. 
8.  By  comparing  coefficients  in  (i.)  we  get  hk  in  terms  of  iviyi : 
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thus,  AiJ»  =  (*iy»+afuri)/a«**,    -  A«  =  («i  +  «»)/«»,    XflU-(yi+y»)/i»; 
bence  (fl?iyi+aw)/fl*    =-(«i  +  «a)/*    -(yi+yj)/*!; 

and  eliminatiiig  d^^yi  between  these  and  equation  (545)  we  get 
A  =  -  <j»*i  (yi»  -  *»)/(aV  +  W*!*), 


(W7) 

*  -  «Vi  (*i*  -  ^'Jrt^Vi*  +  **«i*). 

Dbf. — The  point  hk  it  called  the  normal  pole, 

4.  If  from  a  giyen  point  j^yi  tangents  be  drawn  to  a  system  of  oonfocal 
conies,  the  circumcircles  of  the  triangles  formed  by  the  tangents  and  cbords 
of  contact  are  coaxal.  (Townbbnd,  JBishop  LawU  Friu  SxanUnation,  1876. 
Allbbsma,  Matheeit,  tome  y.,  page  39,  1885.) 

For  if  AA  be  tbe  normal  pole,  the  circumcircle  will  have  the  join  of  the 
points  riyi,  hk  as  diameter.    Hence  its  equation  is 

«»  +  y*  -  («i  +  A)iF  -  (yi  +  Ar)y  +  to  +  Aryi  =  0  ; 
and  substituting  for  hk  from  (547)  we  get 

...    y(xiHyi«+o«)         ^!(£il+yt!z^)^     ^(aVi»-y4n«) 
^       «Vi'+**«i»  aVi»+^»«i»    '^^^    a^i*+bW        * 

(548) 
which  may  be  written  1^3  >i-  ^8'  ^  0,  where 

^-(ari«+yi«)(«»,+y»)-(«i«  +  yi»  +  <j»)«ri-(a?i«  +  yi«-tf«)yyi  +  <J»(«i*-yi*), 

i^«yi*  («*  +  y*)  -  («!«  +  yi«  -  <j»)  'yyi  -  «Vi'. 

Joachimsihal's  Cibole. 

180.  If  from  any  point  hk  in  the  normal  at  the  point «'/  of  an 
ellipse^  three  other  nortnak  he  drawn,  their  feet  and  the  point 
-  x^  ^y'  are  coney  die, 

Dem. — Since  the  hyperbola  <^xy  +  I^kx  -  c^hy  passes  through 
x*y\  we  have  ^afy^  +  V^hxf  -  a^hf  =  0.  Hence  by  sabtraction 
we  get  a  result  which  may  be  written  either 

(*-^)(y  +  ^'^/(^)+(y -/)(*'- a«VO-0,         (i.) 
or 

\{jc  -  ^)  (/  +  V'hl^)  +  (y  -  y')  (;r  -  a^h\^)  -  0 ;        (n.) 

and  from  the  ellipse  we  have 

{x-^){x^^)     {y-y'){y^y')    ^        .. 
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Hence,  eliminatiiig  a?  -  a/,  y  -  y'  quantities,  which  vanish 
Trhen  x^x^  and  y -rfy  first  between  (i.)  and  (ni.),  and  then 
between  (u.)  and  (m.),  and  adding,  we  get  the  circle 

«•  +  y»  +  a^K  +  yy'  -^  («  +  a?')  -  A  (y  +  /) 

Now,  putting  t«  s  a*  +  W//  *  ^'  +  a*A/«',  and  remembering 
that  ic^/tf*  +  y^/3*  =  1,  this  equation  may  be  written 

««  +  y«  +  ««'  +  y/-u  {xixfla^  +  yy'/^'  +  1)  =  0.     (549) 

This  is  called  Joachimsthal's  Cibole.  It  passes  through  the 
feet  of  the  three  normals ;  and  since,  manifestly,  the  co-ordinates 

—  af-y'  satisfy  it,  it  passes  through  the  point  diametrically 
opposite  to  «y . 

Car. — If  0  be  the  centre  of  the  ellipse,   and  P  the  point 

—  d/  -  y',  «*  +  y^  +  asp'  +  yy'  =  0  is  the  circle  on  OP  as  diameter, 
and  xx^l<^  +  y//^  +  1  «  0  is  the  tangent  at  P,  and  these  inter- 
sect, not  only  at  P,  but  at  the  foot  of  the  perpendicular  from  0 
on  the  tangent  at  P,  Hence  we  have  Laoub&bs's  theorem. 
JoaehifiMthaVB  etrole  passes  through  the  foot  of  the  perpendicular 
from  the  centre  on  the  tangent  at  P. 

BXBBOISBS. 

1.  If  from  a  fixed  point  a  perpendicular  be  drawn  to  a  diameter  of  a  conic, 
the  locuB  of  its  intersection  with  the  conjugate  diameter  is  the  Apollonian 
hyperbola.  (Chaslbs.) 

2.  The  locus  of  the  middle  points  of  the  chords  of  intersection  of  circles 
described  from  a  given  point  with  the  ellipse  is  the  Apollonian  hyperbola. 

(Ibid.) 

3.  If  the  equation  of  any  pair  of  opposite  sides  of  the  quadrangle  whose 
summits  are  the  feet  of  the  four  normals  that  can  be  drawn  from  any  point 
be  £v/a  +  myjb  -1  =  0,    and    Fxja  +  m'plb  -  1  »  0,    then 

W  +  1  «  0,     mm'  +  1  =  0.  (660) 

For,  if  dPiyi,  xtyt  be  the  poles  of  these  sides,  we  have  Xi  ^ai,  yi  «  bm, 
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xisioTf    y2  =  bm%    but  fl?id^  a  —  oS,    yiyi  s  —  ^s,  eqaotioii  (646).    Heuec 
the  proposition  is  proved. 

4.  If  3^y'  be  the  foot  of  one  of  the  normals  to  an  ellipse,  the  sides  of  the 
triangle  whose  summits  are  the  feet  of  the  other  normals  are  tangents  to  t 
parabola.  (F.  Pubsse.) 

This  is  the  reciprocal  of  the  hyperbola  s^jx  +  y/y  +  1  e  0,  with  leipeet 
to  the  ellipse.    Its  equation  is 

(XX' la*  -  yy'/i')'  +  2«c7a»  +  2y//*«  +  1  =  0.  (651) 

I  ahaU  call  it  Purser's  Parabola.  See  Quarterljf  Journal^  tome  ^Tiii.,  p.  66, 
1867. 

6.  The  focus  of  Purser's  parabola  is  the  point  where  Joachimsthal'a  cirefe 
meets  the  tangent  at  P,  §  180,  Cor. 

6.  If  a,  /3,  7,  5  be  the  eccentric  angles  of  the  feet  of  normals, 

tan  J  (a  +  ^)  tan  J  (7  +  «)  -  1  =  0,  (662) 

or  a  +  /S  +  7  +  «  =  (2n  +  l)».  (66S) 

This  may  be  deduced  from  equation  (639). 

7.  If  from  an  extremity  of  the  major  axis  of  an  eUipse  perpendiculan  be 
drawn  to  the  four  normals  from  any  point,  they  meet  the  ellipse  again  in 
concydic  points.  (JoACHntSTHix.) 

8.  If  CF  (fig.,  {  178)  be  joined,  and  a  perpendicular  to  ^Pat  ^  meet  CPin 
/,  the  perpendicular  /JTfrom  /  on  the  transrerse  axis  passes  throu^  the 
centre  of  curvature.  (Manitsxim.} 

From  the  construction  we  have  CT:  CG::CP:CJ::  CM :  CK.    Hence 
fl»/*  :#V::«':CX,    r.  CK^e^x-^ji^^c^iio^ala, 
.*.  CKU  equal  to  the  abscissa  of  the  centre  of  curvature. 

181.  2h  find  the  lengths  of  the  perpendteulara  Jrom  thefm  on 
the  tangent  at  any  point  ^. 

The  tangent  is 
^cos^.^  +  asin^.y-a3=:0, 
and   the   co-ordinates  of  the 
focus  8  are  ae^  0.    Hence  the 
perpendicular 

^j.  _^ah{\  -  e  cos^) 
"a(l-tf«co8»^ 
,  fl  -  e  cos  ^' 


•h 


>  cos  ^ 


:)' 
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or 


Similarly,  &L 

Cor.l.—SL.S'Z'^h' 


(564) 


h 


Cor.  2.—8Z  -r  p  =  7=,  =  T-. 


(565) 
(656) 

•=8in/SPX  =  «'PX'.   (667) 


_      _      ^' 
•    ■Vpp'"}'"     p' 

Cor.  3. — ^The  tangent  ZZ'  bisects  the  external  angle  at  P  of 
the  triangle  8P8',  and  the  normal  FG  the  internal  angle. 

Cor.  4 — ^The  first  positive  pedal  (§  162)  of  an  ellipse  with 
respect  to  either  focus  is  the  auxiliary  circle.  For,  since  the 
angle  8FM  is  bisected  by  PZ,.  we  have  8Z  =  ZjBT;  therefore 
SH  ia  bisected  in  Z,  and  88'  is  bisected  in  C;  therefore,  if  CZ 
be  joined,  CZ  =  J  8'Z[=  i  {8'P  +  PS)  =  a.  Hence  the  locus  of 
Z  is  the  auxiliary  circle.  And  conversely,  the  first  negative 
pedal  of  a  circle  with  respect  to  any  internal  point  is  an  ellipse, 
having  the  point  for  one  of  its  foci. 

Cor.  5. — ^If  any  point  in  ZZ'  be  joined  to  8,  the  circle 
described  on  the  join  wiU 
intersect  the  auxiliary 
circle  in  Z.  Hence  may 
be  inferred  a  method  of 
drawing  tangents  to  an 
ellipse  from  an  external 
point.  Thus  if  Q  be  the 
point,  join  Q8 ;  and  oi^  Q8 
as  diameter  describe  a 
circle  intersecting  the 
auxiliary  circle  in  Z  and 
M;  QZ^  QM  are  the  tan- 
gents to  the  ellipse. 

Cor.  6. — ^The  two  tangents  from  Q  are  equally  inclined  to 
the  focal  vectors  Q8^  Q8'. — (Poncelbt.)    For,  join  the  centres 
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C,  O  of  the  circles ;  then  CO  is  parallel  to  8'Q ;  therefore  it 
hisects  the  arc  BSy  but  the  line  joining  the  centres  also  bisects 
the  arc  ML,  Hence  the  arc  RM=:  8L,  and  the  angle  S'QM 
^8QL. 

BXEBOISBS. 

1.  Find  the  relatum  between  the  ecoentric  angles  of  two  points  whon 
joining  chord  passes  through  a  focus. 

If  the  ecoentrio  angles  be  (a  +  fi),  (a  -  fi),  the  chord  will  be 

&  COS  a . «  +  a  sin  a  .  y  a  o^  oos/3  ; 

and  if  this  passes  through  the  focus  (a#,  0),  we  get 

«cosaBOOS/3.  (568) 

Hence  the  equation  of  any  focal  chord  is 

a;  cos  a     ysina  „.„ 

— ^+2-_.«i,oosa,  (669) 

the  sign  depending  on  the  focus  through  which  the  chord  passes. 

2.  The  tangents  at  the  extremities  of  a  chord  passing  throng  either 
focus  meet  on  the  corresponding  directrix.  For  the  tangents  at  the  pobts 
{a'¥fi)9  («-/S),  are  4  cos(a  + /S)»  + a  sin («  + ^)y  =  a^; 

^  cos  (a  ~  /3)  jt;  +  a  sin  (a  -  ^)  y  a  ff& ; 
and  the  co-ordinates  of  the  point  where  these  intersect  are— 

a  cos  a        ^sina  .-^. 

i.  f       a  •  (^) 

coe/3  oos/3 

Substituting  the  value  of  oos  /3  from  (658),  we  get 

which  are  the  co-ordinates  of  a  point  on  the  directrix. 

8.  In  the  same  case  the  join  of  the  intersection  of  tangents  to  the  fbeoi 
is  perpendicular  to  the  chord.    For  the  Une  joining  o^,  0  to  the  point 

(661)  is08ina.«-&cosa.y «  0,  which  is  peipendieolar  to  the 

chord  (569). 
4.  If  the  co-ordinates  in  (560)  be  denoted  bj  xy,  we  get 

d^cos^  y'cos/3 

ooea  = ,   sm««s^ — r — . 
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Sobstitatiiig  these  in  the  equation  of  the  chord,  we  get 

5'+^  =  l.  (662) 

Henoo  the  chord  of  contact  of  tangents  from  ^y*  ia 

6.  If  the  chord  hooaa,  x  +  amna.  f/=sab  cob  ^  pass  through  a  fixed 
point  a/y',  the  locus  of  the  intersection  of  tangents  at  its  extremities  is 

a*       i* 
For,  denoting  the  co-ordinatee  (660)  hy  xy^  and  suhstitnting  in  5  cos  a .  o^ 
+  a8ina.y's  odcosiSyweget 

j'+f^l.  (563) 

Dbp. — I^  ^^-J'^^'^^  **  **^^  *^  FOLAB  of  the  point  «'/  with 
respect  to  the  eUipse.    (Compare  h\  89,  149.) 

Cor, — The  directrix  is  the  polar  of  the  focus. 

6.  If  a  be  variable  and  /3  constant,  the  chord  joining  the  points  (a  +  0)^ 
(a  -  /3)  ia  a  tangent  to  the  ellipse 


©■*(?)■■ 


=  oos«/S.  (664) 

7.  In  the  same  case  the  locus  of  the  intersection  of  tangents  is 

8.  The  equation  ol  the  perpendicular  from  the  point  (660)  on  the  chord 
Joining  the  points  (a  +  /S),  (a  -  /3)  is 

ax         hit        a^^ 

7^  =  — -         (compare  §  178),  (666) 

cosa      Bina      cos/S  \       »r^    j        n  \       / 

which  meets  the  axis  in  the  points 

„/acoso\  g»^sina 

VcOS/5/'      "     ^C08^    ' 

that  is,  in  the  points 

^^.    -^.  (667) 
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9.  Find  the  oondition  that  the  join  of  (a  +  /3),  (a  ~  fi)  ahall  toneh  tiie 
ellipae 

iiY  *(!:)•- 

If  ^  be  the  point  of  contact,  the  equations 

bi  008^.4?  +  01  8in^.y-ai5i  =  0, 

^ooea.s  +  aaina.y  — ff^coe/3B0 

mnat  represent  the  same  line ;  hence,  eliminating  ^  from  the  equationB 

oos^       oostt  sin^       sing 

ai        acoBfi*         bi        booBfi^ 

▼eget  — ii~  + — ^— ««<»*A  (668) 

which  is  the  required  condition. 

10.  If  f  denote  the  angle  between  the  tangents  at  (a  +  fi),  (a  -  fi),  piore 

2abtaii2fi 
**^  ^  "  (a»-«>)co.2«-(a«  +  ^co.2/J-  <^^) 

11.  If  the  angle  ^  be  right,  we  get  (a'  -  ^)  cos  2a  »  (a*  +  a*)  cos  2^, 
or  («»  +  4*)  C08*/S  =  a»  cos'a  +  4*  sin*a. 

.      <i  cos  a      b  iq"  a 
Hence,  denotmg  ^^,    -^^^^  by  «,  y,  we  get  the  circle 

«»  +  y»  =  a«  +  i»  (670) 

as  the  locus  of  the  intersection  of  rectangular  tangents. 

12.  If  in  Ex.  9  we  put  tfi*  «  «»  -  x»,  4i«  =  *'  -  A»,  the  eDipsse  will  be 
oonfocal,  and  equation  (668)  reduces,  if  y  denote  the  semi-diameter  con- 
jugate to  that  drawn  to  the  point  a,  to 

sm/}-— ,  (671) 

which  is  the  condition  that  the  join  of  the  points  (a  +  /3),  (a  -  /3)  on  the 
ellipse 

shall  touch  the  oonfocal 
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13.  If  two  tangents  to  an  ellipse  be  at  right  angles,  their  chord  of  contact 
touches  a  confocal  ellipse  (Ex.  11,  12). 

14.  Tk$  four  fceai  vectors  drawn  to  any  two  points  of  an  ellipse  have  one 
common  tangential  circle^  whose  centre  is  the  pole  of  the  chord  joining  the  two 
points. 

For,  let  a + ^,  a  -  /3  in  the  points,  then  the  pole  of  their  chord  is  the  point 
a  oosa/oos  /3,  banajcoBfi,  and  the  perpendicular  from  this  on  the  focal  chords 
have  one  common  value,  dtan/3.    Hence  the  proposition  is  evident. 

(Chasles.) 

The  equation  of  the  drde  is 

(a:  cos/S  -  «  cosa)*  +  (y  cob/5  -  *  sino)'  =  «»  sin«/S.         (672) 

15.  The  angle  ^  between  the  tangents  to  an  ellipse  from  a  point  0  can  be 
expressed  in  teims  of  the  focal  vectors  to  their  point  of  intersection. 

Let  j;  -P*  be  the  foci,  T  one  of  the  points  of  contact.  Join  FT,  FT 
produce  FTUi  8,  making  T8  =  TF*,  Join  OSj  OF,  OF,  then,  denoting 
OF,  OF'  by  p,  /,  the  sides  of  the  triangle  0F8  are  respectively  equal  to 
p,  2a,p',  and  the  angle  F08=^  ^. 

Hence  cos  4>  =  - — ^-7 ;  (673) 

and  putting  p  +  p'  «  20*,  we  get 

«*«  -  a* 

00s' i^» r-.  (674) 

PP 

16.  Jl  fly  fi ,  fi"  he  the  semi-axes  major  of  three  confocal  ellipses,  and  if 
from  any  point  in  the  outer,  tangents  be  drawn  to  the  three ;  then,  if 

{jlfi')  denote  the  angle  between  tangents  to  the  confocals  /i,  fi\ 

sin»  il^/) :  sin«  (m/')  ::/*'-  M** :  /*»  -  /'S  (576) 

17.  If  tangents  to  two  confocals  be  at  right  angles,  the  locus  of  their 
intersection  is  a  circle. 

18.  l(e  denote  the  length  of  the  chord  joining  the  points  (a  +  ^),  (a  -  fi), 
we  have  (Dem.  §  177)  0*  =  4^"^  ain^  /3,  and  from  Ex.  12, 

therefore 

C  B =-.  (BUBNSIDS.)  (576) 

,  ao 

19.  If  a  tangent  to  one  confocal  be  perpendicular  to  a  tangent  to  another, 
the  chord  of  contact  is  bisected  by  the  line  joining  their  intersection  to  the 
centre. 

a 
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Let  the  ooniboalB  be 

«*/a»  +  y«/^-l-0,    «»/a^  +  y»/*'«-l«0,    «'y',  « V 
the  points  of  contact,  then  the  oo-ordinatee  of  the  middle  point  of  the  chori 
of  contact  are  ( (^'  +  x"),  ( (y'  +  y").    Also  the  line  joining  the  oentze  to 
the  intersection  of  the  tangents 

a»7«»  +  yy7««  -1  =  0,    ao^'/a'*  +  yy"/***  -1  =  0 
X  {sfja^  -  «'7a'»)  +  y  (y'/i*  -  y'7*'«)  =  0 ; 

and  substituting  the  co-ordinates  ^  (x'  +  d^')  i(y'  •¥f'),  we  find  that  it  ii 
satisfied  if  x's^'IM^  +  ^p^ll^b**  =  0,  which  is  the  condition  that  the  tu* 
gents  are  perpendicular. 
20.  If  tangents  to  the  confocals 

be  at  right  angles  to  each  other,  the  line  joining  the  point  of  contact  on  oae 
to  the  point  of  contact  on  the  other  is  a  tangent  to  a  third  oonfocal,  Hat 
squares  of  whose  semi-azes  are 

Let  PTf  QT  be  the  tangents  to  the  confocals  a,  ai ;  (7  the  centre,  8,  S' 


the  foci:  join  PQ,  SQ,  CT,  and  draw  dT,  Cr parallel  to  ^Q,  iU  thea 
(Ex.  19)  FQ  is  bisected  in  J2.  Hence  TJt^  £Q;  .*.  CT^  CF.  Henoe 
Or^y/t^  +  h\  and  CU^  ai.    Hence  the  ratio  of  W :  (7F is  giron,  that 
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iBy  theratioof  sin  CFIT:  sm  CUV^  or  of  sin  TQFi  sin  TQ8  is  given.  Henoe 
(Ex.  16),  the  enyelope  of  FQ  is  a  confocal  conic.  Let  ofi  be  ^e  semiaxes, 
then  we  haye  (Ex.  16), 

8in»  TOP :  sin*  TQSi :  ai»  -  o*:  *i«, 
but  sin'TQPrsin^  TQS::  CIP :  CV^ : :  ai^ :  a^  +  biK 

Hence  ««  =  aWK^^  +  *i*) 

Similarly,  0*  =  *23i«/(a»  +  *i«). 

21.  If  tangents  to  two  confocal  ellipses  be  parallel,  the  angles  subtended 
at  the  foci  by  the  points  of  contact  are  equal. 

Fregieb's  Theobem. 

182.  If  from  a  point  a  on  the  ellipse  rectangular  chords  ABy 
AC  he  drawn,  meeting  it  again  in  the  points  P,  (7,  J? (7 inter- 
sects the  normal  at  ^  in  a  point  D,  whose  co-ordinates  are 

ac"  cos  a/(a»  +  ^),     -  bo"  sin  a/(a»  +  ^). 

Dem. — ^Let  the  eccentric  angles  of  the  points  J9,  C  be  )9,  y, 
then  the  equations  of  AB,  AC  aie 

b  cosi(a  +  j8)a:  +  asinJ(a  +  j8)y-a3  cos  J  (a  -  j8)  =  0, 

i  cos  J  (a  +  y)  a?  +  a  sin  J  (a  +  y)  y  -  aJ  cos  J  (a-y)  c  0, 

and  since  these  lines  are  at  right  angles, 

y  cos  J  (a  +  )8)  cos  J  (a  +  y)  -f  a'  sin  J  (a  +  j8)  sinj  (a+y)  «  0. 

Hence      (a»  +  **)  cosj  ()3-y)  -  ^  cos  (a  +  Jj8  + Jy)  =  0. 

Again,  if  we  substitute  the  co-ordinates  of  D  in  the  equation 
of  B  (7,  we  get  the  same  result.  Hence  the  proposition  is  proved. 

Cor. — ^If  the  point  A  moves  along  the  ellipse,  the  point  B  will 
describe  another  ellipse,  viz. 

«»/«» +  yV*"  =  <^/(«'  +  ^T'  (^78) 

EZEBOISBS. 

1.  If  0  be  the  centre,  the  angle  AOD  is  biBected  by  the  transverse  axis. 

2.  If  perpendiculars  be  drawn  from  A  to  any  pair  of  conjugate  diameters 
the  line  joining  their  feet  bisects  AD. 

a2 
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188.  The  loeu8  of  the  pole  of  any  tangent  to  an  ellipee^  wUh 
reepeet  to  a  cirole  tvhoee  centre  ie  one  of  the  foci,  i$  a  circle. 

Dem. — Let  8  (see  fig.  §  181)  be  the  focus,  JR  the  radina  of 
the  circle  whose  centre  is  8,  and  with  respect  to  which  the 
poles  are  taken.  Let  fall  8Z  perpendicular  to  the  tangent  to 
the  ellipse,  and  make  8L  .  8Q  =  JR^ ;  then  Z,  Q  are  inverse 
points  with  respect  to  the  circle  whose  radius  is  ^ ;  and  since 
the  locus  of  Z  is  the  auxiliary  circle,  the  locus  of  Q  is  its  inyerse, 
and  is  therefore  a  circle ;  but  Q  is  the  pole  of  LL%  and  is  the 
point  whose  locus  is  required ;  hence  the  proposition  is  proved. 

Def. — I^  locus  of  the  poles  of  all  the  tangents  to  any  curve  with 
respect  to  a  circle  is  called  the  bbcip&ogal  polab  of  that  curve  wHk 
respect  to  the  circle. 

From  this  definition  we  see  that  the  foregoing  proposition 
may  be  enunciated  as  follows  : — The  reciprocal  polar  of  on 
ellipse,  with  respect  to  a  circle  whose  centre  is  one  ofthefod,  is  a 
circle. 

Cor,  1. — If  we  take  two  consecutive  tangents  to  the  ellipse, 
their  poles  will  be  consecutive  points  on  the  circle  which  is  the 
reciprocal  polar  of  the  ellipse  ;  but  the  join  of  the  poles  of  two 
lines  is  the  polar  of  the  point  of  intersection  of  the  lines.  Hence 
the  locus  of  the  pole  of  any  tangent  to  a  circle  is  an  ellipse.  In 
other  words,  The  reciprocal  polar  of  a  circle  with  respect  to  another 
circle  is  an  ellipse,  having  the  centre  of  the  reciprocating  circle  for 
one  of  its  foci. 

Or  thus: 

Let  8  be  the  centre  of  the  reciprocating  circle,  Q  any  p<H]it 
on  the  circle  whose  reciprocal  polar  is  required ;  join  8Q,  and 
make  8Q .  8L^JS?,  and  draw  LL'  perpendicular  to  8Q,  Now, 
since  8Q .  8L  »  H?,  the  locus  of  Z  is  the  circle  which  is  the 
inverse  of  that  which  is  to  be  reciprocated;  and  since  LL'  is 
perpendicular  to  8L,  the  envelope  of  LL'  is  the  first  negatire 
pedal  of  a  circle  with  respect  to  a  given  point. 
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Cor.  2. — Since  tho  auxiliary  circles  of  a  system  of  confocal 
ellipses  is  a  system  of  concentric  circles,  and  the  inverse  of  a 
system  of  concentric  circles  is  a  system  of  coaxal  circles,  we  have 
the  following  theorem : — The  reciprocal  polars  of  a  eyetem  of  eon^ 
focal  elUpses,  with  respect  to  a  circle  whose  centre  is  one  ofthefoeiy 
is  a  system  of  coaxal  circles^  having  the  focus  as  one  of  the  limiting 
points.  Conversely,  The  reciprocal  polars  of  a  system  of  coaxal 
circles,  with  respect  to  one  of  the  limiting  points^  is  a  confocal 
system,  having  that  point  for  one  of  the  foci. 

BZBBOISES. 

*1.  If  a  quadrilateral  AA'BB*  be  inscribed  in  a  circle  X,  and  if  the 
diagonals  AB,  A'W  touch  a  circle  F  of  a  system  coaxal  with  X,  then  the 
aides  {Sequel  to  Euclid,  Fifth  Edition,  p.  126),  AA',  ^^  touch  another  drcle 
of  the  same  system,  and  the  four  points  of  contact  are  coUinear.  Becipro- 
<^y»  V  '  quadrilateral  be  eirewnecribed  to  an  ellipse,  and  if  two  of  its 
opposite  vertices  lie  on  a  confocal  ellipse,  ttpo  of  the  remaining  vertices  lie 
on  another  cor^foeai,  and  the  four  tangents  at  these  vertices  are  concurrent, 

2.  The  reciprocal  polar  of  the  directrix  of  an  ellipse  with  respect  to  a 
focufl  is  the  centre  of  the  circle  into  which  the  ellipse  reciprocates. 

8.  If  a  Yariable  chord  of  a  circle  subtend  a  right  angle  at  a  fixed  point 
within  the  circle,  its  envelope  is  an  ellipse,  haying  the  fixed  point  for  one  of 
its  foci. 

*4.  If  X  be  one  of  the  limiting  points  of  two  circles  0,  (/,  and  LA,  LB 
two  radii  vectors  at  right  angles  to  each  other,  and  terminating  in  those 
circles,  the  locus  of  the  intersection  of  tangents  at  A  and  ^  is  a  circle  coaxal 
with  0,  Cf  {Sequel  to  Euclid,  Fifth  Edition,  p.  162).  Eeciprocally,  If  two 
tangents,  one  to  each  of  two  confocal  ellipses,  be  at  right  angles  to  each  other, 
the  envelope  of  the  line  joining  the  points  of  contact  is  a  confocal  ellipse. 

*6.  The  envelope  of  the  chord  of  contact  of  tangents  to  a  circle  which 
meet  at  a  given  angle  is  a  concentric  circle.  Beciprocally,  the  locus  of  the 
intersection  of  tangents  to  an  ellipse,  whose  chord  of  contact  subtends  a  given 
angle  at  the  focus,  is  an  ellipse,  having  the  samefoctts  and  directrix. 

184.  The  rectangle  contained  by  the  segments  of  any  chord  passing 
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thnmgh  a  fixed  point  %n  the  plane  of  an  ellipse,  is  to  the  sqime 
of  the  parallel  semidiameter  in 
a   constant    ratio,     (Compare 
§  156.) 

Let  0  be  the  fixed  point, 
and  take  the  lines  OX,  OTsa 
axes  of  co-ordinates  parallel  to 
the  axes  of  the  ellipse ;  let  the 
co-ordinates  of  the  centre  with 
respect  to  OX,  OY  be  x\  y" ; 
then  transforming  to  0,  as  origin,  the  equation  of  the  ellipse  is 

Now,  take  any  point  R  in  the  ellipse,  join  OR,  meeting  the 
curve  again  in  Rf ;  then,  if  r,  tf  be  the  polar  co-ordinates  of  R, 
we  have  «  =  r  cos  ^,  y  =  r  sin  tf .  Hence  from  equation  (i.)  we 
get 

(fl? sin'tf  +  ^'cos* e)f^-2 (tfV  sin tf  +  ^a:'  cos e)r 

Now,  the  roots  of  tiiis  quadratic  in  r  are  OR,  OR!, 


(n.) 


Hence 


OR.OR!^ 


a'sin»tf+^cos*d' 
Again,  if  p  be  the  radius  vector  through  the  centre  parallel  to 
OR,  we  have 


»^ 


therefore 


^      a»sin»^+i*cos»^' 
OR.  OR     af^     y^     , 


(579) 


p-  a- 

that  is,  equal  to  the  power  of  the  point  with  respect  to  the 
ellipse.    Hence  the  proposition  is  proved. 

Cor.  1.— If  OS  be  another  line  through  0  cutting  the  ellipfle 
in  8,  8',  and  p'  the  parallel  semidiameter, 
08.08'     a/^     y'^     , 
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OR.  OR     p' 
P" 

Cor.   2. — ^If  through  another  point  o  two  chords  be  drawn 
parallel  to  the  chords  OR,  08,  and  cutting  the  curve  in  r,  r' 
«,  ^,  respectively, 

OB.  OR'     or.ar^  ,_-^. 

Cor.  3. — ^If  the  points  jS,  R*  coincide,  OR  becomes  a  tangent, 
and  if  Sy  8'  coincide,  08  becomes  a  tangent;  hence  from 
Cor.  1,  jiny  two  tangenU  to  an  eUipse  ar$  proportional  to  their 
parallel  eemidiameten. 

EXEBOISBS. 

1.  The  rectangle  BF,  FD  (see  fig.,  §  177,  Ex.  1)  is  equal  to  the  square 
of  the  parallel  semidiameter. 

2.  If  any  tangent  meets  two  conjugate  semidiameters  of  an  ellipse,  the 
Toctangle  under  its  segments  is  equal  to  the  square  of  the  parallel  semi- 
diametar. 

3.  If  through  any  point  0,  in  the  plane  of  an  ellipse,  a  secant  be  drawn 
meeting  the  ellipse  in  two  points  M,  J^,  the  locus  of  the  point  Q,  which  is 
the  lumnonio  conjugate  of  0  with  respect  to  Jt,  JS',  is  the  polar  of  0,    For 

Hence,  denoting  OQ  by  p,  we  get,  putting  pcosBsiXf  pm$»y, 
V^a!  («'  -  ar)  +  a^y'  (y'  -  y)  =  a»i», 
or,  transforming  to  the  centre  as  origin, 

which  is  the  polar  of  the  point  -x'  -y'  (see  §  181,  Ex.  4). 

4.  If  ^,  £  he  any  two  points,  C  the  centre  of  the  ellipse,  and  it  AG,  BE 
be  drawn  parallel  to  CB,  CA,  intersecting  the  polars  of  B,  A,  respectiyely, 
in  the  points  O,  S;  then  AG  .  CB :  AC .  BM:  :  square  of  semidiameter 
through  B :  square  of  semidiameter  through  A. 

6.  If  Jf  JV  he  the  polar  of  the  point  A ;  F  any  point  on  the  ellipse ;  AF 
a  perpendicular  to  the  tangent  at  P;  FG  the  portion  of  the  normal  inter- 
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oepted  between  the  curve  and  the  transrene  aziB ;  FM  a  perpendkular 
from  P  on  MN\  then  FQ .  AF  variea  as  FM,  For  if  the  oo-ordinates  o< 
uibeaF'y';  of  P,  a;"y";  then 

This  theorem  giyee  an  immediate  proof  of  Hamilton's  Lmp  cf  Font.— 
Froeegdinfft  of  the  Royal  Irith  Academy,  No.  lyii.  toI.  iiL,  p.  308.  Alio 
Quarterly  Journal  of  Mathematics,  yol.  T.,  pp.  233-235. 

6.  Fiod  the  equation  of  the  line  through  the  point  sd'y^  parallel  to  its 
pohir.  If  (a  +  ^),  (a  -  /3)  be  the  eccentric  angles  of  the  points  of  contact 
of  tangents  from  sV ,  the  line  required  is 

« cos  ay  sin  a  ^-      -  .-^^ 
+  '— r—  -  sec  /3  B  0  B  X.                       (582) 

a  o 

7.  In  the  same  case  the  line  through  the  centre  and  d^V  is 

*dn._yoo^^^_^  (583) 

a  0 

8.  The  equations  of  the  tangents  through  x'y'  to  the  ellipse  are 

X  cos/3±  if  sin/3  =  0.  (584) 

9.  The  product  of  the  equations  of  the  tangents  is 

(S*S-')(S-S-')-(5'**-')'-»-    "«| 

Compare  §§  85,  150. 

*  185.  To  find  the  maj<yr  axis  of  an  eUip$e  confocal  to  a  gkn 

on$  and  passing  through  a  given  point, 

x^     v* 
Let  hh  be  the  given  point,  -,  +  tj  -  1  -  0  the  given  ellipee, 

then,  pntting  a*  -  5*  =  c*,  the  equation  of  the  required  ellipse ; 

x^         y^ 
will  be  of  the  form  -rr  +  -~ — ,  -  1,  and  snbstitating  the  given 
a       »   —  c 

*  The  student  Ib  recommended  to  omit  this  proposition  until  he  has  read 
the  chapter  on  the  hyperbola. 
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eo-ordiiiates  we  get 

a'*  -  (A«  +  jt3  +  ^)^  +  ^Aa  =  0.  (586) 

Similarly       i'*  -  (A«  +  J6»  -  <j«)  i'»  -  ^*»  =  0.  (587) 

Let  the  roots  of  these  equations  be  a'*,  a"*, ;  5",  5"*,  respec- 
tively; then 

aV=<?A,     VV'^ehy^.  (588) 

Hence  we  have  the  following  theorem  : — Ttoo  confocaU  to  the 

wijpw  -5+^-1  =  0  <?a»  Jtf  <^aM^»  through  the  point  hh :  the 

(hs  product  of  the  eemiaxea  major  of  these  confocaU  is  ch^  and  of  the 
umiaxes  minor,  eki ;  where  i  denotes,  as  usual,  y^-  1. 

It  will  be  seen  in  Chapter  tu.  that  one  of  these  confocals 
must  be  a  hyperbola  unless  it  =  0,  in  which  case  one  of  them 
muat  consist  of  the  two  foci. 

Dep. — The  semiaxes  major  a',  af'  of  the  two  confocals,  which  can 
U  drawn  to  a  given  ellipse  through  a  given  point,  we  called 
tie  ELUPno  co-osDiNATBS  of  the  point  (Lave,  '' Co-ordonne6s 
Corvilignes"). 

therefore   ^  +  i^« ^ « — ^^ ^-r ^ 

=  a'»  +  5"»  =  a"*  +  Jr        (589) 

Ccr,  2. — The  two  confocals  to  a  given  ellipse  which  can  be 
drawn  through  any  point  cut  each  other  orthogonally.  For  the 
tangents  are 

hx     hy     ^     ^     hx      ^     ,     ^ 

*nd  these  tangents  are  perpendicular  to  each  other  if 
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Car.  3. — ILetp^p"  denote  the  perpendiculars  from  the  centre 
on  the  tangents  to  the  confocals  through  hk  at  that  point,  and 
fi\  p"  the  semidiameters  conjugate  to  the  semidiameter  drawn 

to  Ait, 

^z*  +  A»  +  jfe» «  0^  +  5'» ;      [Equation  (520)] 

therefore  ^8^-0^- a"».    {Cor.  I).  (590) 

Similarly,  i3"»  =  5"»  -  h\  (591) 

But        ^p'  -  a'h'  [§  176,  Cor.  8]  ;  .-.  p^  -  ^^^^.    (592) 

Similarly,  ^-t„-^.  (593) 

Cior.  4. — ^By  means  of  the  values  of  h\  A*,  Cor.  1,  we  find, 
after  an  easy  reduction, 

v/(a^,a»)(a»-a^^)      v/g»A»+aU»-g»^ 
(«^ -a»)  +  (a"»  -  a*)  "    A»  +  it»  -  (a«  +  ^)    ' 

and  substituting  for  M  the  values  — rr-,   -^r-  [%  181,  Ex.  2], 

cosjS       cosp  '-•' 

this  reduces  to  ;— — rrr ,  f    ... jTs.    Hence  [§  181, 

(a«  -  ^)  cos  2a  -  (a*  +  ^)  cos  2^8  "-^ 

Ex,  10]  we  have  the  following  theorem : — Tj^^  d&note  the  anfk 
between  the  tangents  to  the  eltipse  -r  +  ^  =  1  «  0,  from  the  pmt 
whoee  eUiptte  co-ordinates  are  of,  af'y 

^      (a'»  -  a*)  -  (a*  -  a"»)  ^      ^ 


therefore 


Therefore  if  ^  denote  the  angle  which  the  tangent  at  P  to 
the  conf ocal  a'  makes  with  the  tangent  from  P  to  the  oiigiiuil 
ellipse,  we  have 
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Hence         sm^-J^^— p,,    co8^  =  J^;j-^.        (596) 

Cor.  5. — The  results  proyed  give  a  new  demonstration  of  the 
propositions,  §  181,  Ex.  16. 

The  principal  theorems  in  Cors,  4  and  5  were  first  published 
in  a  Paper  of  mine  in  the  Messenger  of  Math&matxe»  in  the  year 
1866,  and  were  extended  to  sphero-conics,  and  to  curves  on  con- 
focal  quadrics.  Corresponding  theorems  were  given  by  Chasles 
for  geodesic  tangents  to  lines  of  cnrvature  on  the  ellipsoid. — 
Lioittillb's  «7aiima/,  1846. 

EXEBOISBS. 

1.  The  lociu  of  the  pole  of  the  line  fu;  +  ry  « ly  with  respect  to  a  system 

of  eoDios  conf  ooal  to  —  +  ~  -  1  »  0,  is  the  line 
a'      0* 

--?  =  «».  (697) 

2.  Hie  eqrution  of  the  director  circle  of  an  ellipee  in  elliptic  co-ordmates 

5.  If  from  the  centre  of  the  ellipee  -:  +  ^  « 1  a  parallel  be  drawn  to  the 

tf*       tr 

tiogent  from  any  point  Pon-^+^rssi  toa  given  confocal  (a'),  to  meet 

the  tangent  at  P  to  the  first  ellipse,  the  locus  of  the  point  of  intersection  is 
a  circle. 

4.  If  a\  a"  be  the  elliptic  co-ordinates  of  any  point,  ^  the  angle  included 
bdween  the  tangents  from  this  point  to-r+xi-leO;  then 

a  «  sin'i^  +  a"«  cos'i  ^  =  a«.  (698) 

6.  If  from  the  intersection  of  tangents  to  an  ellipse  distances  be  measured 
along  the  tangents  equal  to  the  focal  vectors  of  the  intersection,  the  length 
of  the  join  of  their  extremities  =  2a. 

6.  The  difference  between  the  squares  of  the  perpendiculars  from  the 
I  on  parallel  tangents  to  two  confocals  is  constant. 
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7.  The  locus  of  the  points  of  contact  of  parallel  tangents  to  a  systen  of 
oonfocal  ellipses  is  a  hyperbola. 

8.  The  locus  of  the  point  (a)  on  a  system  of  oonfocal  ellipses  is  a  oonfoeal 
hyperbola. 

9.  The  eccentric  angles  of  the  points  of  intersection  of  a  system  of  eoa- 
f ocal  ellipses  by  a  oonfocal  hyperbola  are  all  equaL 

10.  If  two  secants,  OBf  OS,  cut  the  ellipse  in  the  points  B^  JB^;  5«  ^ 
respectively,  and  be  tangents  to  a  oonfocal, 

-^ L-  -  J L.        (M.  BOBBBTS.)  (599^ 

0£      OH'      OS      OS*       ^      .»"»««:«./        {^^} 

For  let  a*  -  \*,  4*  -  x'  be  the  semiazee  of  the  oonfocal ;  *',  i"  the  semi- 
diameters  parallel  to  OB^  OS;  then 

—      —         ^^  2\3'« 

OJ?"  OB'''  OB.  OB*''  ab. OB. OB' 
In  like  manner. 


[Equation  (676)] 


1^ 

08' 


2_ 

08'' 


2\A'^ 


ah  OS,  OS** 

But  OB.OB^iOS.OS'iib'^ib'^,    [Equation  (580)] 

Hence  tbe  proposition  is  proved. 

186.  To  find  the  polar  equation  of  an  ellipse,  the  focus  heingpoU. 
If  the  focus  be  origin  the 
equation  of  the  ellipse  is 

«»  +  y'  =  *»(a?+/)».    [§173] 

Hence,  putting 

a?  =  pco8tf,    y  =  p  sin  tf, 
we  get 

ef 

^"l-tfCOSd' 


that  is, 


(600) 


1  -  tf  COS  d' 

It  is  usual  in  Astronomy,  when  the  polar  equation  is  em- 
ployed, to  denote  the  angle  ASP,  called  the  true  anomaly, 
by  6 ;  then  the  polar  equation  is 


1  +  «  cos  0 


(601) 
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Since  a  (1  -  ^)  =  J  latus  rectum  =  /  suppose,  the  polar  equa- 
tion b                             p  = 7..                            (602) 

'^     1  +  tf  cos  tf  ^      ' 

Cor.  1. — ^If  the  angular  co-ordinates  of  two  points  on  the 
ellipse  be  a  +  /3|  a-  fi^  the  equation  of  their  joining  chord  is 

-  =  «  cos  tf  +  sec  )5  cos  (tf  -  o).  (603) 
For  assuming  it  to  be  of  the  form 

-  a  -4  cos  tf  +  -5  cos  (tf  -  o), 
P 

and  putting  in  succession  for  6  the  values  a  -i-  j3,  a  -  /3,  we  get 
1  +  *  cos(a  +  j8)  » -4  co8(a  +  j8)  +  ^  cos)8, 
1  +  tf  cos  (o  -  /3)  =  -4  cos  (o  -  j8)  +  ^  cos/8, 

Hence  A^e^    B  ^  sec/3. 

Cor.  2. — The  equation  of  the  tangent  at  the  point  a  is 

-  =  tf  cos  tf  +  COS  (tf  -  o).  (604) 

P 

Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 

at  the  points  whose  angular  co-ordinates  are  a  +  /S,  a-  p  are 

tf  =  o,     p^ljie  cos  o  +  cos  j8).  (605) 

(7or.  4. — The  equation  of  the  normal  at  a  is 

-  tf  sinae  (1  +  tf  cosa){tf  sintf  +  Bin(tf-a)J.         (606) 
P 

For,  if  we  put  0  •■  a  we  get    //p  =  1  +  tf  cos  o,    and  if  we  put 
0  =  v\^Q  get  //p  «  (1  +  tf  cos  o)/tf. 

BZBBOISBS. 

1.  lip,  p'  denote  the  Begments  of  a  focal  chord, 

i+i-1  (607) 


P     P'      V 
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2.  The  rectangle  contained  by  the  segments  of  a  focal  chord  is  propor- 
tional to  the  length  of  the  chord. 

3.  Any  focal  chord  is  a  third  proportional  to  the  transrerse  axis  and  the 
parallel  diameter. 

4.  The  sum  of  the  reciprocals  of  two  perpendicular  focal  chords  is  con- 
stant. 

6.  If  any  chord  £^  of  an  ellipse  meet  the  directrix  in  D,  the  line  8I> 
bisects  the  external  angle  of  the  triangle  JRSS^. 

6.  The  join  of  the  intersection  of  two  tangents  to  the  focus  bisects  the 
angle  made  by  the  focal  vectors  of  the  points  of  contact. 

7.  If  any  point  on  an  ellipse  be  joined  to  the  extremities  of  the  trans- 
rerse  axis,  the  portion  of  the  directrix  which  the  joimng  lines  intercept 
subtends  a  right  angle  at  the  focns. 

8.  The  angle  subtended  at  the  focus  by  the  portion  of  any  Tariable  tan- 
gent intercepted  by  two  fixed  tangents  is  constant. 

9.  If  a  tangent  from  a  variable  point  subtend  a  constant  angle  d  at  the 
focus,  the  locus  of  the  point  is 

-  =  cosd  +  «cose.  (608) 

P 

10.  If  a  chord  FQ  subtend  a  constant  angle  28  at  the  fbcus,  the  locos  of 
the  point  where  it  meets  the  bisector  of  that  angle  is 

-asec8  +  tfcos9.  (609) 

P 

11.  If  9  denote  the  true  anomaly,  ^  the  supplement  of  the  eccentric  an^ 

tanje.tanj^e^i-^.  (610) 

12.  If  a  circle  passing  through  the  focus  of  an  ellipse  touch  it  at  the  point 
whose  angular  co-ordinate  is  a,  prove  that  its  equation  is 

p(l  +*  coso)«=  /{coe(tf  +  a)  +  *coe(tf-  2«)},  (611) 

and  that  the  common  chord  is 

p  (tf»  cos*  +  ^  cos  (*  +  «))-  /(I  +  2#  cosa  +  0>  («W) 

and  if  a  vary  the  envelope  of  the  chord  is 

p(*»-#»C06e)  =  /(!-#«).  (618) 
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Exercises  on  the  Ellipse. 

1.  Find  the  eccentricity  of  the  ellipse  Sx*  +  4y'  =  1. 

2.  If  two  central  rectors  of  an  ellipse  he  at  right  angles  to  each  other 
the  sum  of  the  squares  of  their  reciprocals  is  constant.  (Stbinbe.) 

3.  Find  the  equation  of  the  circle  through  either  extremity  of  the  trans- 
Terse  axis  and  hoth  extremities  of  the  latus  rectum. 

4.  Find  the  equation  of  the  tangent  at  either  extremity  of  the  latus 
rectum. 

6.  The  locus  of  the  middle  points  of  chords  of  an  ellipse  passing  through 
a  given  point  is  an  ellipse  whose  axes  are  parallel  to  those  of  the  giym 
ellipse. 

6.  If  from  any  point  in  a  circle  a  Une  he  drawn  making  a  given  angle 
with  a  fixed  line,  and  divided  in  a  given  ratio,  the  locus  is  an  ellipse. 

7.  If  a  transyersal  cut  the  conies 

«Va«  +  y*/3*-l  =  0    and    «*/a«  +  y'/**  +  ^  (**  +  y')  -  1  =  0 
where  X  is  any  constant  in  the  points  P,  Q\  P*,  (X  respectively,  prove  if  0 
he  the  common  centre  that  the  angle  FOF=  QOQf,  State  what  this  theorem 
hecomes  if  X  =  -  l/«'.  • 

8.  The  reciprocal  polars  of  the  conioe  in  Ex.  7,  with  respect  to  a  con- 
centric circle  are  confocal  conies. 

9.  If  a  common  tangent  to  the  two  ellipses 

touch  the  first  in  d^y*,  and  the  second  in  a^')f' ;  then  op'op"  ia  equal  to  the 
square  of  the  ahscissa  of  either  of  their  points  of  intersection,  and  y'y"  to 
the  square  of  the  corresponding  ordinate. 

10.  If  the  sum  of  the  tangents  drawn  from  a  point  to  two  drdes  he  given, 
the  locus  of  the  point  is  an  ellipse. 

11.  If  a  circle  descrihed  through  any  point  P  on  the  minor  axis  of  an 
ellipse,  and  through  the  two  foci  intersect  the  ellipse  in  the  points  Q,  (X ; 
prove  that  PQ,  FQ^  are  either  tangents  or  normals  to  the  ellipse. 

12.  Tangents  are  drawn  from  a  fixed  point  P  to  a  system  of  oonfooal 
ellipses ;  if  T,  T'  he  the  lengths  of  the  tangents  to  any  of  the  elHpees,  and  B 
their  included  angle,  prove 

(1/T+l/r)  cos  J««=  constant.     (Croptow.)    (614) 
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Let  ^,  ^  be  the  foci,  produce  ST^  ST\  and  make  TU^  TS,  TV^  ^5*, 
UR  =  VT.    Join  RF,  UF,  FP,  then  JiP=  PT^  and  it  ib  eaay  to  aee  that 


the  angle  TPR  ^  SFS*,  and  is  given,  since  SfFfS'sre  given  points.  L^  FW 
bisect  the  angle  SFU,  then  it  also  bisects  TFR.    Now,  in  the  triangleg 

TFS,  8FU  \lFT-\-  HFR  =  2  cosJiZPr/P^r, 

and  l/i»P+  1/Pi7=  2  coBi^FUIFW, 

that  is,  1/PT+  1/PP'  =  2  cos  J  SFS'IFW, 

and  1/-5P  +  l/.S'P  =  cos  i  TFTjFW  =  2  cos  Jtf/P IT, 

.-.    (l/r+  1/T')  cos  Jtf  =  (1/5P+  IjS'F)  cob\SF8', 
and  is  given. 

18.  The  area  of  the  triangle  formed  bj  the  tangents  from  the  point 


(a  cos  a      6  sin  a\ 
cos/3  '      cosa  /' 


and  their  chord  of  contact,  is  ah  sin'  /3  tan  /3. 

14.  If  from  any  point  T  in  FT  (the  tangent  at  P)  a  perpendicular  TB.  be 
drawn  to  the  focal  vector  8F,  and  a  perpendicular  TM  on  the  directrii ; 
then  SR  =  eTM. 

15.  Find  the  equation  of  the  circle  described  on  the  intercept  which  the 
ellipse 

^  +  ^,-1  =  0 

makes  on  the  line  y  =  mx  +  n ;  and  thence  show  how  to  find  the  length  of 
the  normal  at  any  point  of  an  ellipse  until  it  meets  the  ellipse  again. 
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16.  The  locus  of  the  intersection  of  tangents  at  the  extremities  of  a  pair 
of  conjugate  diameters  is 

and  the  envelope  of  the  join  of  their  extremities  is 

17.  Find  the  co-ordinates  of  the  pole  of  the  normal  at  the  point  a,  and 
allow  that  the  locus  of  the  pole  is 

«•/«»  +  ^/y»  =  ^.  (617) 

18.  If  a  tangent  at  any  point  P  meet  the  transrerse  axis  in  T;  then,  if  S 

be  the  focus, 

cos  SPT  =  *  cos  STP.  (618) 

19.  ProTe  that  the  pedal  of  the  ellipse  with  respect  to  its  centre  is 

(«»  +  y2)«  =  «»a^  +  i»ya.  (619) 

20.  Prove  that  two  of  the  normals  drawn  from  the  point  whose  co-ordi- 
nates are 

^  cos  a  cos  2a        ^  sin  a  cos  2a 
flV2  *V2 

meet  the  eUipse  at  the  extremities  of  a  pair  of  conjugate  diameters. 

21 .  Ji  A,  JBf  C,  D  he  the  feet  of  four  normals  drawn  from  a  point  if  to  an 
ellipse  B,  whose  centre  is  0,  the  perpendicular  from  circumcentres  of  the 
triangle  formed  bj  any  three  of  the  points  A,  JB,  C,  D  upon  the  common 
chord  of  E,  and  the  osculating  circle  of  the  fourth  bisects  the  line  OM. 

(LOMOCHAMPS.) 

For  the  equation  (549)  may  be  written  in  the  form 

aj» + y»  -  A*  -  *y = -  <j»a:i:'/a' + c»yy7i»  +  ft*a!'*/«»  +  aV**/**  +  Aa?' +  ^'. 
The  left-hand  side  equated  to  zero  represents  the  circle  A,  described  on  OM 
as  diameter,  the  second  side  equated  to  zero,  represents  a  line  8,  parallel 
to  the  tangent  at  the  point  D\  the  symmetrique  of  D  with  respect  to  the 
transverse  axis  of  S,  and  therefore  parallel  to  the  common  chord  of  S  and 
the  osculating  circle,  the  line  8  being  the  radical  axis  of  the  circle  (649)  and 
A.    Hence  the  proposition  is  proved. 

22.  Find  the  equation  of  the  pair  of  lines  joining  the  centre  of  the  ellipse 
to  the  points  of  contact  of  tangents  from  x'y'. 

23.  The  sum  of  the  eccentric  angles  of  four  concydic  points  on  an  ellipse 
is2v. 

B 
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24.  If  a  circle  Oflonlate  an  ellipse  ai  the  point  a,  the  oo-ordinatas  d  the 
point  where  it  meets  the  ellipse  again  are,  a  cos  3a,  -  &  sin  3«. 

26.  The  sum  of  two  focal  chords  of  an  ellipse  parallel  to  two  conjugate 
diameters  is  constant. 

26.  Any  two  fixed  tangents  are  cat  homographicallj  hy  a  TariaUe  tan- 
gent 

For  the  angle  which  the  intercept  <m  the  yariahle  tangent  suhtends  at  Um 
f oous  is  constant. 

27.  If  ^  he  the  focus,  Tany  point  on  the  tangent  at  F,  TMtk  peipen- 
dionlar  on  the  directrix ;  then,  if  ST^  e'  TJf, 

COBFSTmt. 

28.  If  a  chord  FT"  of  an  ellipse  pass  through  a  fixed  point  T,  and  if 
ST^e'  23r,  then 

*-/ 

tanJP^r.tanJP'^r- ;.      (M'Cxtllaoh.)    (620) 

29.  li  S,  8''be  the  foci,  and  if  the  circle  described  on  8S^  as  diameter 
meet  two  conjugate  diameters  in  M,  E\  prove  that  the  sum  of  the  squaiti 
of  the  perpendiculars  from  E^  H*  on  any  tangent  is  constant. 

80.  If  all  the  tangents  to  an  ellipse  be  inverted  from  any  inteinal  poiBt, 
the  locus  of  the  centres  of  all  the  circles  into  which  they  invert  is  an  eUipae. 

81.  If  r  be  the  intercept  which  any  normal  to  an  ellipse  makes  on  tlie 
transverse  axis,  and  ^  the  angle  which  it  makes  with  it,  prove 


(a«+*«tanV)*' 


(621) 


82.  If  two  sides,  AB^  BO<d  a  triangle  he  fixed,  but  the  third  moving  in 
any  way,  prove  that  the  circumcentre  0,  and  orthocentre  jB"  of  the  trisn^ 
ABC  describe  curves  iaversely  similar.    (NBUBBno.) 

For  AO  and  AE  make  equal  angles  with  the  bisector  of  the  angle  BAC 
and  AE»  2A0  cob  A. 

88.  If  two  central  vectors  of  an  ellipse  be  at  right  angles  to  eaoh  othtf 
the  envelope  of  the  join  of  their  extremities  Ib  a  circle. 

84.  If  the  chords  joining  the  pairs  of  points  a,  iS ;  7,  8,  lespectifelyt 
meet  the  transverse  axis  in  points  equally  distant  from  the  centre,  pntn 

tan^tan|tan|tan|  =  l.  (622) 


Digitized  by  LjOOQIC 


The  Ellipse.  243 

85.  If  the  oo-ordinates  in  Ex.  20  be  denoted  hj  x,  f,  proYe 

2  (a««>  +  iV*)'  =  **  {«'«'  -  *y )'.  (623) 

36.  If  CPf  CD  be  two  conjugate  semi-diameters,  and  if  tlie  normal  at 

P~be  produced  both  ways  to  Q,  Q',  making  PQ,  PQ*  each  equal  to  (72>, 

prore  that 

CQ^a  +  b,    CQ^a-h.        (M'Cullaoh.)    (624) 

37.  If  x\y\t  xnyti  99^3  be  any  three  points,  and  if 


«»      y« 


«i»  ^  yi» 


prore  that  -  4  (area  of  triangle  formed  by  these  points)'  -r  t?}^  is  equal  to 

Sly  Tl%y  Tl8, 

St,         Tn, 
Tth        8z 


Tit, 
Multiply  the  determinants 

*j/a,       yi/*,        1 


(626) 


«i/a, 


yi/*, 
ya/i, 


-1 
-1 
-1 


88.  If  the  three  points  form  a  self -conjugate  triangle,  with  respect  to  8^ 

area  -  ^/ 8i8%Sil{7Mb).  (626) 

Make  Tia,  Tj3,  Tn  each  »  0  in  Ex.  37. 

89.  If  they  fonn  a  triangle  circumscribed  about  8^ 

area  =  0*  {\/^  +  \^  +  Vi^}. 

Let  ABC  be  the  circumscribed  triangle  A'y  B'y  C  the  points  of  oontaot, 
O  the  centre,  and  let  A'B'  be  the  polar  of  C  (xzpt),  tben,  if  ^  be  the  eooentrie 
angle  of  A',  the  area  of  the  quadrilateral  OA'CB'  equal 

2A0A'C'm  a  cos^ya  -  b  asi^x$. 
Also  substituting  the  co-ordinates  of  the  point  A'  in  the  equation 

xxzja^  +  yyij}^  -1  =  0, 
which  is  the  pdar  of  C,  we  get 

^  cos^  d^  +  «  sin^ys  «  oi. 
b2 
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Henoe  square  and  add,  and  we  get 

4W  +  aVs*  -  a»*«  +  {OA*CB')\  .-.  OA'CB^  ^ab^/si. 
Similarly, 

OB'ACr^aby/Fu    wnd  OCB A' ^abVsl, 

.-.    ABC^ab{y/sr-¥y/si+VS^).  (627) 

40.  If  the  triangle  be  inscribed  in  3, 


Moa  -  -/  Tw  Tu  TziliUb).  (628) 

41.  If  PJf  be  an  ordinate  at  anj  point  F  of  an  eUipse,  find  the  locaa  of 
the  intenection  of  FM,  with  the  peipendicular  from  the  centre  on  the  tan- 
gent at  P. 

42.  If  a  point  P  whose  eccentric  angle  is  9  be  joined  to  the  foci,  and  the 
joining  lines  produced  meet  the  ellipse  again  in  Q,  -S ;  find  the  equation  of 
QEf  and  proTe  that  its  polar  Ues  on  the  normal  at  $, 

43.  If  ^  be  the  eccentric  angle  of  the  point  P  of  an  ellipse,  Q  the  point 
en  the  auxiliary  circle  corresponding  to  P;  prove  that  the  area  of  the 
parallelogram  formed  by  the  tangents  at  the  points  P,  Q  and  the  pointi 
diametrically  opposite  to  tbem  is  SaHI{a  -  ^)  sin  2^.  (629) 

44.  If  the  normal  at  P  meet  the  transverse  and  the  conjugate  axes  in  the 
points  Q,  O^,  respectively,  prove  that  the  middle  point  of  CQ  is  the  centze 
of  a  circle  through  Pand  the  extremities  of  the  minor  axis ;  and  the  middle 
point  of  CG'  the  centre  of  a  circle  through  P  and  the  extremities  of  the 
transverse  axis. 

46.  If  the  product  of  the  direction  tangents  of  two  lines  touching  an 
ellipse  be  given,  and  negative,  the  locus  of  their  point  of  intersection  is  an 
ellipse. 

46.  If  9  be  the  angle  betweena  central  vector  to  .and  the  normal  at  the 

pointy,  prove 

^     ^      <!»sin2^  ,^_^, 

tan^  =  --^.  (6J0) 

47.  The  lengths  of  the  tangents  from  the  point  «'y'  to  the  ellipao 

are  roots  of  the  equation  in  T, 

-yfa^S'^T^^-^-^T^^htS'^e^,    (Croftoh.)    (681) 
5- «  T»/y2, .-.  T^18'  =  i't  =  -r»  +  y»  .  WsPi«/a»  +  nViV** 
-  «>  -  «»»iVa»  e  4«  +  ijViV*'- 
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Hence  \/a»  -  T^jS'  =  cxifa, 

and  v^r>/<S'-^  =  «yi/*; 


«ry 


48.  A  ciFcle  has  doable  contact  with  an  ellipse  at  the  points  P,  F.  Prore 
liist  the  Bum  of  the  dLstances  of  the  points  P,  P'  from  either  focus  is  half 
the  sum  of  the  distances  from  the  same  focus  of  the  i>oint8  in  which  the 
ellipse  is  intersected  by  any  circle  concentric  with  the  former.    {Ibid.) 

49.  If  from  any  point  on  an  ellipse  tangents  be  drawn  to  the  cirde  on  the 
minor  axis,  and  if  the  chord  of  contact  meet  the  major  and  the  minor  axes 
in  the  points  L,  Jf  respectiyely,  proye, 

^         a'        a> 

50.  Find  the  locus  of  the  middle  points — 1**.  of  chords  of  a  given  length 
in  an  ellipse.    2^.  Of  chords  whose  distance  from  the  centre  is  given. 

61.  Find  the  co-ordinates  of  the  orthocentre  of  the  triangle  fonned  by 
two  tangents  and  the  chord  of  contact. 

If  (a  +  i9)  and  {a-  0)  be  the  points  of  contact,  the  orthocentre  is  the 
point  conunon  to  the  perpendiculars  from  (a  +  0)  on  the  tangent  at  (a  -  0)f 
and  from  (a  -  i9}  on  the  tangent  at  (a  +  0).    Hence  it  is  the  intersectum  of 

2ann(a-^  0)x-2b  cos(a  +  /8)  y  ■=  o» sin 2a  +  (a»  +  i»)  sin 2/3, 
and 

2a  sin  (a  -  $)x-2b  cos  (a  -  /5)  y  =  «*  sin 2a  -  (a»  +  ^  sin 2/3. 

From  these  we  get  by  addition  and  subtraction 

acosa.af+*8ina.y=  («•  +  *«)  oosi3, 

a  see  a . «  -  6  coeec  a .  y  a  0*  see /3 . 
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Hence 

«  B.  {(aS  +  33)  sin^a  +  ^  8m>/3}/a  oosa  oosjS^  (683) 

f  m  {(««  +  ^)  0O8»iB  -  <J»  C08»a}/i  Bino  cOBjB.  (684) 

52.  The  sam  of  the  squares  of  the  perpendiculars  from  the  eztranities  of 
any  two  oonju^te  semidiameters  on  any  fixed  diameter  is  constant. 

63.  If  CP,  CP*  he  two  semidiameters  of  an  ellipse  ;  C2>,  CIX  their  con- 
jugates ;  proTe,  if  PP*  pass  through  a  fixed  point,  that  Dl/  also  pasMS 
through  a  fixed  point. 

64.  The  locus  of  the  points  of  oontact  of  tangents  to  a  system  of  confbctl 
eUipses  from  a  fixed  point  on  the  transverse  axis  is  a  circle. 

66.  Ifjrcoea  +  y8ina-i>  =  0hea  tangent  to  -  +  ^  -  1  =  0,  proTe^ 

i?»»=a»coe»a  +  i*8in«tt.  (686) 

66.  If  the  circle  a^  +  f^^  +  2^s  +  2^  +  0  «=  0  passes  througli  the  extiemi- 
ties  of  three  semidiameters  of  the  ellipse 


prove  that  the  circle 


S  +  'p-i^o. 


«»  +  y"  +  —  *-^y- («»  +  »»  +  «)  =  0. 

tf  0 

pastes  through  the  extremities  of  the  three  conjugate  semidiameterB.— 

(R.  A.  RoBXRTB.)    (636) 

67.  Show  that  if  the  first  circle  in  Bx.  66  he  orthogonal  to  *•  +  y*  -  2a« 
-  2$y  +  0'  ss  0,  the  second  is  orthogonal  to 

«2  +  yt+?f^. 2*5^  +  0,4.^2. ^'«0.      {Ibid.)  (637) 

68.  A  triangle  is  inscrihed  in  the  ellipse 

prove,  if  x\  y*  he  the  co-ordinates  of  its  centroid,  and  «,  y  those  of  As 
circumoentre, 

16(a»«»+*y)  +  9<J*  (~ +  ^) -12<J«(«p'-s^)-**  =  0. 

(Ib\d,)       (68S) 
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69.  If  a\  h'  be  ooojngate  semidiameten,  makmg  angles  ^,  ^'  with  the 


prove 


(689) 


60.  If  the  rectangle  contained  bj  the  perpendiculars  on  a  yaiiable  line 
from  its  pole,  with  respect  to  a  given  ellipse,  and  from  the  centre  of  the 
^pse,  be  constant,  the  envelope  of  the  line  is  a  conf  ocal  ellipse. 

61.  If  ^,  y  be  confocal  conies,  and  PT^  FT  tangents  to  8y  and  PF  a  tan- 
gent to  8\  then  the  angle  TVf  U  bisected  by  PF.    (M'Cat.) 

Let  the  normal  VU  tXVUiS  meet  TT  produced  in  U.  Then,  since  8^  S* 
UB  confocal,  the  pole  of  PF  with  respect  to  i9  is  on  the  nonnal  W.  Again 


the  pole  of  FV  with  respect  to  8  must  be  on  the  line  TT.  Hence  CTis  the 
pole  of  FVf  and  the  pencU  (P.  TTUV)  is  harmonic.  Hence  F.  TTFU  is 
hannonic,  and  the  angle  FVV  is  right    Hence  P"  FT  is  bisected. 

62.  If  a  conic  have  double  contact  with  8  and  one  focus  on  fff  the  other 
focus  must  also  be  on  ^. 

63.  If  FF  be  a  diameter  of  an  ellipse,  prove  that  the  locus  of  the  inter- 
section of  the  normal  at  P  with  the  ordinate  at  P'  is 

«»/«'  +  *VV(«*  +  «»)•=  I.  (MO) 
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64.  The  oirde  whose  diameter  is  any  chord,  pazallel  to  the  od^ngate 
axis  of 

has  douUe  contaot  with  the  ellipse 


66.  If  focal  Tootors  from  any  point  P  meet  the  ellipse  again  in  Q  and  R^ 
and  if  the  tangent  at  Pmake  an  angle  B  with  the  transrerse  axis,  and  the 
line  QR  an  angle  ^,  proTe 

tan^«=|— -jtane.  (642) 

66.  If  JPbe  the  focus,  and  A  one  of  the  extremities  of  the  transrerse  axis 
of  a  giyen  ellipse  J?,  proTC  that  the  major  axis  of  a  conic  passing  through'/", 
whose  focus  is  A^  and  directrix  any  tangent  to  the  ellipse  is  constant,  and 
that  the  enyelope  of  its  second  directrix  is  a  conic  whose  foci  are  on  the 
transrerse  axis  of  E. 

67.  Being  given  two  confocal  ellipses,  proye  that  the  distance  hetween 
the  point  ^  on  the  first  and  the  point  ^*  on  the  second  is  equal  to  the  dis- 
tance hetween  ^'  on  the  first  and  ^  on  the  second.  (Ito&t.) 

68.  If  from  an  external  point  0  a  secant  OER  he  drawn,  cutting  the 
ellipse  in  J^  JT ;  then  if  OCj^  »  OR .  OK,  the  locus  of  Q  is  an  ellipse. 

69.  If  ^,  f  he  the  lengths  of  tangents  from  any  point  P  to  an  ellipse,  h,  V 
the  parallel  semidiameters,  and  p,  p  the  focal  vectors  of  P,  prove  that 

tr  +  iy  -  pp'.  (643) 

70.  Two  chords,  (7i,  C^  of  an  ellipse  are  at  right  angles,  and  touch  a  oon- 
looal ;  prove  that  IjCi  +  IjCz  is  constant. 

71.  If  normals  at  A,  B,  0,  D  meet  in  M,  and  intersect  the  ellipse  agtin 
in  u^,  B',  C,  ly,  prove  that  the  latter  points  lie  on  an  equilateral  hyperhola, 
and  touching  at  M  the  Appolonian  hyperhola  through  A,  P,  C,  J). 

72.  If  the  angles  which  any  two  conjugate  diameters  suhtend  at  any  point 
of  the  ellipse  he  denoted  by  x,  X',  respectively,  then 

cot«  A  +  cot'  X'  =  (a«  -  *»)V4a«J».  (644) 

73.  If  a  normal  to  an  ellipse  he  parallel  to  one  of  the  equioonjugats 
diameters,  it  outs  the  ellipse  again  at  a  minimum  angle. 

(P&OF.  J.  PUSSBB.) 
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74.  Two  parallel  focal  chords  of  an  ellipse  meet  it  in  tbe  points  O,  JET, 
on  the  same  side  of  the  transrerse  axis ;  if  the  join  of  O,  S  make  intercepts 
X,  /A  on  the  axes,  prove 

^ +  -,-.«.  (646). 

76.  If  two  normals  tty^p,  ellipse  <^t  at  right  angles,  the  intercepts  made 
on  them  hy  the  ellipse  are  diy^^d  proportionally  at  their  point  of  intersec- 
tion. (Prof.  J.  Pubskb.) 

76.  ProYe  that  if  a  parahola  he  described  with  a  point  on  an  ellipse  as 
focus,  and  the  tangent  at  the  corresponding  point  on  the  auxiliary  circle  as 
directrix  it  passes  through  the  foci  of  the  ellipse.  (Ibid), 

77.  If  FMy  FM*  he  parallel  focal  yectors,  the  tangents  at  M^  M*  meet  in 
a  point Pof  the  auxiliary  oinOe,  and  the  angle  J'PjP'  =  \  {FMF*  +  FM^JTj. 

(LONGCHAMPS.) 

78.  In  the  same  case  the  locus  of  the  point  of  intersection  of  MF\  M*F 
IB  a  confocal  ellipse.  (Ibid,) 

79.  If  an  ellipse  and  a  hyperbola  haye  a  pair  of  conjugate  diameters, 
oommon  both  in  magnitude  and  direction,  each  curve  is  its  own  reciprocal 
with  respect  to  the  other. 

80.  Construct  an  ellipse,  bebg  giyen  1**  a  focus,  and  three  points,  2*  a 
focus,  and  three  tangents. 
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B' 


187.  Dep.  I. — Being  given  in  poeitwn  a  poi$U  8,  and  a  Un$ 
JVJV',  the  loeuB  of  a  variable 
point  Ff  tphoie  distance  from 
8  has  to  ite  perpendicular 
distance  from  NN'  a  given 
ratio  e  greater  than  unity  ^ 
is  eaUed  a  htpbbboli. 

Dep.  n. — The  point  8  is 
called  the  focus;  the  line 
IfN'  the  siBSCiBiXy  and 
the  ratio  e  the  bocentbicitt  of  the  liyperhola. 

188.  To  find  the  eq%Mtion  of  the  hgperhola. 

1^.  Take  the  focus  as  origin,  the  line  through  8^  perpendicular 
to  the  directrix,  as  axis  of  x,  and  a  parallel  to  the  directrix 
through  8  as  the  axis  of  y ;  also  denote  the  perpendicular  SO 
from  8  on  the  directrix  hy /;  then,  denoting  the  co-ordinates  of 
F  hy  «,  y,  we  have  8F^ »  «» +y»,  and  FN^  x  +/;  hut  (Def.  l) 
8F  -f  Pi\r=  e ;  therefore 

x'-^y^^^{x^f)\  (646) 

2°.  In  equation  (646)  put 


•«»*- 


and  we  get 


«•- 


tf»-l"  (*«-!)• 


w 
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Hence,  it  (7  be  the  new  origin,  ve  hare 

Now,  pnttmg  y  «  0  in  (i,),  we  get 


giying  tor  x  two^'values  equal  in  magnitndei  but  of  opposite 
signs.    Hence,  denoting  the  points  where  the  hyperbola  cuts 

the  axis  of  a?  by  A,  A\  we  get  CA  -  -^,  CA'  -  -    ^^ 


.w^^ 


Hence  A'C^CA\  therefore  the  line  A* A  is  bisected  in  C,  and 
denoting  it  by  2a,  we  have 

Again,  patting  4; «  0  in  (i.),  we  get 
This  giyes  two  imaginary  yalnes  for  y,  Tiz. 

showing  that  the  hyperbola  does  not  cut  the  axis  of  y. 

Def.  m. — The  line  AA'  is  called  the  t&ahstbbsb  axis  of  the 

hyperbola;  and  if  we  make  CB  »  B'C  «      ^^    ,  ^^  /tV^  ^^  m 

mOa^  ^^  coKTueiTS  AXIS,   and  the  point   C  the  oehtbb.      The 
Une  BB  is  denoted  by  2b. 

8°.  Since  a  "Tp^TTi   *  "  7a~\\V  ^^^^^'^^  (^O  ^^^^  ^ 
written 

J-$-l.  (647) 

This  is  the  standard  form  of  the  equation  of  the  hyperbola. 
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Def.  T7,-^Tke  double  ordinaU  ZL'  through  8  is  called  ike 
LATUS  BECTUic  of  the  hyperbola. 

189.  The  following  deductionB  from  the  preceding  equations 
are  important : — 

R  ^«  =  a«(d»-l). 

2®.  If  CS  be  denoted  by  tf,  <t  *  ae. 

3°.  C0«-.    For  C0=C75-/«3^-/-:jAr. 

4^.  a»+  ^  =  tf».    From  1°  and  2°. 
5*^.  CS  ,  CO^  a\    From  2°  and  3^. 

6°.  Latus  rectum  «  2«(tf*-  1).  For  in  (646)  put «  «  0,  and 
we  get  8L  =  ef\  therefore  XZ'=  2«/=  2a  (<J*  -  1). 

7^.  The  transverse  axis :  conjugate  axis  : :  conjugate  axis : 
latus  rectum.    From  1°  and  6°. 

8°.  Since  from  the  form  (647)  of  the  equation  of  the  hyperbola 
each  axis  is  an  axis  of  symmetry  of  the  figure,  it  follows  that,  if 
we  make  C8'^  80,  the  point  8'  will  be  another  focus;  also, 
if  CO' «  OC,  and  through  O'  aline  JOT  be  drawn  perpendicular 
to  the  transverse  axis,  JOT  will  be  a  second  directrix,  cor- 
responding to  the  second  focus  8\ 

Dbf.  v. — If  the  smniaxes  a^bofa  hyperbola  be  equals  the  cum 
is  called  an  equxlatebal  htps&bola. 

EXAKPI.ES. 

1.  Given  the  base  of  a  triangle  and  the  difference  of  tiie  sides,  find  tiie 
locus  of  the  vertex.  p 

Let  ^iSP' be  the  triangle ;  let  the  base 
SS'  =  2e,  and  the  difference  of  the  sides 
equal  2a.  Let  S'8  produced  be  taken  as 
axis  of  X,  and  the  perpeudicular  to  S'8  at 
its  middle  point  as  axis  of  y ;  then,  if  d?,  y 
be  the  co-ordinates  of  P,  we  have 

iS'P-IC^  +  oj^  +  y"}*,     ^P-{(*-«)»+y»}*; 
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theretore  {(*  + c)»  +  y*}» -{(«-«)«  + y«}»  =  2a;  (i.) 

ot  cleared  of  radicals, 

<Mrputting  «»-a«-i»,    ^-5=1. 

Cw.  1.—  8P^$x-a,  (648) 

Por  in  clearing  (i.)  of  radicals,  we  get 

a{(«-«)»  +  y«}*  =  «p-a«; 
that  is,  a ,  SF  «*  aex  -  a*. 

Cor.  2.—  S'Fsex  +  a. 

2.  Giyen  the  base  of  a  triangle  and  the  difference  of  the  base  angles,  the 
locus  of  the  yertez  is  an  equilateral  hyperbola. 

3.  Oiyen  the  base  of  a  triangle,  and  the  ratio  of  the  tangents  of  the  halyes 
of  the  base  angles,  the  locus  of  the  yertex  is  a  hyperbola. 

4.  The  locus  of  the  centre  of  a  circle,  which  passes  through  a  giyen  point 
and  cuts  a  fixed  line  at  a  giyen  angle,  is  a  hyperbola. 

6.  Trisect  a  giyen  arc  of  a  circle  by  means  of  a  hyperbola. 

6.  If  the  base  of  a  triangle  be  giyen  in  magnitude  and  position,  and  the 
difference  of  the  sides  in  magnitude,  then  the  loci  of  the  centres  of  the 
escribed  circles  which  touch  the  base  produced  are  the  two  branches  of  a 
hyperbola ;  and  the  loci  of  the  centres  of  the  inscribed  circle,  and  the 
escribed  which  touches  the  base  externally,  are  the  directrices  of  the  same 
hyperbola. 

7.  If  in  Ex.  6,  Art.  119,  the  <<Boscoyich  Cirde  "  out  the  line  NN\  show 
that  the  locus  of  P  will  be  a  hyperbola. 

8.  CB  iBtL  fixed  diameter  of  a  giyen  circle ;  and  through  a  fixed  point  A 
in  CB  draw  any  chord  DE  of  the  circle ;  join  CD,  and  on  CD  produced,  if 
necessary,  take  CF  s  AJB :  the  locus  of  the  point  JP  is  a  hyperbola. — 
Hamilton. 

9.  ABCD  is  a  lozenge  whose  diagonals  are  2a,  23,  respectiyely ;  proye,  if 
the  diagonals  be  taken  as  axes,  that  the  locus  of  a  point  P,  such  that  the 
rectangle  AF .  (7P  b  the  rectangle  BF .  LF,  is  the  equilateral  hyperbola 

a>-  d^ 
,.-ya._-..  (649) 

10.  OX,  OF  are  the  axes,  A,  A'  two  fixed  points  on  OX  on  different  sides 
of  0,  A,  A'  are  joined  to  any  point  I  on  OT;  then  if  a  perpendicular  ^Pto 
.^meet  ^'/produced  in  Pthe  locus  of  Pis  a  hyperbola. 
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190.  To  expresi  the  eo-ordinates  of  a  point  an  the  hyperhdla  hff 
a  eingh  variabh. 


Let  AA\  BB  be  the  transverse  and  conjugate  axes,  upon 
A  A'  as  diameter  describe  a  circle.  Let  P  be  any  point  in  the 
hyperbola,  MP  its  ordinate,  MT  a  tangent  to  the  circle  on  AM. 
Then  denoting  the  angle  MQT  by  ^  we  )iave  x\a  «  sec^; 
.*.  y\l  « tan  ^.    Hence  the  co-ordinates  of  P  are 


a  sec  ^,    h  tan  ^. 


(650) 


Cor.  l.—MT:MP::  a:  h. 

Cor.  2.— n  Fir  he  paraUel  to  CT,  JfiVis  -  h. 

Cor.  3. — If  p  be  the  radios  vector  from  the  centre  to  aaj 
point  F  of  the  hyperbola 

p  =  a-/i+^tan«^.  (651) 

Cor.  4. — ^If  the  equation  of  the  hyperbola  be  written  in  the 
form 


(^R(^?)■ 


1, 
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from  wbicli  we  get 

x^a  cosec 20,    y  »  3  cot 20. 


(652) 


191.  The  loeuB  of  the  middle  points  of  a  system  of  peraM 
chords  of  a  hyperbola  is  a 
right  line. 

Let  the  equation  of  one 
of  the  chords  he 

yjb  e  mxia  +  «. 

Now,  if   III   he    constant 

and  n  Taiiahle,  this  will 

represent    a    line    which 

moves  parallel  to  itself ;  and  eliminating  y  hetween  it  and  the 

equation  of  the  hyperhola,  we  get 

(1  -  »i')  a?*  -  2mnax  -  a»ii*  -  «•  =  0. 
Similarly,  hy  eliminating  x^  we  get 

( 1 « !»•)  y»  -  2nby  +  Vn*  -  3 W  -  0. 

Hence  the  equation  of  the  circle,  whose  diameter  is  the  intercept 
which  the  hyperhola  makes  on  the  line 
yfb  a  mxja  +  «, 

is    (1 -.«!•)(«» +y»)-2)»»a»-2»3y-(<^-J»)n*-a»-«iV»0. 

(653) 

Now,  if  the  co-ordinates  of  the  centre  of  this  circle  he  a/,  y',  we 

get 

.       mna         . 
«'=; a    /« 


nb 


1-  «»»'    ^  '  1  -  »!«• 
Senee^  eliminating  n  and  omitting  aooents^  the  locus  of  the  centre^ 
that  is  of  ti^  middle  point  of  the  chord,  is  the  diameter 

yjh  «  xlma.  (654) 

This  is  the  line  QQf  in  the  diagram* 
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Car,  1. — ^If  a  line  be  drawn  througli  the  centre  parallel  to 
PP'y  or,  in  other  words,  a  diameter  conjugate  to  QQ'i  its  equa- 
tion must  contain  no  absolute  term  ;  hence  its  equation  is 

yjh  =  mxja.  (655) 

Hence  the  product  of  the  tangents  of  the  angles,  which  two 
conjugate  diameters  make  with  the  transverse  axis  of  a  hyper- 
bola, is  3'/<»*. 

Car.  2, — ^If  the  line  FP'  move  parallel  to  itself  until  the 
points  jP,  P'  become  consecutiye,  then  FF'  becomes  a  tangent 
such  as  at  <2 ;  a^d  if  the  co-ordinates  of  Q  be  x^y'  we  must 
have 

y'/h  «  ma/ la  +  n ; 

and  since  the  line  Q^  passes  through  it,  we  must  have  (478) 

y'/h  =  x'/ma. 
Hence  m  =  hx^/ay',    n  «  -  J/y', 

which,  substituted  in      y/h  s  mx/a  +  n, 

which  is  the  equation  of  the  tangent. 

Car.  3. — The  equation  of  the  tangent  at  the  point  <f>  is 

—  i  sin  ^  =  cos  <^.  (657) 

Cor.  4. — ^To  find  the  equation  of  the  chord  of  contact  of 
tangents  from  the  point  hk. 

Let  x'y',  o/V'y  ^  ^^^  points  of  contact;  then,  since  the 
tangent  at  x'y'  passes  through  hk,  we  have 
haf      hy'     , 

Sxmikrly,  _-^.l. 

Hence  it  is  eyident  that  the  line 

^-^-1.  (668) 
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\  througli  each  point  of  contact,  and  therefore  must  be  the 
chord  required. 

Cor.  5. — If  two  diameters  QC,  RR  of  the  hyperbola  be  such 
that  the  first  bisects  chords  parallel  to  the  second|  the  second 
also  bisects  chords  parallel  to  the  first. 

ObserratioxL.— It  is  not  necessary  that  both  extremities  of  the  chord  FF 
should  be  on  the  same  branch  of  the  hyperbola ;  the  chord  may  take  the 
position  ^yp*,  where  they  are  on  different  branches. 

192.  DsF. — It  has  been  proved  that  if  we  oonstruet  the  hyper' 
hola  \rf 

whoee  axee  are  AA\  Bff^ 

ii  will  he  thefigvre  BHHH 

in  the  diagram.    Again^  if 

we  eonstruct  the  hyperbola, 

which  has  BB' for  its  tranS' 

verse  axis,  and  AA'  for  its 

confuyate  axis,  it  will  be  the  figure  S'WWE'  in  the  diagram. 

This  seeond  figure  is  coiled  the  cokjugaxe  htpesbola. 

If  instead  of  hk  we  put  x'y',  we  see  that  the  chord  of  con- 
tact of  tangents,  from  afy'  to  the  hyperbola,  is 

xx'     yy^ 
a""  b^ 


I-.-  ^liL  «  1 


(659) 


Cor.  6. — ^If  through  any  point  xfy'  a  chord  of  the  hyperbola 
be  drawn,  the  locus  of  the  intersection  of  tangents  at  its  extre- 
mities is 

xx'     yyf 


Cor.  7.— The  line 


--F-* 


^    y/    , 


is  such  that  any  line  passing  through  afy'  is  cut  harmonically  by 
it  and  the  hyperbola. 
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193.  To  find  the  equaUan  of  the  conjugate  hyperbola. 

If  the  line  B£^  were  the  axis  of  x,  and  AA'  the  axis  of  y; 
since  BB*  is  the  transverse  axis  and  AA'  the  conjugate  axis, 
the  equation  of  the  figure  WWWW  would  he  (§  188), 

Hence,  interchanging  x  and  y,  the  required  equation  is 

;^-f-l.  (660) 

ftr.  1. — ^If  CQ,  C5  he  conjugate  diameters  with  respect  to 
the  hyperhola  Hy  they  are  conjugate  diameters  with  respect  to 
the  hyperhola  W. 

For  the  required  condition  with  respect  to  ^is 

tan-4CG.tan^Cfi  =  ^  (§  191,  Cor.  1); 

a* 
therefore  tmBCR  .ixnBCQ^r^ 

Hence  the  proposition  is  proved. 

Cor.  2.—  The  tangent  at  i^  to  the  hyperhola  H'  is  parallel  to 
QQl.  For  the  diameter  RR  of  H'  hisects  chords  parallel  to 
QQly  and  the  tangent  ^  is  a  limiting  case  of  a  chord. 

Cor.  3. — If  the  co-ordinates  of  Q  he  j/y',  the  co-ordinates 

of  J?  are  T'     7"*  ^^^^^ 

For  these  satisfy  the  equation  (660)  of  the  hyperbola  W  and 
the  equation  of  the  line  RR  is 

^     ?^     0 

Cor.  4. — ^If  the  conjugate  sen^diameters  CQ,  CR  he  denoted 
by  a',  J',  respectively,  then  a'*  -  ^'*  =  a*  -  ^.  (662) 

For  «^-J'»-:C«»-  C:fi»-ar^  +  y'»-^  -  -J- 
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Car.  5. — ^Every  diameter  of  an  eqiiilateral  hyperbola  is  eqxial 
to  its  conjugate. 

Cor.  6. — ^The  area  of  the  triangle  QCR^  ^ah.  (663) 

For  the  area 

.»(.4--,4).m(5-?). 

Hence  the  area  of  the  parallelogram,  whose  two  adjacent  sides 
are  two  conjugate  semidiametersy  is  constant. 
Cor.  7.  The  equation  of  the  line  QR  is 

Hence  QR  is  parallel  to  the  line 

*     y     /v 

Cor.  8. — ^The  equation  of  the  median,  which  bisects  QR^  is 

194.  To  find  the  equation  of  an  hyperbola  referred  to  two 
eonfugate  diameters. 

Let  CQ,  CR  be  two  conjugate  semidiameters  (see  fig.,  §  191), 
and  take  CQ,  CR  as  the  new  axes  of  x,  y.  Let  ^,  y  be  the  old 
co-ordinates  of  any  point  P  of  the  hyperbola,  sc^y*  the  new ;  then 
denoting  the  angles  QCA^  RCA  by  a,  p^  respectively,  we  have 

x^^a^  coBa-i-y'coBpf    y  =  ic'sina  +  y'sin^. 

Substitute  these  yalues  in  the  equation  h^a^  -  o'y'  =  a'J* ;  then 

s^{l^  C08»a  -  a^  sin«a)  -  y^(a»  sin»j3-  ^  cos^jS) 

+  «'/({'  cosacos^-«'  sina  sinj8)«fl^J*; 
but,  since  CQ^  CR  are  conjugate  semidiameters, 
tana  tan  jSb~ 
s2 
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(§  191,  Cw.  1).    Hence  the  coefficient  of  xfff  yanlBhes,  and  the 
equation  may  be  written 

/i^co^a-^_8m«a\       ^/^rin^^-^co^\ 

Now,  wlien  y'  =  0,  we  have  of  =  CQ.    Hence,  denoting  CQ  by 

«',  we  have 

n't— — . 

fc*  C08*a  -  0*  sin'a 

Again,  if  i2  be  the  point  where  CR  meets  the  conjugate  hype^ 
bola  (§  192),  we  get 


C!fi». 


(^  sin'iS  -  *«  co8»^ ' 


and,  denoting  this  by  h*^,  we  see  that  the  equation  can  be 
written 

Z ?L  =  1 . 


or,  omitting  accents  on  xf^  y\ 


(665) 


This  is  the  same  in  form  as  the  equation  referred  to  the  trans- 
verse and  conjugate  axes.     (Compare  §  155.) 

Car.  1. — ^The  equation  of  the  tangent,  when  the  hyperbola  is 
referred  to  a  pair  of  conjugate  dia-  y 

meters  as  axes,  is 


?-^-.-o> 


for,  taking  two  points  a//,  a/'y"  on      i  \  i 

the  hyperbola,  the  curve  /  M 
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eridently  passes  througli  both  points.    Hence  the  chord  joining 
both  points  is 

and,  if  the  points  become  consecutiTe,  this  reduces  to 

Cer.  2.— If  the  tangent  at  R  meet  CP  in  T,  (7iV.  CT^  CF^. 

Cor.  3. — The  tangents  at  the  extremities  of  any  chord  meet 
on  the  diameter  conjugate  to  that  chord. 

Car,  4, — The  line  joining  the  intersection  of  two  tangents  to 
the  centre  bisects  the  chord  of  contact. 

EZBBOISES. 

1.  If  a  chord  of  a  circle  be  parallel  to  a  line  given  in  poeiiion,  the  locos 
of  a  point  which  diyides  it  into  parts,  the  sum  of  whose  squares  is  constant, 
IB  an  equilateral  hyperbola. 

2.  If  CF,  CD  be  any  two  semidiameters  of  a  hyperbola,  iW,  DM  tan- 
gents meeting  CD,  CPia.  i^Tand  My  respectively ;  triangle  CPN^  CLM. 

8.  In  the  same  case,  if  PJ*,  DE  be  parallels  to  the  tangents  meeting  (72), 
(7P  produced  in  Tand  J7;  the  triangle  CLE^  CPT, 

4.  If  a  quadrilateral  be^  circumscribed  to  a  hyperbola,  the  join  of  the 
middle  points  of  its  diagonals  passes  through  the  centre. 

5.  If  AB  be  any  diameter  of  a  hyperbola,  AE^  BD  tangents  at  its  extre- 
mities meeting  any  third  tangent  in  E  and  2),  the  rectangle  AB .  BD  it 
equal  to  the  square  of  the  semidiameter  conjugate  to  AB. 

6.  If  in  the  fig.  of  Ex.  6,  CD^  CE  be  drawn  meeting  the  hyperbola  and 
its  conjugate  in  D'  and  E*\  CD^^  CE'  are  conjugate  semidiameters. 

7.  Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugate. 

8.  Find  the  condition  that  the  line  x«  +  fiy  +  y  »  0  shall  touch  the 

hyperbola. 

Am.  a'A*-^'/*'-  1^  =  0, 

which  is  the  tangential  equation  of  the  hyperbola. 
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9.  If  AA'  be  any  diameter  of  an  ellipae,  FF*  a  double  ordinate  to  it;  if 
AFj  A*F'  be  produced  to  meet,  the  Iocob  of  tbeir  point  of  interseotion  ia  a 
hyperbola. 

10.  Tangents  to  a  hyperbola  are  drawn  from  any  point  in  one  of  the 
branches  of  the  conjugate  hyperbola ;  proye  that  the  euTelope  of  the  cfaivd 
of  contact  is  the  other  branch  of  the  conjugate  hyperbola. 

195.  To  find  the  equation  of  the  normal  to  the  hyperbola  at  the 
point  of  y". 

The  eqaation  of  the 
tangent  at  afy'  is 

Hence  the  equation  of 
the  perpendicular  to 
thiB  at  xy  is 


i^X       bhf 


(667) 


which  is  the  equation  of  the  required  normal. 

Cor.  1. — ^In  equation  (667)  put  y  "  0,  and  we  get 

CQ  «  ^x".  (668) 

Hence  MG^{^'\)af.  (669) 

Cor.  2.—PCP  «  PM^  +  MCP  -  y^  +  (^  -  if  of*  =  (after  an 
easy  reduction)  to 

l(.«^.a«). 


Hence 


^^-WT^^^ 


In  like  manner, 
Hence 


(670) 
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Cer.  3. — If  p,  ft  be  the  focal  vectors  to  P, 

G'P.PQ^pp'.  (671) 

Cor,  4. — In  an  equilateral  hyperbola 

FO  =  Q'P.  (672) 

Cbr.  6. — ^If  CR  be  the  semidiameter  conjugate  to  CP, 

6?'P  .PG^CE'^h'^^  pp'.  (673) 

Ci9r.  6. — ^If  CZ  be  perpendicular  to  the  tangent  at  P, 
CL.PQ^h\     CL.G'P^f^. 

EXBBOISBS. 

1.  The  points  CT^  P,  T*  and  the  two  foci  are  oonoyolio. 

2.  A  right  line  parallel  to  the  conjugate  axis  of  a  hyperbola  meets  it  and 
its  conjugate  in  the  points  M^  If;  show  that  normalB  to  these  curves  at  the 
points  If,  J\r  intersect  on  the  transverse  axis. 

8.  If  the  hyperbola  he  equilateral,  and  if  CL  produced  meet  the  curve  in 
Z',  prove  CL .  CZ'  =  a\ 

4.  If  through  the  points  Of  G'  parallels  he  drawn  to  the  axes,  the  locus 
of  their  intersection  is  a  hyperbola. 

6.  In  an  equilateral  hyperhola  half  the  difference  of  the  hase  angles  of 
the  triangle  SFS"  is  equal  to  one  of  the  angles  which  CF  makes  with  8S\ 

6.  If  from  any  point  in  a  hyperhola  perpendiculars  he  drawn  to  the  axes, 
the  join  of  their  feet  is  always  normal  to  a  hyperbola. 

7.  If  through  the  point  T,  where  the  tangent  at  P  meets  the  transverse 
axis,  a  parallel  to  the  conjugate  axis  be  drawn  meeting  the  join  of  the 
points  A,  P,  in  /,  the  locus  of  /  is  an  ellipse,  having  the  same  axes  as  the 
hyperbola. 

8.  If  the  co-ordinates  of  a  point  on  the  hyperbola 

^     y»     / 

be  denoted  by  «  sec  ^,  &  tan  ^,  prove  that  the  oo-ordinatee  of  the  intersec- 
tion of  normals  at  the  points  (a  +  iS),  (a  -  iS)  are 

-. 7—^—1 ^»     -?tana.tan(«+tt.tan(«-iS).    (674) 

a    cosocos(o+iS)cos(o-/B)'  b  \         /  x         #  / 
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9.  The  co-ordinates  of  the  point  of  intersection  of  two  oonsecntiTe  nor- 
mals are 

^sec»a,    -^tan*a.  (676) 

10.  !rhe  loons  of  the  centre  of  cnrrature  of  the  hyperbola  is 

(a*)l-.(ay)t  =  <»t.  (676) 

196.  The  feet  of  the  normals  that  ean  he  drawn  from  any  pekU 
to  an  hyperbola  lie  on  an  equilateral  hyperbola, 

Jlhkhethe  points  whence  normals  are  drawn  to  o^/o*-  y'/^a  1, 
the  feet  of  normals  He  on  the  hyperbola 

a^h/x  +  W/y  =  o'.  (677) 

See  Demonstration  of  §  179. 

Cor,  1. — ^Fonr  normals  can  be  drawn  from  any  point  to  an 
hyperbola. 

Cor,  2.  The  equation  of  the  normals  from  hk  to  the  hyper- 
bola  is 

i^x"  -  by  {kx  -  hyy  =  <r*«»y».  (678) 

Cor.  8. — ^The  product  of  the  abscissse  of  each  pair  of  opposite 
vertices  of  the  complete  quadrilateral  formed  by  tangents  to  an 
hyperbola  at  the  feet  of  normals  from  any  point  hk  is  equal  to 
-  a*  and  the  product  of  the  ordinates  a  ^. 

Cor.  4.  If  the  foot  of  one  of  the  four  normals  be  the  point 
x^y'  the  triangle  formed  by  the  tangents  at  the  feet  of  the  three 
others  is  inscribed  in  the  hyperbola 

^1^  +  //y  +  1  =  0.  (679) 

197.  Joaohdcsthal's  Cibcle. 

If  from  any  point  hk  in  the  normal  at  the  point  sf^f  of  an  hyper- 
bola  three  other  normals  be  drawn^  the  feet  lie  on  the  circle 

aj>  +  y»  +  «r'  +  yy'-f«(a»?'/a«-yy'/^+l)-0,     (680) 

where  u  ^m  a^  ^  b'k/y' ^  i^h/x' -  b". 


Digitized  by  LjOOQIC 


The  nyperbola. 


265 


This  is  called  Joaohiicsthal's  Cikclb  of  the  hyperbola.    The 
proof  may  be  inferred  from  §  180  by  changing  the  sign  of  3'. 

Cor.  1. — Joachimsthal's  Circle    passes    through    the  point 
-  a/  -  y'  on  the  hyperbola. 

Cor.  2. — Joachimsthal's  Circle  passes  through  the  foot  of  the 
perpendicular  from  the  centre  on  the  tangent  ^i-  a/  -y', 

198.  To  find  the  lengths  of  the  perpendiculars  from  the  foci  on 
the  tangent  at  any  point  of  the  hyperbola. 

If  the  co-ordinates  of  the  point  P  be  a  sec  ^,  h  tan  ^,  the 
equation  of  the  tangent 


jT  sec  <^     y  tan  <^ 


-1=0, 


a  h 

and  the  co-ordinates  of 
the  focus  8  BTh  ae,  0. 
Hence  the  perpendicu- 
lar 

\tf  sec  ^+  1/ 
or  denoting  the  focal  vectors  by  p,  p\ 

SZr 


(681) 

Similarly,  S'L' = *  ^/ 7.  (682) 

Cor.  1 .—  8Z.  8'L'  = «».  (683) 

^         h 
Cor.  2.—8Z  ^  p  =  -7=  =  p.    (§  195,  Cor.  6.)         (684) 

Cor.  3. — ^The  tangent  at  F  bisects  the  internal  angle  at  P  of 
the  triangle  8F8\  and  the  normal  bisects  the  external  angle. 
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Cor,  4. — Since  the  angle  8FH  is  bisected  by  PL^  we  haye 
8L  e  LSj  and  8C^  CS'^  because  C  is  the  centre.    Hence 

CZ  -  jS'ir-  iiS^P-SP)  =  a; 

therefore  the  locus  of  Z  is  the  auxiliary  circle. 

Cor.  5. — ^If  a  Hne  move  so  that  the  rectangle  contained  by 
perpendiculars  on  it  from  two  fLzed  points  on  opposite  sides  is 
constant,  its  envelope  is  a  hyperbola. 

Car.  6. — The  first  positive  pedal  of  a  hyperbola,  with  respect 
to  either  focus,  is  a  circle. 

Cor,  7. — The  first  negative  pedal  of  a  circle,  with  respect  to 
any  external  point,  is  a  hyperbola. 

Car.  8. — ^The  reciprocal  of  a  hyperbola,  with  respect  to  either 
focus,  is  a  circle. 

199.  The  rectangle  contained  hy  the  segments  of  any  chord  past- 
ing  through  a  fixed  point  in  the  plane  of  the  hyperbola  is  to  i^ 
square  of  the  parallel  semidiameter  in  a  constant  ratio. 

The  proof  is  the  same  as  that  of  the  corresponding  propo- 
sition (§  184)  for  the  ellipse,  and  similar  inferences  may  be 
drawn. 

EXBB0I8S8. 

1.  If  an  equilateral  hyperbola  pass  through  the  angular  points  of  a  tri- 
angle, it  passes  through  the  orthocentre. 

2.  The  locus  of  the  centres  of  all  equilateral  hyperbolas  described  aboot 
a  giyen  triangle  is  the  '  nine-points  circle '  of  the  triangle. 

3.  If  P  be  any  point  in  an  equilateral  hyperbola  whose  vertioes  are  A,  A', 
prove  that  the  normal  at  JP  and  the  line  CF  make  equal  angles  widi  the 
transYerse  axis. 


Digitized  by  LjOOQIC 


The  Hyperbola. 


267 


200.  To  find  the  polar  equation  of  the  hyperbola^  the  centre  being 

Let  ^  be  the  hyperbola, 
A' A  its  transyeree  axis,  and 
BfB  its  conjugate  axis,  P 
any  point  in  the  curve  ; 
^en,  if  iT,  y  be  the  rect- 
tngular  co-ordinates  of  P, 
py  Of  its  polar  co-ordinates, 
we  have 

and,  substituting  these  in  the  equation  of  the  hyperbola,  we  get 


1 


cos«^ 


sin'tf 


V 


(685) 


which  the  polar  equation  required. 
Cor.  1. — ^The  polar  equation  of  the  conjugate  hyperbola  W  is 


^  "  l-e^Qo^ff 


(686) 


Cor.  2. — If  the  hyperbola  be  equilateral,  h^ «  a*,  and  the  polar 

equation  is 

p»cos2tf  =  fl^.  (687) 

Cer.  3. — ^If  in  equation  (685)  the  denominator,  ^  cos*^  -  1, 
raniflh,  we  get  p*  »  infinity ;  therefore  p  «=  t  infinity ;  but  if 

^  cos*  ^  -  1  B  0,  we  get  tan*  tf  =  —  and  tan  «  ±  -.     Hence,  if 

2)1/  be  erected  at  right  angles  to  CA,  and  if  AD  and  lyA  be 
made  each  equal  to  3,  and  Ci>,  CI/  joined,  these  lines  produced 
both  ways  will  each  meet  the  curve  at  infinity. 
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Cor.  4. — ^The  equations  of  the  line  CDy  CI/  are  respectiTelj 

Each  of  these  lines  torches  the  cnrre  at  infinity,  ^r,  in  other 
words,  is  an  asymptote.     (§  153.) 
For  the  tangent  at  afy'  may  be  written 

X      yy'      I 

X     y  , 

Now,  if  x^y'  be  the  point  where  the  line  -  -  i  «  0  meets  the 

enrve,  we  have  ^  =  -.    Hence  the  tangent  may  be  written 

X     y      ^  X     y 

—  T  =  -;»    or  —  T  =  0,  since  xfiB  infinite. 

a     h     x'  ah 

Cor.  6. — Since  the  product  of  the  equations  of  the  two  asymp- 

^     y^ 
totes  (688)  is  -T  -  -^  =  0,  we  see  that  the  equation  of  the  hyper- 

bola  differs  from  the  equation  of  its  asymptotes,  only  by  the 
absolute  term.     (§  153,  Cor*  1.) 

Cor.  6. — Tfao  asymptotes  of  an  equilateral  hyperbola  are  at 
right  angles  to  each  other.  On  this  account  the  equilateral 
hyperbola  is  also  called  the  rectangular  hyperbola. 

Cor,  7. — The  secant  of  half  the  angle  between  the  asymptotes 
is  equal  to  the  eccentricity. 

Cor.  8. — The  lines  joining  an  extremity  of  any  diameter  to 
the  extremities  of  its  conjugate  are  parallel  to  the  asymptotes. 

201.  To  find  the  equation  of  the  hyperbola  referred  to  the  atymp- 
totes  as  axes. 

Let  JI  be  the  hyperbola,  CX',  CT  (see  last  fig.)  the  asymp- 
totes, P  any  point  in  the  curve;  draw  PJIT  parallel  to  CT\ 
then,  denoting  CiT,  WF,  the  co-ordinates  of  P  with  respect  to 
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the  new  axes,  by  ^^,  and  half  the  angle  between  the  asymptotes 
by  a,  we  have,  since  CM^  CO  +  irN\  and  FM^PIT  -  M'lT, 

a;  a  (a:'  +  /)  cos  a,     y  «  (y*  -  ii/)  sin  a ; 

and  sabstitnting  in  the  equation 


we  get 


(«^fy7co8»a     (y^-g^ysin^tt 


But  sec  a  =  tf.  (§  200,  Cor.  7.) 

Hence  o 

cos'a**-: — ;:;    8in*a  =  - 


therefore  .  («'  +  y')*-  (/ -  ^)«=  «?  +  ^, 

or  44//  =  a*  +  3* ; 

and  omitting  accents,  as  being  no  longer  necessary, 

ay  =  (a»  +  i»)/4,  (689) 

which  is  the  required  equation. 

Car.  1. — ^The  area  of  the  parallelogram  formed  by  the  asymp- 
totes, and  by  parallels  to  them  through  any  point  in  the  curve, 
is  constant. 

Cor.  2. — Since  the  product  xy  is  constant,  the  larger  x  is,  the 
smaller  y  will  be,  and  conversely ;  hence  the  hyperbola  con- 
tinually approaches  its  asymptotes,  but  never  meets  them,  until 
it  goes  to  infinity,  where  it  touches  them. 

BXEBOISBS. 

1.  A  yaiiable  line  has  its  extremities  on  two  lines  giyen  in  position  and 
passes  through  a  given  point ;  prove  that  the  loons  of  the  point  in  which  it 
is  diyided  in  a  given  ratio  is  a  hyperbola. 
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2.  From  a  point  P  perpendiculars  are  let  fall  on  two  fixed  lines ;  if  the 
\  of  the  quadrilateral  thus  formed  be  gi^en,  prove  tliat  the  locus  of  P  if 
a  hyperbola. 

/  3 .  If  any  line  ctits  a  hyperbola  and  its  asymptotes,  prove  that  the  intercepts 
on  the  line  between  the  conre  and  its  asymptotes  are  equal. 

4.  If  a  variable  line  form  with  two  fixed  lines  a  triangle  of  constant  area, 
the  locus  of  the  point  which  divides  the  intercept  made  on  the  variable  line 
in  a  given  ratio  is  a  hyperbola. 

6.  If  two  sides  of  a  triangle  be  given  in  position,  and  its  perimeter  given 
in  magnitude,  the  locus  of  the  point  which  divides  the  base  in  a  given  ratio 
is  a  hyperbola. 

6.  The  equation  of  a  hyperbola  passing  through  three  given  points,  and 
having  its  asymptotes  parallel  to  two  lines  given  in  position,  is 


*y,      *. 

V, 

1, 

«'y'.     *'. 

V, 

1, 

*'V',    *", 

V". 

1, 

*"y".  *"', 

y"'. 

1, 

=  0. 


(690) 


«0. 


BO,tiie 


(691) 


the  axes  being  the  lines  given  in  position. 

If  the  lines  given  in  position  be  denoted  by  ^5  b  as*  +  2A«y  +  ^ 
equation  will  be 

Sy       *,        y,        1, 

S^y  «',  y\  1, 
s:\  «",  y",  1, 
S'\    «'",      y"'      1, 

7.  The  equation  xy^Jfi^  being  a  special  case  of  the  equation  XJf  a  JBf 
(}  160),  the  co-ordinates  of  a  point  on  the  hyperbola  can  be  expressed  by 
a  single  variable.  Thus  a;  e  A;  tan  ^,  y  =  A;  cot  ^.  Thii  will  h$  ealled  the 
pomt  p. 

8.  Prove  that  the  equation  of  the  join  of  the  points  ^',  ^"  on  the  hyper- 
bdais 

*  y 


tan^'  +  tan^"     oot^'  +  cot^' 

:1. 


:-*, 


^.■Hrr-^- 


s^  +  «"     y'  +  y" 
9.  The  intercepts  on  the  axes  are  s'  +  «",    y'  +  y". 


(692) 
(C9S) 
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10.  The  tangent  at  the  point  ^  is 

«  cot  ^  +  y  tan  ^  =  2*,    or  ->  +  -,  =  2.  (694) 

U.  The  area  of  the  triangle  formed  by  the  asymptoteB  and  any  tangent 
to  the  hyperbola  e2A?. 

12.  If  a  variable  point  «y  on  the  h3rperbola  be  joined  to  two  fixed  points, 
the  intercept  on  the  asymptotee  made  by  the  joining  linee  is  constant. 

13.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  ^',  ^'\ 

2k  2h 

cot^'  +  oot^^'         tan^'  +  tan^"*  ^      ' 

*14.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^',  ^'\ 
♦"'is 

y  {gm«y^(8m2»''-  sin2<>"')+8in«  ^p"  (ain2»"'-  sin  2f )+ sin»»^'^(8in2^'--sin2»'0  } 
sin  (^'  +  ^")  sin  (^"  +  ^'")  sin  (^"'  +  <p') 

(696) 

15.  The  normal  at  the  p<»nt  ^is«tan^-ycot^ei;  (tan*^  -  cot'^). 

16.  The  four  normals  from  the  point  o/S  to  the  hyperbola  xy^sj^,  haye 
the  tangents  of  the  parametric  angles  of  their  points  of  meeting  the  hyper* 
bola  connected  by  the  relation  h  (tan^  ^  -.  i)  =  a  tan'  ^  -  /3  tan  ^. 


17.  The  intersection  of  normals  at  the  points  x'y',  «'V'  ^^ 
flf**  +  it's"  +  «"» +  /y"         y^  +  y'y"  +  y"*  +  x'x'* 


(697) 


a^  + «"  '  y'  +  y" 

18.  The  co-ordinates  of  the  centre  of  curratare  at  the  point  «'y'  are 

19.  The  cirole  of  cmratore  at  ^  y'  meets  the  carre  again  in  the  point 
▼hose  co-ordinates  are 

20.  The  radios  of  corrature  at  af'y'  is  (s**  +  y'»)l  -r  2*«.  (700) 

21.  Giyen  any  two  conjugate  semidiameters  OP,  OQ  of  an  hyperbola  to 
find  its  axes  in  direction  and  magnitude. 

The  asymptotes  will  be  the  median  of  the  triangle  OJPQ  which  bisects  FQ^ 
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azid  the  parallel  throng^  0  to  PQ,  then  the  axes  are  the  hiaecton  OX,  07 
d  the  angles  between  the  asymptetes.    Through  Q  draw  Qif,  (^panM 


to  the  asymptotes  meeting  OX  mM  and  Jf,  and  take  OA  a  mean  propor- 
tional between  OM,  ON.    Then  A  is  one  of  the  summits  of  the  hyperbola. 

Dbm. — Join  AQ  and  produce  to  meet  the  asymptotes  in  S^  K,    Sines 
QKy  QN  are  parallel  to  the  asymptotes 

AKiQKxiOAzON,  aiid  EQ :  SA : :  OM :  OA,  hutOM:  OA::  OAiOJf. 

Hence  AZ:  QK:  :SQ:SA  .-.  AK^  EQ, 

and  since  Q  is  a  pcnnt  on  the  hyperbola,  ^  is  a  point  on  it    Henoe  ^  is  a 

summit. 

The  foregoing  construction  is,  with  slight  alteration,  taken  from  Long- 
champ's  Oi(mitri$  Analfftigue,  tome  2,  p.  470. 

202.  To  Jind  the  polar  equatum  of  the  hyperbola,  the/ocuihemg 
pole. 

8P  »  p,  the  angle  ASP  «  0.    (See  fig.,  §  188.) 
SP'^e PNhj  definitaon  ; 


Let 
Then 

that  is, 
or 


Therefore 


p^e{08^  8Q)m  tf/+  tfp  008  (»  -  6), 
p  a  a («*  -  1)  -  ^  CO80. 

'^       1  -♦•  tf  COS  tf ' 


(701) 


C(i>r.  1.— If  we  put  *  -  "5,  we  get  />  =  a  («•  -  1) ;  but  in  this 
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ease  p  is  half  the  latns  rectam.    Hence,  d^ioting  it  by  /,  we 
have 

P  =  -, ^ 2-  (702) 

Car,  2 — ^The  polar  equation  of  the  tangent  at  the  point  a  is 

'*  =  C08(«-<))+.C08tf-  .        ^'^^^ 

C^.  8. — The  polar  co-ordinates  of  the  intersection  of  tangents 
at 

a+)9,  a-)9,  are  dsa,  p«=//(tf  cosa  +  cosj8).     (704) 

Car.  4. — The  equation  of  the  normal  at  a  is 

(706) 


-0  6inaB(l  +  cosa)  {tf  sin^  +  sin(^-a)}. 


EZBBOISBS. 
1.  Tlie  eqaation  of  the  chord  joining  the  points  (a  +  fi),  (a  -  8),  is 


/ 


tf  008  0  +  MO  iS  cos  (a~  9)' 


(706) 


2,  If  a  be  constant,  and  $  yaiiable,  the  chord  joining  the  points  (a  +  j 
(•  -  fi\  passes  through  a  fixed  point. 


203.  2b  jmd  the  area  of  an  equilateral  hifherbola,  between  att 
Mifmptote  and  two  oridnatee,  y 

Let  PQZ  be  the  hyperbola  : 
OX,  OF  the  asymptotes.  Bisect 
the  angle  XOY  by  OP ;  draw 
the  ordinate  PP*  and  ZZ' ;  then 
denoting  OP*  by  unity,  and  P'Z' 
by  X  the  area  enclosed  by  PP* 
ZZ'y   FZ,   and  the  hyperbola, 

-'°^^'"'^'  -o — r^ — rx- 

Dem. — ^DiTide  P'Z'  into  any  number  of  parts  n,  in  the 

T 
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points  C,  R,  &c. ;  so  that  OF,  OQTy  OB!,  &o.,  are  in  geomo- 
trioal  progression,  and  draw  the  ordinates  Q'Q,  SR,  &c.  Jiun 
PQ,  Qi2,  &c. ;  also  join  OQ,  0-R.  Now,  denoting  the  co-ordi- 
nates of  the  points  P,  Q,  R  by  a//,  a/y,  «"'/"»  ^o  l^v«  "^ 
of  the  triangle  OQti 

since  y"'"^  and«'"  =  ^. 

Hence  area  of  triangle  OQJi 

=  *  ^'  W  -  a^y )  -  *  (*'y"  -  «"/), 

or  equal  area  of  triangle  OPQ.  But  it  is  easy  to  see  that  the 
triangle  OPQ  is  equal  to  the  trapezium  PP'QQf  and  OQR  equal 
to  the  trapezium  QQ^RR,  Hence  the  trapeziums  are  equal; 
and  therefore  the  whole  rectilineal  figure  FFZ'Z  is  equal  to 
n  times  the  trapezium  FR^Q.  Again,  we  have  OZ'  ■  OF 
+  FZ'  =  1  +  « ;  and  OC  =  OP'  +  F^  =  1  +  FQf ;  and  since 
OP'  0Q\  .  .  •  OZ'  are  in  geometrical  progression,  and  there  are 
n  terms,  we  have  (1  +  FQY  =  1  +  «;  therefore 

FQ'  =  (1  +  x)^  -  1,  and  FFm  1, 

Hence,  when  n  is  indefinitely  large,  the  area  of  the  trapezium 
FFQQ  =  (1  +  x)i  -  1.  Therefore  the  hyperboUc  area  PFZ'Z 
is  equal  to  the  limit  of 

n{(l+ic)--l)  =  log,(l+«).    (See  Ihy.,  p.  90.)     (707) 
Cor.  1.— The  hyperbolic  sector  OPZ=log.(l  +  »).         (708) 
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Cor.  2. — If  AZ  be  an  equilateral  hyperbola,  whose  equation 
is  «*  -  y»  =  1,  and  if  the  co-ordinates 
OJf,  MZ  of  a  point  Z  he  xy^  the  sec- 
torial area 

OAZ^^\og.{x^y), 

Dom. — ^In  the  foregoing  proof  OP* 
is  taken  to  be  the  linear  unit ;  but  in 
the  general  case  it  is  evident  that  the 
proposition  proved  is  that  the  sectorial  ^  ^ 
area  =  OP^  X  log,  {OZ'  v  OP');  but 
it  is  easy  to  see  that  OZ'  -f  OF 
-^{0M  +  MZ)-^OA,  and  OP^^^OA\ 
Hence   the    area    of    the    hyperbolic 

sector    0.4^=fa^log/-^-^. 
it 

Hence,  when  a  is  unity,  sectorial  area 
=  Jlog,(iC  +  y). 
Ccr,  3. — ^If  u  denote  twice  the  sectorial  area  OAZ^  then 


(709) 


--     2    •   y--T- 

Por  log,  («  +  y)  =  t« ;  therefore  tf*  -  «  +  y ;  and 

1 


(710) 


«+  y 


»«  -y. 


Bet.— rr,  y  ortf  eaZ2^J,  r$sp$eiwely^  the  htpebbolic  oosive  and 
HTPXEBOuc  siHE  o/fi,  and  are  denoted  by  the  notation  Chu,  Qhu, 
(See  Trigonometry,  Chap,  viii.,  sect,  ii.) 

Cor.  4.— If  v/^  be  denoted  by  ♦,  Chu  =  cos  («♦),  Shu 
«=  — T-^.    These  follow  from  the  values  of  a?,  y,  and  the  tri- 


8<nonietric  expansions  of  cos  («*),  sin  {u%)» 

t2 
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204.  The  other  hyperbolic  functions  are  defined  as  follows, 
thus : — OD  «  hyperbolic  secant  u  ■  Sec  hw,  AT^  hyperbolic 
tangent  u  ■  Tht^,  BT  «-  hyperbolic  Cotangent  u  ■  Cot  hu^  OE 
m  hyperbolic  Cosecant  u  »  Cosecht^. 

From  the  known  properties  of  the  hyperbola  we  have  imme- 
diately the  following  relations : — 

8ecAw«;=r--,    Thi«»T=-,     Cot  Au«  5=-,  CosecAu-sr—, 
Chu  Cht«  Shu  Shu' 

coiresponding  to  the  known  relations  of  circular  functions ;  and 
from  them  can  be  constructed  a  theory  of  these  functions.  (See 
Author's  Trigonometry^  Chap.  Yin.,  sect,  ii.) 

From  the  values  Chu  =  cos  (u»),   Shu  ■  — \ — -^  we  see 

that  if  we  put  ut  *»  <^,  we  have  «  =  cos  ^,  y  =  — r-^ ;  so  that 

the  co-ordinates  of  any  point  on  the  equilateral  hyperbola  can  be 
denoted  by  the  circular  functions  of  an  imaginary  angle  ^.  In 
like  manner,  the  co-ordinates  of  a  point  on  the  hyperbola 

t  t  1 

can  be  expressed  in  a  manner  analogous  to  the  method  of  the 
eccentric  angle  for  the  ellipse.    Thus  we  can  put 

X  ,      y     sin^  ,.,,. 

-  =  co8^,    f--T^;  (711) 

and  by  these  substitutions  we  could  give  proofs  analogous  to 
those  of  the  ellipse  for  the  corresponding  propositions  of  the 
hyperbola. 

The  following  exercises  can  be  solved  by  using  the  imagi- 
nary eccentric  angle : — 
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BXEB0I8BS. 

1 .  If  the  chord  joining  the  points  (a  +  iS),  (a  -  ff)  pass  through  the  focuB ; 

prore 

«  cos  a  a  cos  iS.  (712) 

2.  The  tangents  at  the  extremities  of  a  focal  chord  meet  on  the  direc- 
trix. 

3.  In  the  same  case,  the  line  joining  their  intersection  to  the  focus  is  per- 
pendicular to  the  chord. 

4.  Proye  that  the  eccentric  angles  of  two  points  which  are  the  extre- 
mities of  a  pair  of  conjugate  semidiameters  differ  by  -. 

i 

6.  Apply  the  method  of  the  eccentric  angle  to  the  proof  of  the  proposi- 
tion that  the  locus  of  the  middle  points  of  a  system  of  parallel  chords  is  a 
light  line. 

6.  Find  the  equation  of  the  hyperbola,  referred  to  a  pair  of  conjugate 
diameters  by  means  of  the  eccentric  angle. 

7.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  the  points 
(«  +  i3),  (o-iS),are 

•oo««     hi  fang 

8.  If  a  be  Tariable  and  /9  constant,  the  chord  joining  the  points  (a  +  iS), 
(a  -  /9)  is  a  tangent  to  the  hyperbola 

^-g^crf^.  (7U) 

9.  In  the  same  case,  the  locus  of  the  intersection  of  tangents  at  the  ex- 
tremities of  the  chord  is 

^-g  =  .ec'<..  (716) 

10.  If  ^  be  the  angle  between  the  tangents  at  (a  +  /9),  (a  -  /9), 

^"  (a»+  *»)  cos2a-  (a»-  *»)  cos2iS*  ^'     ^ 

11.  Find  the  locus  of  the  pole  of  a  chord  which  subtends  a  right  angle 
at  a  fixed  point  A^. 
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Let  (a  +  P)i  (a  ~  i9)  be  the  eccentric  angles  at  tbe  extremities  of  tiie 
chord ;  then  the  eqiiation  of  the  circle  which  has  the  chord  for  diameter  ib 

(j;  -tfcosa  cos  i3]*  +  (y  +  3t  sin  a  cosi3]*= (<^  sin'a  -  ^  oos'«)  sin'A 

and  eridently  M  is  a  point  on  this  circle ;  hence 

(A- a  COS  a  cosi3)*  +  (A;+  &i  sin  a  cos  i8)*= (<^8in*a-  *•  cos'a)  sin'iS, 
or 

A'  + A^-2(a  cos  a  cos  i3)  A  +  2  (^i  sina.cosi3)A;  +  a^(co8'i3  -  sin*a) 

+  **(co8'a-cos'^)  =  0. 

Kowy  if  JP,  y  be  the  co-ordinates  of  the  pole  of  the  chord  joining  (a  +  /3), 
(a  -  fi),  we  have 

acosa  =  j;oo6i3,    MsinaeycosiB; 
thsrefue 

A«  +  *»-(2A«+2Jly-«»  +  *«)  ooe'iS  - ••sin'a  +  «* oo^tt  =  0; 

or,  eliminating  a, 

Aa  +  ifct  _  (2A«  +  2ity  -  a»  +  i»)  -  -rf-  +  -f  ooe»i8  -  0. 

Hence,  eliminating  i3,  we  get 

(^±|±^)^_(*!±5zl')^_2(*,.*,)^«.-,.=  0.    (7.7) 

which  represents  a  hyperbola,  a  parabola,  or  an  ellipse,  according  ts  the 
point  hk  is  outside  the  auxiliary  circle,  on  it,  or  inside  it. 

12.  The  discriminant  of  this  equation  (717)  is  the  product  of  the  two 

factors 

*U»-a»;t»-a«*«  and  A«+ jfe«- (a«- ft*). 

Hence  we  infer  that  the  locus  will  break  up  into  two  lines  if  the  co-ordi- 
nates hk  satisfy  the  equation  of  the  hyperbola.  In  other  words,  if  a  chord 
of  a  hyperbola  subtend  a  right  angle  at  any  fixed  point  on  the  curre,  tbe 
locus  of  its  pole  consists  of  two  right  lines. 

Prom  the  factor  A»  +  A^  -  (a»  -  ft«)  =  0  we  infer  that,  if  the  chord  sub- 
tend a  right  angle  at  any  point  on  the  orthoptic  circle,  its  pole  will  be  the 
same  point. 
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Exercises  on  the  Hyperbola. 

1.  The  perpendicular  from  the  focus  on  either  asymptote  is  equal  to  the 
temioonjugate  diameter. 

3.  If  ^  0'  be  the  ecoentricides  of  »  hyperbola  and  its  conjugate,  prove 

^  +  ^-1-  ("8) 

8.  The  equations  of  the  asymptotes,  with  the  focus  as  origin,  are 

4.  If  iSF  be  parallel  to  an  asymptote,  P  being  a  point  on  the  curve ; 
prove 

«P-i.  (720) 

6.  If  from  a  point  K  in  the  transverse  axis  a  perpendicular  KL  be  drawn 
to  an  asymptote,  and  a  normal  KM  to  the  curve,  prove  that  LM  is  perpen- 
dicular to  the  transverse  axis. 

6.  An  ellipse  referred  to  the  equal  conjugate  diameters  being 

prove  that  it  is  oonf ocal  with  the  hyperbola 

ay  =  — — .  (Croftoh.)    (721) 

7.  Also,  this  hyperbola  cuts  orthogonally  all  conies  passbg  through  the 
ends  of  the  major  and  minor  axes  of  the  ellipse  in  Ex.  6.  The  general 
equation  of  these  conies  is 

«»oos^a  +  y»8in»a-??^.  (Ibid,)         (722) 

8.  The  chord  of  contact  of  two  tangents  to  a  hyperbola  is  parallel  to,  and 
half  way  between,  the  lines  joining  the  intersections  of  tangents  with  the 
asymptotes. 

9.  The  locus  of  the  centre  of  a  variable  circle  which  makes  given  inter- 
eepts  on  two  given  lines  is  a  hyperbola. 
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10.  If  from  anj  point  P  on  a  given  line  tangents  be  drawn  to  the 
ellipses 

the  locus  of  the  inteiBeotion  of  their  chords  of  contact  is  an  equilateni 
hyperbola. 

11.  If  ^,  ^',  ^",  ^'"  be  the  parametric  angles  of  four  concydio  points  on 
the  hyperbola  xy-l^^  prove 

tan  ^  .  tan  ^'.  tan  ^'\  tan  ^'"  «  1.  (723) 

12.  The  product  of  the  perpendiculars  from  four  concydio  points  of  t 
hyperbola  on  one  asymptote  is  equal  to  the  product  of  the  perpendiculars  on 
the  other  asymptote. 

18.  If  the  extremities  of  a  chord  of  an  ellipse  which  is  parallel  to  the 
transverse  axis  be  joined  to  the  centre  and  to  one  extremity  of  that  axis,  the 
locus  of  the  intersection  of  the  joining  lines  is  a  hyperbola. 

14.  Parallels  drawn  from  any  system  of  points  on  a  hyperbola  to  the 
asymptotes  divide  the  asymptotes  homographically ;  prove  this,  and  thence 
infer  the  following  theorem : — 

If  «',  »",  «'";  y\  y",  y"',  denote  the  distances  of  two  triads  of  points  on 
two  lines  given  in  position  from  two  fixed  points  0,  (/  on  these  lines,  prove, 
if  «,  y  be  the  distances  of  two  variable  points  on  the  same  lines  from  0,  (/, 
that  jT,  y  will  divide  the  lines  homographically  if  the  determinant 


(724) 


16.  Prove  that  the  sum  of  the  eccentric  angles  of  four  ooncydio  points  on 
a  hyperbola  is  2*. 

16.  If  j>,  p\  «  be  the  perpendiculars  from  the  points  (a  +  i8),  (a  -  iS),  and 

the  point  of  intersection  of  their  tangents  on  any  third  tangent  to  the 

hyperbola,  prove 

fip'=.ii*co8»i8.  (725) 

17.  If  a  circle  osculates  the  hyperbola  «y  «  Ai*  at  the  point  ^,  the  common 
chord  of  the  circle  and  the  hyperbola  is 

«tan^  +  yoot^  +  ;t (tan'^  +  oot^^)  «=  0.  (726) 


«y. 

*. 

y. 
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1, 
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18.  Ay  B  toB  two  fixed  points ;  if  from  A  a  perpendicular  AF  be  drawn 
to  the  polar  of  B  with  respect  to  an  equilateral  hyperbola,  and  from  B  a 
perpendicular  BQ  to  the  polar  of  A ;  then,  if  (7  be  the  centre, 

CA:AP::CB:BQ. 

19.  An  ellipse  circumscribes  a  fixed  triangle  so  that  two  of  tHe  yertices  are 
at  the  extremities  of  a  pair  of  conjugate  diameters ;  prove  that  the  locus  of 
its  centre  is  a  hyperbola. 

20.  The  polar  of  any  point  on  an  asymptote  is  parallel  to  that  asymptote. 

21.  The  points  where  any  tangent  meets  the  asymptotes,  and  the  points 
where  the  corresponding  normal  meets  the  axes,  are  conoyclio. 

22.  The  two  foci  and  the  points  of  intersection  of  any  tangent  with  the 
asymptotes  are  concyolic. 

23.  The  angles  which  the  intercept,  made  by  the  asymptotes  on  any  tan- 
gent, subtends  at  the  foci  are  constant. 

24.  If  P,  P'  be  the  extremities  of  two  conjugate  semidiameters  of  a  hyper- 
bola ;  and  ii  S,  S'  he  the  interior  foci  of  the  branches  of  the  hyperbola  and 
its  conjugate,  on  which  are  the  points  P,  P*,  proTe  that 

SP-ST^BC^AC.  (727) 

26.  If  an  ellipse  and  a  confocal  hyperbola  intersect  in  any  point  P,  the 
intercepts  on  the  asymptotes  between  the  tangent  at  P  to  the  hyperbola  and 
the  centre  are,  respectiyely,  equal  to  half  the  sum  and  half  the  difference  of 
the  semiaxes  of  the  ellipse. 

26.  A  hyperbola,  whose  eccentricity  is  #,  has  a  focus  at  the  centre  of  the 
circle  «>  +  y'  ss  a' ;  prove  that  the  enyelope  of  the  tangents  to  the  hyperbola 
at  the  points  where  it  meets  the  circle  is  the  hyperbola. 

27.  If  the  chord  of  contact  of  two  tangents  to  a  parabola  subtends  a  con- 
stant angle  at  the  vertex,  show  that  the  locus  of  their  intersection  is  a 
hyperbola. 

28.  If  two  hyperbolas  have  the  same  asymptotes,  and  if  from  any  point 
in  one  tangents  be  drawn  to  the  other,  the  envelope  of  their  chord  of  con- 
tact is  a  hyperbola,  having  the  same  asymptotes. 

29.  If  a  variable  circle  touch  each  branch  of  a  hyperbola  it  subtends  a 
constant  angle  at  either  focus,  and  makes  intercepts  of  constant  lengths  on 
the  asymptotes. 

30.  The  centre  of  mean  position  of  the  points  of  intersection  of  a  cirde 
and  an  equilateral  hyperbola  bisects  the  distance  between  their  centres. 
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81.  II  i^  be  the  chord  of  an  equilateral  hyperbola  which  is  nonnal  at  ?, 

prove 

3CP»  +  CQ»  =  Pa».  (728) 

82.  The  area  of  the  triangle  formed  with  the  aaymptotes  by  the  nonnal 
<rf  the  hyperbola  j;*  -  y*  =  a*,  at  the  point  ir'y',  is 

i^'V'^/aa.  (729) 

33.  The  locus  of  the  pole  of  any  tangent  to  the  circle  whose  dia- 

meter  is  the  distance  between  the  foci  of  -^  -  7-9  =  1»  ^^  respect  to 

jA       ^ 

-5  -  ■3-  ■=  1,  is  the  ellipse 


^      «^  1 


34.  Two  circles  described  through  two  points  on  the  same  branch  of  an 
equilateral  hyperbola,  and  through  the  extremities  of  any  diameter,  are 
equaL 

35.  If  ^,  ^\  ^"f  ^*"  be  the  parametric  angles  of  four  points  on  an  equi- 
lateral hyperbola,  such  that  either  is  the  orthocentre  of  the  remaining  three, 

tan  ^  tan  ^'  tan  ^"  tan  ^"'  +  1  =  0.  (731) 

Hence  the  product  of  the  four  abscissse  is  constant. 

86.  If  the  normal  at  the  point  ^  of  the  hyperbola  xy^J^  meet  it  again 
at  the  point  ^',  prove 

tan»^.tan^'+ 1  =  0.  (782) 

87.  If  four  points  on  an  equilateral  hyperbola  be  concydic,  prove  that 
the  parametric  angle  of  any  point  and  of  the  orthocentre  of  the  remaining 
points  are  supplemental. 

88.  If  the  osculating  circle  of  an  equilateral  hyperbola,  at  the  point 
^ose  parametric  angle  is  ^,  meet  it  again  at  the  point  ^',  prove 

tan»^.tan^'  =  1.  (738) 

89.  If  the  eccentric  angle  of  the  point  (A;  tan  ^,  k  cot  ^)  be  9,  prove 

cot  ^  =  cos  0  +  i  sin  9, 

40.  If  two  sides  AB,  AC  of  a  fixed  triangle  be  chords  of  two  equal 
circles,  show  that  the  locus  of  the  second  intersection  of  the  cirdes  it  an 
equilateral  hyperbola. 
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41 .  If  Pi,  Ps,  Pa  be  three  points  of  the  equilateral  hyperbola  «y  <=  1 ,  then — 

(1)  Area  of  triangle        P,PaP,  »  i(^> "  ^)  (^»  "  ^a)  (^3  -  ^i)^    ^3^^ 

(2)  The  tangents  at  Pi,  P2,  Ps  form  a  triangle  QiQzQz  whose  area  is 

2  (g|  -  xt)  (x%  -  gs)  (g»  -  x\) 
(x\  +  «a)  (X2  +  0:3)  (a^s  +  x\)  ' 

(3)  If  the  centroid  of  P1P2P3  be  on  an  asymptote,  Qi(hQi  =  4PiPsP8. 

(4)  If  the  centroid  of  P1P2P3  be  on  the  hyperbola,  QiQzQs  =  -  PiPaPs* 

(Lucas,  Nouvellet  Annales,  1876.) 

42.  If  through  the  summits  of  PiP2P3  be  drawn  parallels  to  the  opposite 
ndes  meeting  the  hyperbola  again  in  JSi,  i?s,  i?3,  then 


i  {x%^  -  xz^)  (a:a«  -  xx^  (gi«  -  x^^ 
Xi^ .  «a' .  x^ 


(1)  JgiJg^g, » -.  ^  ^^        Va  ^!a   IT  '  (736) 


(2)  If  the  centroid  of  P1P2P3  be  on  an  asymptote,  E\R%Rz  =  -  PiPaPs. 

(3)  If  the  centroid  of  PiPaPjbe  on  the  curve,  JJuBai^s  =  -  SPiPaPj. 

(Ibid,) 

43.  If  through  any  point  8  of  the  hyperbola  be  drawn  parallels  to  the 
sides  of  PiPaPs  meeting  the  hyperbola  again  in  Si,  Si,  S3,  then 

(1)  iSi5a5s  =  -.iP,PaP8.  (786) 

(2)  If  the  centroid  of  Pi  Pa  P3  be  on  the  curve  or  on  an  asymptote  so  is 

the  centroid  of  81S2SZ,     {Ibid.) 

44.  Show  that  the  polar  circle  of  the  triangle  formed  by  three  tangents 
to  an  equilateral  hyperbola  touches  the  '  Nine-points  Circle '  of  the  triangle 
formed  by  the  points  of  contact,  at  the  centre  of  the  curve. 

(R.  A.  ROBBRTS.) 

46.  If  two  vertices  of  a  triangle  circumscribed  about  an  ellipse  move 
along  confocal  hyperbolae,  prove  that  the  locus  of  the  centre  of  the  inscribed 
drole  is  a  concentric  ellipse.  (Ibid.) 

46.  Two  circles,  whose  centres  A,  B  are  points  on  the  transverse  axis  of 
a  given  ellipse,  have  each  double  contact  with  the  ellipse,  and  intersect  in 
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a  point  P;  if  the  difference  of  the  angles  ABF^  BAB  be  given,  the  locna  of 
P  is  an  equilateral  hyperbola.  (i^*^) 

47.  The  circle  inscribed  in  the  triangle  formed  by  the  asymptotes  ai^ 
any  tangent  to  the  auxiliary  circle  of  a  hyperbola  intersects  the  hyperbola 
in  the  point  where  it  touches  the  tangent  to  the  auxiliary  circle. 

48.  The  circle  on  QQ'  as  diameter  (see  %%.^  \  195}  passes  through  the 
points  where  the  tangent  PP  meets  the  asymptotes. 

49.  If  a,  a'  be  the  eccentric  angles  of  two  points  P,  (2  on  a  hyperbola, 
such  that  the  normal  at  Ppasses  through  the  pole  of  the  normal  at  <2»  pro?e 

4a^  sin  a  sin  o/  +  4M  cos  a  cos  a'  s=  0^  sin  2a  sin  2a'. 

60.  If  three  points  on  an  equilateral  hyperbola  be  concydic  with  the 
centre,  the  angular  points  of  the  triangle  formed  by  tangents  at  these  pomts 
are  concyclic  with  the  centre. 

51.  The  summits  of  a  self -conjugate  triangle  of  an  equilateral  hypet^ 
bola  are  concydic  with  the  centre. 

52.  P,  Q  are  points  on  an  equilateral  hyperbola,  such  that  the  iwmlatfng 
oirde  at  P  passes  through  Q ;  the  locus  of  the  pole  of  PQ  ia 

(«8  +  y»)»  =  4ife»dfy. 

53.  In  the  same  case  the  enyelope  of  PQ  is 

4  (4A«  -  %yf  =  27*»  («»  +  y»)*.  (787) 

64.  The  hyperbola  -r  ~  ^  »  -i — n  cuts  orthogonally  all  the  conies 

a*       Ir       tf *  +  0* 

passing  through  the  extremities  of  the  axes  of  the  ellipse 

^  +  ^  «  1.     ^  (CKOPTOir.) 

65.  If  from  any  point  in  the  hyperbola  *•  -  y*  =  a*  +  6*  a  pair  of  tan- 

jt'     y* 

gents  be  drawn  to  the  hyperbola  -«  -  t;  =*  1>  prove  that  the  four  points 

where  they  cut  the  axes  are  concyclic. 

56.  If  through  the  point  a  on  an  ellipse  a  Une  be  drawn  blMcting  tiie 
angle  formed  by  the  joins  of  a  to  the  point  (a  +  i9),  (a  —  i3),  prore,  if  a  be 
constant  and  ^  variable,  that  the  locus  of  its  intersection  with  the  Join  of 
the  points  (a  +  i3),  (a  -  ^)  is  a  hyperbola. 
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CHAPTER  VIII. 

MISCELLANEOUS     INVESTIGATIONS. 
Section  I. — ^Figtt&es  Intebselt  Similab. 

205.  Def. — If  upm  two  given  lines  AB^  A'B'  he  eoneirueted 
paire  of  similar  triangles  (^ABC,  A'B'CT),  {ABD,  A'B'Bf\  ^<?., 
9u6h  that  the  directions  of  rotation  ABC  and  A'B'C\  Sfc,,  are  in- 

v&rse.    The  two  figures  ABCD A'BOBf  . . .  tlius  obtained 

are  said  to  be  inyersely  similar. 

206.  Double  Point  and  Double  Likes. 

There  exists  a  point  S  which  is  its  own  homologue.  This  is  called 
the  double  point,  or  the  centre  of  similitude.  There  exist  also  two 
Unes  8X,  8  Y  which  are  their  own  homologues.  They  are  called 
the  double  lines. 

If  the  triangles  8ABy  8A'B*  are  inversely  similar,  and  if  8X 
bisect  the  angle  A8A\  it  also  bisects  the  angle  B8B*,  Hence 
the  line  8X  is  constructed  by  dividing  AA\  BB'  in  parts  pro- 
portional to  8A,  8A\  or  to  AB,  A'B\  Let  then  A",  B"  be 
points  such  that  AA"IA"A'  =  BB"IB"B'  =  ABjA'B',  8\&  on 
the  line  A"B", 

Similarly,  STihe  bisector  of  the  exterior  angle  A8A'  passes 
through  points  A"',  B'\  such  that  AA'"\A"'A'  =  BB'"\B'"B' 
^AB\AB!, 

It  can  be  proved  directly  that  iSX,  8Y,  are  parallel  to  the 
bisectors  of  the  angle  A  OA',  In  fact,  if  the  parallelograms 
A"ABK,  A'^AFL  be  constructed,  we  have  BKjB'L  =  AA"IA"A 
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«  BB'^IB'B'.    Hence  the  points  if,  B",  L  are  collinear  and  we 
haye  KB'IB'L  -  A"KIJ!'L.    Hence  A"B"  is  the  bisector  of  the 


angle  KA"L^  and,  therefore,  parallel  to  the  bisector  oiAOA', 

207.  Since  AA'  is  divided  in  A"  and  A*"  in  the  ratio  AS :  A% 
the  circle  on  A" A"*  as  diameter  is  the  locus  of  points  whose 
distances  from  A^  A'  are  in  the  ratio  ASiA'S^  that  is  in  the 
ratio  of  similitude.  Similarly  the  circle  on  J^'B"'  is  the  locus 
of  points  whose  distances  from  j5,  B'  are  in  the  ratio  BS :  BS^ 
or  of  AS :  A'S,  Kow,  these  circles  intersect  in  S,  let  S'  be  their 
second  intersection,  then  S'  is  the  double  point  of  figures  directly 
similar  described  on  AB^  A'B*. 

Cor,  1. — S'  is  the  focus  of  the  parabola  which  touches  the 
four  lines  AB,  A'B*,  AA\  Bff. 
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Por,  smce  8X,  8Y,  divide  AA'.BW  proportionally,  BX,  8Y 
are  two  rectangular  tangents.  Hence  the  sides  of  the  triangles 
A" A"' 8,  B"B"'8  each  touch  the  parabola,  and  therefore  their 
drcnmcircles  pass  through  the  focus, 

Cor.  2. — 8  is  on  the  directrix. 

Cor.  3.— If  the  figures  on  AB,  A'B'  be  denoted  by  F^,  F^,  it 
is  easy  to  see  that  any  point  P  of  F^  on  8X  will  have  its  homo- 
logne  of  Fi  on  8X,  and  these  points  will  be  on  the  same  sides  of 
8 J  and  similar  properties  hold  for  points  on  8Y. 

Cor,  4. — The  lines  08,  08'  are  harmonic  conjugates  with 
respect  to  the  angle  A  OA',  For  the  distances  of  8,  8'  to  ABy 
A'B  are  in  the  ratio  AB :  A'B'. 

CoK  6. — ^If  two  figures  inversely  similar  be  constructed  on 
AA\  BB'y  and  jS"  be  their  double  point,  then  88"  passes 
through  the  orthocentres  of  the  triangles  OAA'y  OBBf,  O^AB, 
OA'B, 

Cor,  6. — If  the  figure  ABB' A'  is  cyclic  £^  is  the  projection 
of  its  circumcentre  on  the  diagonal  OO', 

EXBBOISBS. 

1.  If  ^,  A'  \  Bf  Jff;  C,  (T  be  three  couples  of  homologous  points,  the 
points  which  divide  the  lines  AJ\  JBB",  CC  both  internally  and  eztemaUy 
in  the  ratio  of  similitude  are  situated  on  the  double  lines. 

2.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding 
points  pass  through  a  given  point  the  locus  of  each  is  an  equilateral  hyper- 
bola. 

3.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding  points 
be  parallel  to  a  giren  line,  the  locus  of  each  is  a  right  line. 

4.  In  two  figures  inversely  similar,  if  the  distance  between  correspond- 
ing points  be  given,  the  locus  of  each  is  an  ellipse. 

5.  If  the  segment  A'B*  slide  along  the  line  OA'If^  prove  that  8  describes 
a  right  line. 

6.  If  the  points  AB*  remain  fixed  on  the  line  OA'B^t  and  if  OA'B  turn 
round  the  point  0,  prove  that  the  point  8  describes  a  circle,  and  that  each 
double  line  passes  through  a  fixed  point. 
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7.  If  ABC,  A'S'C  be  two  triangloB  inyeraelj  similar  they  are  oithologiqiie, 
that  is,  the  perpendiculars  let   fall 
from  the  summits  of  one  on  the  sides 
of  the  other  are  concurreut. 

Let  JBM,  CM  be  two  of  these  lines, 
then  the  angle  ^JfC  is  the  supplement 
of  the  angle  B'A'C't  and  therefore  the 
supplement  of  £A  C,  Hence  the  point 
Jf  is  on  the  circumcircle  of  the  tri- 
angle ABC.  The  perpendicular  from 
A  on  B*C  meets  the  perpendicular 
from  C  on  A'B*  in  the  circumference. 
Hence  it  passes  through  J£, 

8.  In  the  same  manner  parallels  through  A,  B,  C  to  B^C,  C'A\  JlB> 
are  concurrent. 


SeCTIOK  II. — ^PkNCLLS  IlTYEBSELT  EqUAL. 

208.  Two  pencils  {abed),  {a'Vddl .  .  ,)  are  said  to  be  invertdjf 
equal  when  they  are  superposable  after  one  of  them  has  been  reverud 
in  the  plane. 


Two  homologous  rays  are  symmetrical  with  respect  to  the  fixed 
direction  x,  y ;  these  are  called  the  double  directions  of  the  tics 
pencils. 

In  fact,  transferring  the  pencil  8'  parallel  to  itself  until  Uie 
point  8'  coincides  with  8,  then  let  ar,  y  be  the  bisectors  internal 
and  external  of  the  angle  oa' ;  it  is  plain  that  b  and  5',  <?  and  ^ . .  • 
will  be  symmetric  with  respect  to  x  and  with  respect  to  y. 
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Hence,  when  two  pencils  inyersely  eqnal  are  superposed  with 
respect  to  their  vertices  they  form  a  pencil  in  involution,  having 
for  double  rays  the  bisectors  of  the  angle  between  any  two  pairs 
of  homologous  rays. 

GSNZRATION  OP  THE  EqTTILATSBAX  HtPEBBOLA. 

209.  If  two  pencils  be  inversely  equal,  and  have  different  sum- 
mits S,  8';  the  locus  of  the  intersection  of  homologous  rays  is  an 
equilateral  hyperbola  whose  centre  is  the  middle  point  of  8S\  and 
whose  asymptotes  are  parallel  to  the  double  rays  of  the  pencils. 

HA  he  the  intersection  of  two  homologous  rays  it  is  evident 
that  the  difference  of  the  base  angles  of  the  triangle  88' A  is 
given,  hence  the  locus  of  ^  is  an  equilateral  hyperbola. 


Again,  if  we  construct  the  parallelogram  8AS'A\  8 A'  and 
S'A'  are  still  two  homologous  rays  of  the  pencils,  then  the 
point  A'  ia<m  the  hyperbola,  but  A^  A'  are  symmetrical  with 
respect  to  0  the  middle  point  of  88*. 

Lastly,  if  through  8^  8*  we  draw  parallels  to  the  double  direc- 
tion, we  have  two  pairs  of  homologous  rays  which  meet  at 
infinity.  Hence,  the  parallels  to  these  directions  through  the 
centre  0  are  the  asymptotes. 

V 
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Cimver»$lyy  being  given  an  equilateral  hyperbola :  if  from 
the  extremities  of  any  fixed  diameter  lines  be  drawn  to  anj 
Tariable  point,  we  obtain  two  pencils  inversely  equal. 

Cor. — Any  chord  8A  and  its  conjugate  diameter  are  equally 
inclined  to  an  asymptote.  In  fact,  if  if  be  the  middle  point  of 
SA,  OMia  paraUel  to  S'A. 

210.  The  locus  of  the  centre  of  an  equilateral  hyperbola  cir- 
oamscribed  to  a  triangle  ABC  is  the  nine-points  circle  of  AJBC, 
A 


For,  if  A' 9  Bfy  Che  the  middle  points  of  the  sides,  and  Othe 
centre  of  the  hyperbola ;  then  the  lines  OA*  and  B  C^  OF 
and  CA'  are  equally  inclined  to  the  asymptotes.  Then  the 
angle  BOA'  is  either  equal  or  supplemental  to  A*  CJBf.  Hence 
0  is  on  the  circumference  A'JB^C 

Cor, — ^Every  equilateral  hyperbola  circumscribed  to  a  triang^ 
ABC  passes  through  the  orthocentre  S, 

Let  ^be  the  middle  of  AS,  0  the  centre  of  the  hyperbola, 
the  asymptotes  are  parallel  to  the  bisectors  of  the  angle  OJ!A\> 
If  P  be  the  middle  point  of  the  arc  AxO^  A'P  is  one  of  the 
bisectors,  and  the  bisector  of  the  angle  0  WAi  passes  through  ?, 
and  is  perpendicular  to  A' P.  Then  WO  and  WA^  are  equally 
inclined  to  A'F  or  WP,  therefore  ASi^  the  chord  conjugate  to 
the  diameter  OJF.    Hence  JS"  is  on  the  hyperbola. 
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BXBBOISBS. 

1.  If  a  right-angled  triangle  be  inscribed  in  an  equilateral  hyperbola,  the 
perpendicular  from  the  right  angle  on  the  hypotenuse  is  a  tangent  to  the 
h7X>erbola. 

2.  1±  Af  Bf  (7,  D  be  any  four  points,  the  nine-points  circles  of  the 
triangles  ABC^  ABD^  BCD,  CD  A  pass  through  a  common  point,  the  centre 
of  the  equilateral  hyperbola  through  A,  B,  C,  D. 

3.  An  equilateral  hyperbola  circumscribed  to  a  triangle  ABC  cuts  the 
droumcirde  ABC  in  a  fourth  point  D,  which  is  diametrically  opposite  to 
the  orthocentre. 

In  fact,  the  centre  0  of  the  hyperbola  being  on  the  nine-points  circle, 
and  the  orthocentre  H  being  on  the  hyperbola,  the  point  on  the  hyperbola 
diametrically  opposite  to  f  is  on  the  ciroumcircle,  since  S  is  the  centre  of 
similitiide  of  the  two  circles,  and  the  ratio  of  similitude  is  }. 

4.  The  diameter  of  the  circle  of  curvature  at  any  point  of  an  equilateral 
hyperbola  is  equal  to  the  portion  of  the  normal  at  the  same  point  inter- 
cepted by  the  hyperbola. 

6.  A  circle  cuts  an  equilateral  hyperbola  in  four  points.  A,  B,  C,I>;  each 
of  these  points  is  diametrically  opposite  on  the  hyperbola  to  the  orthocentre 
of  the  triangle  of  the  remaining  points  (Ex.  3).  Hence  if  ^^CD  be  con- 
cyclic  points,  the  quadrilateral  formed  by  the  four  orthocentres  of  the  four 
triangles  is  the  sym^trique  of  ABCD  with  respect  to  the  centre  of  the 
equilateral  hyperbola  ABCD, 

6.  Every  circle  which  passes  through  the  extremities  of  a  diameter  AB 
of  an  equilateral  hyperbola  cuts  the  curve  at  the  extremities  of  a  diameter 
CD  of  the  circle.  For  the  orthocentre  of  the  triangle  ABC  has  for  sym6- 
trique  the  extremity  of  the  diameter  of  the  circle  passing  through  C. 

7.  Every  circle  having  for  diameter  a  chord  *of  an  equilateral  hyperbola 
outs  it  at  the  extremities  of  one  of  its  diameters. 

8.  The  asymptotes  of  an  equilateral  hyperbola  drcimiscribed  to  a  triangle 
ABCn^  the  Simpson's  lines  of  points  diametrically  opposite  on  the  cir- 
oomoirde  ABC  with  respect  to  the  triangle  ABC. 


V2 

Digitized  byLjOOQlC 


292 


Miscellaneous  Investigations. 


Section  III. — Twnr  Points  (Gebman  Zwilungspukktb). 

211.  Two  points,  P,  P',  are  called  Twins  with  respect  to  a 
triangle  AJBCwhen  the  two  pencils  of  rays  P{ABC),  P^ABC) 
are  inversely  equal. 

Twin  points  were  first  considered  by  A&tzt,  "  Programm  dei 
Gymnasiums  %u  Beehlinghausm,    Schuljahr,  1885,  1886. 

212.  To  eanstruet  ths  point  B*  when  P  is  given. 

It  circles  be  described  around  the  triangle  APCy  BPC^  and  if 


their  syin6trique  with  respect  to  the  sides  AC,  PC  intersect  in 
JP',  P*  is  the  point  required. 

Dem.— Join  AP',  BP,  CF  and  produce  BF  to  A.  Then, 
from  the  construction  we  have,  evidently,  the  angles  AFBi, 
B,FC,  CPA,  respectively,  equal  to  APB,  BPC,  CFA,  and 
the  pencils  P(,ABC),  F{ABC).    Hence,  &c. 

Digitized  byVjOOQlC 


Mkcellaneom  Investigations. 


293 


Or,  thus : — Let  Pa,  i^,  Pe  1>®  the  symStriqueB  of  P  with  respect 
to  the  sides  PC,  CA,  AP,  then  P'  is  the  point  common  to  the 
circles  PCP^,  CAP^,  APP^. 

Or,  again : — The  perpendiculars  erected  at  the  middle  points 
of  the  lines  PA,  PB,  PC  intersect  two-hy-two  in  three  points, 
Qm,  Qby  Qc'i  let  Qa^  Q'ft,  Q^  hc  tho  sjm^triques  of  these  with 
respect  to  BC,  CA,  AP,  then  the  perpendiculars  from  A,  B,  C 
on  the  sides  of  the  triangle  Q!aQ!hQ!c  intersect  in  P*. 

213.  If  two  points,  V,  V  he  inverse  with  respect  to  the  eireum- 
eirde  of  the  triangle  ABO,  their  xsogonal  conjugates  are  tunn points 
of  the  triangle. 

A 


Dem. — By  construction  the  angle 

CAP'=V'AB,    and    ACP'^VCP. 
Hence 

CAP'-^ACP'^rAB+rCB==ABC-A  rC=A  JFC-A  VC. 
Similarly, 

PCA+CAP^AVC-AJFC,  .'.  CAP+ACP'=^PCA+CAP. 
Hence  AP'C-  QPA.  Therefore  the  circumcircle  of  the  tri- 
angle APC  is  the  sym6trique  of  the  circumcircle  of  APC  with 
respect  to  AC.  Similarly,  the  circumcircles  of  BPC  and  BPO 
are  sym^triques  with  respect  to  BC.  Hence  the  proposition  is 
proved. 

214.  Twin  points,  P,  P*  are  at  the  extremities  of  a  diameter 
of  an  equilateral  hyperbola  eireumscribed  to  the  triangle  ABC. 
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For  the  intersection  of  homologous  rays  of  the  inverse  pencils 
P{AJBC.  . .)»  P'{ABC .  .  .)  generate  an  equilateral  hyperboli. 

Cor, — The  locus  of  the  middle  point  of  twin  points  of  a  tri- 
angle is  the  nine-points  circle  of  the  triangle. 

For  the  middle  point  is  the  centre  of  an  equilateral  hyperbola 
droumscribed  about  the  triangle. 

215.  If  V,  V  he  the  isogonai  eanfugatss  of  the  twin  points  PF 
{see  fig.,  %  213),  and  if  the  join  of  F,  P  intersect  the  circtandrdi 
m  JT,  JT,  the  Simpson's  lines  of  W,  W,  with  respect  to  the 
triangle  ABC  are  parallel  to  the  double  direction  of  the  penciU 
I\ABC .  .  .),  F{ABC  .  .  .).  They  are  also  the  asymptotes  of 
the  equilaUral  hyperbola  ABCPF, 

Dem. — The  isogonal  transformation  of  the  diameter  VV*  is 
the  equilateral  hyperbola  ABCPP',  The  asymptotic  directionB 
are  the  isogonal  conjugates  of  the  points  W,  W,  but  the  Simpson's 
line  oiW\&  perpendicular  to  the  isogonal  line  A  W,  and  there- 
fore has  the  direction  of  an  asymptote,  and  the  Simpson's  lines 
intersect  on  the  nine-points  circle.  Hence  they  are  the  asymp- 
totes. 

Cor. — The  fourth  point  common  to  the  hyperbola  and  circle 
is  the  isogonal  conjugate  of  the  point  at  infinity  on  VV. 

216.  If  a,  /9,  y  be  the  angles  of  a  triangle  whose  sides  are 
parallel  to  the  rays  of  the  pencil  P{ABC\  the  barycentric  co- 
ordinates of  P  are 

l/(cota+cot^),  l/(cot)8+cot^),  l/(coty+ cot  C). 
Dem. — Let  ^P  meet  the  circumcircle  of  BPC  in  Q,  thenf  the 
angles  of  the  triangle  QBC  are  a,  )8,  y  respectively.  Hence 
the  perpendiculars  from  Q  on  AB,  AC  are  BQ  emlfi  -^B), 
CQ  sin  (y  +  C) ;  therefore  ii  x,  y,  z  be  the  normal  co-ordinates 
of  P,  we  have 

y  (7Q8in(y-f  C)  _^  sin  P  sin  (y  -f  C)  _^  sin  C  (cot  y  +  cot  (^) 
»  "  BQanlfi+B)"  sin  y  sin  ()8  +  ^)  ""  sin  P  (cot  j^  +  cot  ^)' 
Hence  if  a,  /9,  y  denote  the  barycentric  co-ordinates  of  P, 

a:jS:y::l/(cota+cot^):  l/(cot/8  +  cot^)  :  l/(coty  +  cot  C). 

(738) 
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For  tiie  point  F'  we  Have 

a':j8':y : :  l/(cota-cot^):  l/(coti8-cot-B)  :  l/(coty-oot  C). 

(739) 


Ow. — The  barycentric  co-ordinates  F,  P  are 
«•  (cot  ^  ±  cot  a),  >*  (cot  J?  ±  cot  p),  c"  (cot  C  ±  cot  y).     (740) 

BXEBOISES. 

1.  To  find  tlie  locus  of  P  if  the  Brocaid  angle  of  the  triangle  BQC  ia 
eonitant. 
Let  The  the  Brocard  angle  of  BQC.    Then  we  have 

cot  ^  + cot  a -A/a,    cot  J5  +  cot  i3  =  A/i3,    cot  (7+ cot 'y«\/'y. 

Henee  cot «  +  cot  Ta  AS  ~  ; 

a 

we  have  alao    3  cota  coti3  =  2(A/a  -  cot -4)  {xjfi  -  cot^)  «  1, 

or  ^'5  -^  -  A2(oot-4/i3  +  cot  J?/a)  =  0  ; 

op 

.-.    A  a— -2(cot-4//5  +  ootJ5/a)«0, 
op 

«  AS  (l/oiS)  -  eot «  3 (1/a)  +  X  oot^/a  =  0. 
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Eliminating  x,  we  hare 

5  (cot  •  +  cot  F)lafi  -  cot »  S»  (1/a)  +  2  (l/o) .  2  (cot-4/a)  «  0), 
or 

2  |i  (oot  ^  -  cot.»)|  -  2  |-ij(oot  (7-  cot  F)|  =  0.  (741) 

Hence  the  Ibcus  is  the  isotomio  tranaformation  of  a  conic. 
Car, — The  locus  of  F  is  a  conic. 

Sbctiok  IY. — Teiakglbs  Dxriteb  from  thb  same  Tbiakolb. 

Pedal  T&ianqles. 
217.  The  prqfectians  of  a  point  P  on  the  sides  of  a  triangU 
A 


ABC  are  the  summits  of  a  triangle  AiBiCx,  oatted  the  pedal  (ri- 
angle  of  P. 

The  sides  of  the  pedal  triangle  of  P  are  perpendicular  to  the 
lines  joining  the  summits  of  ABC  to  P'  the  isogonal  conjugate 
of  P.     (Sequel,  page  165.) 

The  pedal  triangles  of  the  isogonal  conjugates  P,  P  have  tbe 
same  drcumcircle,  which  is  a  principal  circle  of  a  conic  inscribed 
in  the  triangle  ABC,  and  having  P,  P'  as  focL 

218.  The  hargcenirio  eo-ordinates  ofP,  with  respect  to  its  pM 
triangle,  are  equal  to  those  of  P*  with  respect  to  ABC. 

In  facty  if  {x,  g,  %),  {xi,  y„  S|)  be  the  normal  co-ordinates  d 
P,  P*  with  respect  to  ABC,  we  have 

AiPBiiBiPCii  CiPAi',  ixgsm  Cigz  ojiAimx  anB 
: :  sin  C/(«iyi) :  sin  -4/(yi«i)  :  sin  P/(«ia?i)  ::%ie:  Xxa :  yifc 

219.  The  sides  of  the  pedal  triangle  of  P  are  proportional  to  ihf 
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products  of  the  opposite  sides  of  the  quadrangle  PABC.  In  fact, 
A?  is  the  diameter  of  the  circumcircle  of  the  triangle  PBi  Ci. 
Hence  J?i  Ci  -  AP  sin  A,    Therefore 

BiCi  :  CUi  :  ^A  ::  a.  AP  :h  .  BP  :  c.CP. 
Cor. — The  pedal  triangles  of  each  of  the  points  A,B,  C,P  with 
respect  to  the  triangle  formed  hy  the  three  others  are  similar. 

220.  To  find  the  area  of  the  pedal  triangle  of  P. 

Let  Oi,  hi,  Ci  denote  the  distances  AP,  BP,  CP,  R  the  radius 
of  the  circle  ABC,  we  have  BiCi  ^  ai  im  A  ^  aai/2Bj  &c. 
Hence,  area 

^Yr^\^{aai-^bhi+eci){''aai-hbhi-^cCi){aai-bbi+coi){aai+bbi-oei) 

(742) 

Cor. — The  areas  of  the  pedal  triangles  of  four  points  with 

respect  to  the  triangles  formed  hy  the  three  others  are  inversely 

proportional  to  the  squares  of  the  radii  of  the  circtuncircles  of 

the  triangles. 

EXEBCISES. 

1.  If  A  denote  the  area  of  the  triangle  ABC,  R  its  oiroumradinSy  and  w  the 
power  of  P  with  respect  to  the  ciroumcirde,  the  area  of  the  pedal  triangle  of 
Pis 

»A/(4i2»).  (743) 

2.  The  loooB  of  points  whose  pedal  triangles  haye  a  given  area  is  a  circle. 

3.  The  pedal  triangles  of  two  points  inverse  with  respect  to  the  circum- 
dide  are  inversely  similar.  (Kibhl.) 

Aktipedal  Tjuakqlbb. 

221.  If  through  A,  B,  C  we  draw  perpendiculars  to  PA, 

PB,  PC  we  form  a  triangle  A'B'  C  called  the  antipodal  of  P  with 

respect  to  ^^(7. 

BXBBOISES. 

1.  The  antipodal  triangles  of  twin  points  are  inversely  similar. 

2.  If  Q  be  the  sym^trique  of  P  with  respect  to  the  circumcentre  of  the 
triangle  ABC,  F  and  Q  are  isogonal  conjugates  with  respect  to  the  antipodal 
triangle  of  P. 

3.  There  exists  an  infinite  number  of  triangles  circumscribed  to  ABC 
■imilar  to  one  another  and  having  Pas  their  centre  of  similitude,  the  maximum 
is  the  ^nftpft^fti  of  p^  m^  the  Tninimmn  the  summit  of  the  pencil  F(ABC). 
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HkSMOTSflC  TEAJTSPOBMATIOir  OP  A  TkIAKGLB. 

222.  If  the  lines  PA,  PB,  PC  meet  the  circle  ABC  again  in 
A%  B',  C,  the  triangle  A'B'C  is  called  the  harmonic  transfor- 
mation oiABC, 


The  polar  of  P  with  respect  to  the  circle  -4 J9C  divides  the 
lines  AA',  BB',  CO  harmonically.  Hence  the  triangles  ABCy 
A'B*  C  are  in  perspective.  P  is  their  centre,  and  p  its  polw 
with  respect  to  the  circle  their  axis  of  perspective.  Hence,  in 
starting  from  ABC  we  can  construct  A'B'C,  and  establish  a 
correspondence  between  the  triangles  by  joining  P  to  any 
remarkable  point  Q  of  the  figure  ABC,  and  take  Q^  the  homo- 
logue  of  C  such  that  QQ'  is  divided  harmonically  by  P  and  p, 

223.  The  harmonic  transformation  A'B^G  of  ABC  with  f»- 
spect  to  P  is  similar  to  the  pedal  of  P  with  respect  to  ABC,  and 
the  homologtie  of  P  in  A'B'C  is  the  isogondl  conjugate  of  P  in  the 
pedal  AiBiCi. 

In  fact,  the  angle  PA^Bj^  =  PCA  =  AA'C,  and  PAiCi 
=  PBA  =  AA'B\    Hence  B,AiCi  »  B'A'C,  &c. 
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224.  To  calculate  the  sides  and  area  of  the  harmonic  trans/or- 
mstum  of  the  triangle  ABC. 
If  a,  /9,  y  be  the  angles  of  the  pencil  P{ABC)  we  have 

B'C'  =  2Ean  B'A'C  =  2R  sin  {A  +  a). 
Similarly, 

aA*^2Rfasi{B-\-p),  A'B'^2R^{C-\-y).        (744) 
Again, 

A'B'C  =  B'A' .  A' a  sin  B'A'C' 


2J?»  sin  (^  +  a)  sin  {B  +  )8)  sin((7+  y).     (745) 

(746) 


g_        A!BC     sin  (u^  +  g)  sin  (^  +  j9)  sin  (6^+  y) 
ABC  ^  sin  ^  .  sin  j9  .  sin  C7 


225.  The  lines  drawn  throngh  A\  B*,  C,  perpendicular  to 
JA\  BB'y  CC,  respectively,  form  a  triangle  A"B"C"  called  the 
polar  reciprocal  of  ABC  with  respect  to  P.  It  is  the  antipodal 
of  A*F  C.    Its  angles  are  equal  to  those  of  the  pencil  P  {AB  C). 


BZBBOISBS. 

1.  The  area  of  the  triangle  A"B"C"  polar  reciprocal  of  ABC  with  respect 
toPis 

2JZ>  lain  a  sin  (fi  +  i3)  dn  ((7  +  'y)/sm  a  sin  iS  sin  7.  (747) 


2.  y  d  be  the  circumdiameter  of  A"B"C\ 


« tin  a  sin  3  sin  7  =  25  VSsinu^  .  sina.8in(^  +  i3)sin(C7+'y).      (748) 

3.  If  we  take  the  polar  reciprocal  A"B"C*  ot  ABC  with  respect  to  the 
symmedian  point  JTof  ABC,  JTis  the  focus  of  an  ellipse  touching  the  sides 
ei  A'B^'C"  at  the  middle  points.  (Hadamam).) 

4.  The  centroid  O  of  ABC  is  the  focus  of  an  ellipse  touching  the  sides  of 
the  pedal  triangle  of  O  at  their  middle  points  and  also  the  focus  of  an  ellipse 
touching  the  aides  of  the  harmonic  transformed  of  G  at  their  middle  points. 

5-8.  If  through  a  fixed  point  we  draw  a  yariable  line  cutting  the  sides  of 
a  given  angle  XOYin  the  points  A^  B,  then — (I)  The  locus  of  the  circum- 
oentze  of  the  triangle  AOBut^ hyperbola.      (2)  The  locus  of  the  orthocentre 
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IB  a  hyperbola.  (3)  The  locos  of  the  double  point  of  two  flguret  directly 
Bimilar  described  on  OA,  0^  is  a  circle.  (4)  The  locus  of  the  symmedini 
point  of  0A£  is  a  conic.  (NsTrBSiA.) 

9.  If  two  sides  AB,  A  Cot  a  triangle  be  giren  in  position,  and  the  third  side 
BC  moTC  in  any  manner,  the  orthooentre  and  circumcentie  describe  fignes 
inversely  similar.  (NExmBao.) 


10.  If  two  yertices  B^  Cof  a  triangle  be  fixed,  prove  that  the  two  ^ 
Af  A'  of  the  triangles  BCA,  BCA*  which  haye  a  common  symmedian  point 
JT,  describe  when  K  moyes  two  figures  inyersely  similar. 

(Neubb&o  and  ScHom.) 

11.  If  the  sums  of  the  squares  of  the  sides  of  the  pedal  triangle  of  P  be 
giyen,  the  locus  of  P  is  a  circle. 

Let  s,  y,  s  be  the  normal  co-ordinates  of  P,  and  ^  the  sum  of  squares. 
Then 

5*  -  2  (*•  + y* +«»  + a:y  cos  C+ y«  cos -4  +  «c  cos  P), 

«^.     -/     .     -*-/«\      -      itmA     sin  P  \ 

■  \sin-4/  \smP     sin -4  / 

«a(«8in-4)a  (-7^j-cot«»a(aysin(7),    (749) 

where  m  is  the  Brocard  angle  of  the  triangle  ABC. 

12.  The  locus  ol  points  whose  pedal  triangles  haye  a  constant  Broeard 
angle  F  is  a  circle.  (ScHOun.) 

In  fact  the  equation  is 

(fli»  +  *i«  +  <^i*)/4A'=ootr, 

or  1  (x  fixi  A)  "X  {  -. — -T )  -cotw5(y«8in-4)t=  5(y»  sin ^)  oot  F. 

Hence        (cot «  +  cot  F)  2  (ys  sin  A)  =  2(xanA)X  (ar/sin  A).       (750) 

13.  In  a  giyen  triangle  ABC  can  be  inscribed  an  infinity  of  trian^ 
similar  to  a  given  triangle  A\BiCi,  These  haye  the  same  centre  of  simili- 
tude 8 ;  the  minimum  is  the  pedal  of  S.  The  enyelopes  of  their  sides  sie 
parabolas  having  5  as  a  common  focus. 

If  ^'  be  the  isogonal  conjugate  of  S,  the  angles  of  the  pencil  S'{ABC)  sre 
equal  to  those  of  the  triangle  A\B\C\  (see  Twin  points).  Hence  the  baiy* 
centric  co-ordinates  of  ^  are 

a«(cot-4±cot^i),  ^^(cotPicotPi),   tf»(cot(7±oot(7i).    (761) 
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Sectiok  V. — Teipolas  Co-oedinates. 

226.  The  tripolar  co-ordinates  ofP  are  its  powers  PJ}^  FB*^  FC*^ 
with  re^fect  to  the  three  summits  A,  B,  (7,  of  the  triangle  of  refer- 
ence, 

Tripolar  co-ordinates  are  a  limiting  case  of  Tricylio  co-ordi- 
nates in  which  the  position  of  a  point  is  denoted  by  its  powers 
with  respect  to  three  given  circles,  namely  when  the  circles  re- 
dace  to  points.  Tricyclic  co-ordinates  were  first  employed  by 
the  author.     See  "  Bicircular  Quartics,*'  1869. 

227.  Being  given  the  mutual  ratios  X,  :  p,  :  v  of  the  tripolar 
co-ordinates  of  a  point  P  to  construct  it. 

Let  the  tripolar  co-ordinates  be  X,  F,  Z^  then  we  have  the 
systems  of  determinants 

X,    r,  z 

Hence  the  two  points  common  to  the  coaxal  circles  X/\  s  Y/fi,  = 
Zjv  satisfy  the  conditions.  Now,  the  points  X  =  0,  F=  0,  and 
the  circle  Xjk  -  YI/jl  form  a  coaxal  system  of  which  X = 0,  F  =  0, 
that  is,  the  points  A  and  B  are  the  limiting  points. 

Hence  the  circumcircle  of  the  triangle  ABC,  since  it  passes 
through  A  and  B  cuts  the  circle  X/X  -  YJ/jl  =  0  orthogonally. 
Similarly  it  cuts  the  circles  Y/fx  -  Zjv  =  0,  and  Zjv  -  X/X  =  0 
orthogonally.  Therefore  the  two  points  common  to  the  circles 
X/X  =  F/ft  =  Z/v,  that  is,  the  two  points  whose  tiipolar  co-ordi- 
nates  are  X,  fi,  v  are  inyerse  points  with  respect  to  the  circum- 
circle of  the  triangle  ABC, 

A  pair  of  points  having  the  same  tripolar  co-ordinates  X/liv 
are  said  by  Neubbrq  to  be  tripolarly  associated.  For  shortness 
we  shall  call  them  a  tripolar  pair. 

Cor,  1. — If  P,  C  be  a  tripolar  pair,  and  F,  F'  the  points  in 
which  the  circumcircle  ABC  intersects  PQ,  then  PQ  are  har- 
monic conjugates  to  F,  V. 

Digitized  by  LjOOQIC 


303 


Miscellaneous  Investigations. 


Cor.  2.— The  bisectors  of  the  angles  PA  Q,  PBQ,  PCQ  concur 
in  the  points  F,  P. 

228.  The  pedal  triangles  of  a  tripolar  pair  P,  Q  are  inversefy 
similar  (Ejshl).  The  double  lines  are  the  Simpson's  lines  of  the 
points  F,  V  in  which  PQ  intersects  the  eireumcircle  and  ike 
double  point  is  on  the  nine-point  circle  of  AB  C.    (NsiTBERa.) 


Dem. — Let  the  tripolar  co-ordinates  of  P,  Q  be  (X/tv),  and 
their  pedal  triangles  A'B'C,  A^B^'C',  then  the  sides  of  A'BC 
are  AP  sin  A,  BP  sin  P,  CP  eoh  C ;  hence  they  are  pro- 
portional to  XI  sin  A,  fi^emBy  v*  sin  C,  and  similarly  the  sides 
of  A"B*'  C  are  proportional  to  X*  sin  ^,  fiUin  ^,  vt  sin  C.  Hence 
A'B'C,  A"B''C"  are  similar,  and  they  have  different  aspects, 
that  is,  they  are  inversely  similar. 

Again  the  ratio  of  similitude  is  AP/AQ^PV/FQ.  Hence 
the  perpendiculars  from  Fon  BCf  CA,  AB,  divide  A' A",  B'B*, 
C  C"  in  the  ratio  of  similitude.  Hence  the  Simpson's  line  of  Fis 
an  axis  of  similitude.    Similarly  the  Simpson's  line  F  is  an  axis  of 
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flimilitude,  bnt  these  intersect  on  the  nine-points  circle.    Hence 
the  double  point  is  on  the  nine-points  circle. 

This  point  is  the  middle  of  the  distance  between  the  isogonal 
conjugates  of  P  and  Q. 

Special  Case — If  X :  /x :  v : :  l/«? :  1/^ :  !/(?".  The  quadrangles 
.ABCPy  ABCQ,  are  such  that  the  rectangles  contained  by  the 
pairs  of  opposite  sides,  are  equal,  viz.,  AB  .  CP  =  BC ,  AP 
=  CA  .  BP,  .Hence  it  follows  : — 1°.  that  if  upon  any  side  AB 
be  constructed  a  triangle  ABR  directly  similar  to  CBP^  the  tri- 
angle APR  is  equilateral.  2^.  The  pedal  triangle  of  any  of  the 
four  points  AyB,CyP  with  respect  to  the  triangle  formed  by  the 
remaining  points  is  equilateral.  3^.  The  points  P,  Q  are 
centres  from  which  ABC  can  be  inyerted  into  an  equilateral 
triangle. 

DsF. — The  points  P,  Q  have  been  eaUed  hy  Neuberg  isodgnamic 
points. 

229.  Relation  between  tripolar  and  normal  co-ordinates. 

Let  ;p,  y,  s  be  the  normal  co-ordinates  X,  F,  Zthe  tripolar 


oo-ordinates  of  P,  then  we  have 

P'C'-^P  sin  C^P^, 
or     X8in*^  =  y»+»"  +  2y«co8ui,    rsin«P-««+«*  +  2«?cos^, 
^8in*C -  «» +  y»  +  2a!y  cos  C.  (752) 
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Cor.  Since  IX  +  mF  +  nZ=  0  is  the  general  equation  of  a 
circle  cuttiDg  the  circle  ABC  orthogonally,  it  follows  that 

/(«*  +  y*  +  2ay  cos  C)  +m(y»  +  «« +  2yx cos -4) 

+  n(a'+«*+ 2«a?cos^)  =  0 

denotes  a  circle  catting  ABC  orthogonallj.  (753) 

230.  Lucases  Theorem, — If  A  denotes  the  area  of  the  triangle 
ABC, 

IcobC  ,  F+  ccobB  .  Z"  aX  -k-  abc  cobA-  4A«,  (1) 

<?cos-4.Z  +  acosC  X-3F+a3<?co8^  =  4Ay,  (2) 

aco8J9.X+aco8^.  T-(?Z+a3<?co8C=4Aa.  (3)      (754) 

To  prove  (1),  let  fall  the  perpendicular  AD\  join  PZ>,  and 
draw  PE  perpendicular  to  AD,  Then,  by  Stewart's  theorem 
{Sequel,  6th  edition,  Prop,  ix.,  p.  24). 

CD.BP^^BB.CI^^BC.PIP^CD.Bjy'+BB.CIJf, 

or  JcosC.  Y+eco8B  .Z^a.PJD^+a.BD.BC. 

Hence 

*cosC.  Y+ecosB.Z-aXt^a.BD.DC'-a^AP'-PB') 

=:^a . BJ) . DC-a  (AE* - Hl?)^  a .  BD . l)C''a{AD'2x)AD 

=  4Aa?  +  a  {BB .  DC-ABf^)  =  4Aa?  -  ahe  cos  ^. 

Hence      ^ cos  (7.  F+  <? cos ^ .  Z- aX+ahe cobA^ 4Aj?. 

These  equations  enable  us  to  transform  formulse  from  trihnear 
co-ordinates  into  tripolar  co-ordinates.  Thus,  if  B^  denote  the 
distance  between  two  points  we  have  equation  (184) 

8«'»  {(«i-^)*  sin  2A  +  (yi-ya)»8in  2J9  +  («i-a,)*  aR2C} 

/  {2  sin  A  BmB  Bm  C). 

Hence  we  have  in  tripolar  co-ordinates 

16A» 8a»  =  2a»(Xi - X,)« + S { 2*(? ( Fx -  T,){Z, -Z,)cobA].  (766) 
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231.  In  equation  (274),  if  we  suppose  the  second  system  of 
Girdes  to  coincide  with  the  first,  and  then  each  to  become  points, 
we  get  for  the  four  points  A,  Bj  C,  P  the  following  relations 
where  X=-.1P«,  &c. : 


=  0.  (766) 


If  this  be  expanded  and  reduced  b  j  the  relations 

«« +  5»  -  c»  =  2a^  cos  C,  &c., 
we  get 
VX»- 22  ab  cosC.  XF-  2dbo Sa  cosu4  .X+  a* JV  =  0.    (767) 
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BXHBOISES. 

1.  If  the  cirolas  XJK  »  r//i «  Z/y  of  {  227  intersect  the  rides  AB,  BO, 
CA,  of  the  triangle  of  reference,  respectiyely,  in  the  pairs  of  points  C,  C"\ 
A\  A";  B^y  B"y  then  the  lines  AA',  BB^ ,  CC  intersect  in  the  same  point 
B,  and  the  paints  A",  BT,  C"  are  upon  the  same  right  line  cr,  the  trilinear 
polar  of  8,  the  barycentrio  co-ordinates  of  ^9  are  1/A,  1//a,  1/y ;  and  the  line 
co-ordinates  of  ff.  A,  /i,  v. 

2.  The  centres  of  the  circles  XJK  »  r//i  's  Zjytae  in  a  right  line  whose 
co-ordinates  are  A^  /i^  A 

3.  If  ^  M,  M,  ji  be  any  constants,  the  tripolar  equation 

IX-^-mT  +  nZ+prsO 

MpiQsents  a  circle  when  l-i-m  +  n^O,  and  a  line  when  /  +  m  +  ft  s  0. 
4.  The  tripolar  equation  of  a  circle  passing  through  three  given  points  is 
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(768) 
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=  0. 


(769) 


-=1, 


6.  The  tripdlar  eqnatum  of  a  line  through  two  giren  points  is 

X,  r,  z,  1 
X,     r,     z',     I 

X'\  T\  Z",  1 
1,  1,  1,        0 

6.  If /+*»  +  «=!  0,  proTO  that  IX  +  mT-\-  nZs  0  is  a  diameter  of  1 
circumcirole. 

7.  The  equation  of  the  ciroumoircle  is 

i,       r,      Z,      1 

0,  c>,  «2,  1 
^,  0,  a\  1 
^,         ««,       0,         1 

or  a  008^. X+ dcofl^.F+ 0  008 (7.^-0^  =  0, 

The  modulus  of  this  equation  is    -  J2/2A. 

8.  The  equation  of  the  circle  on  BC  as  diameter  is 

X,      r,      z,      1 

^,  0,  a«,  1 
*»,         «»,        0,        1 

1.  1,         1,        0 
or                aX-h  goaCT-ocobB ,Z-dbeeoBAssO. 

The  modulus  of  this  equation  is    -  4A. 
Compare  §  230. 

9.  The  area  of  the  triangle  formed  hy  three  points  is 

T,       r,       Z',       1 

x'\    r",    z'\    1 

X",  T'\  Z"\  1 
1,  1,  1,        0 

10.  The  radical  axis  of  the  three  circles  Xjx  =  F//*  =  Z/r  is 

X,      r,      z  I 

X,  M,         r      =0  (787) 

1,  1,         1 

Exercises  4-10  have  been  taken  from  Lucas's  Memoir  **  Sur  lei  Coor- 
ionn6es  Tripolaires,"  Mathesis,  tome  9,  page  129. 


:0, 


•rl6A. 
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CHAPTER    IX. 

SPECIAL  RELATIONS  OF  CONIC  SECTIONS. 

232.  If  8  =  0,  8*  =  0  be  the  equations  of  two  curves,  then 
8  -  k8'  =  0  represents  a  curve  passing  through  every  point  of 
inUrseetion  of  the  curves  8  and  8^. 

This  proposition  is  a  simple  case  of  the  evident  principle  that 
the  points  of  intersection  of  two  curves  8  and  8'  must  satisfy 
the  jequations  8=0  and  8'  =  0,  and,  therefore,  must  satisfy  the 
equation  8  -  k8' =  0.     (Compare  §  30,  Cor.  2.) 

233.  The  following  are  special  cases  of  this  general 
theorem : — 

1°.  If  iS  =  0  he  any  conic,  and  8'  =  0  the  product  of  two 
lines,  8  -  Ji!^8'  =  0  denotes  a  conic  section  through  the  four 
poihts,  where  8  is  intersected  hy  the  two  Hues  denoted  hy  8^ ; 
for  example,  8  -  Ii^afi  =  0  denotes  a  conic  passing  through  the 
points  where  8  is  intersected  hy  the  lines  a  =  0,  ^  =  0.  Hence, 
if  a,  ^  are  tangents,  8  -  Is^afi  =  0  denotes  a  conic  having  douhle 
contact  with  8, 

2°.  If  the  lines  denoted  hy  8'  become  indefinitely  near,  8' 
may  be  denoted  by  Z',  where  Z  =  0  represents  a  line ;  then 
8  -  k^J?  =  0  denotes  a  conic,  touching  8  in  each  point  where 
Z  intersects  8 ;  in  other  words,  having  double  contact  with  8, 
By  giving  different  values  to  k,  we  get  different'  conies,  each 
having  double  contact  with  8,  and  having  a  common  chord  of 
contact,  namely  Z  =  0.  If  the  line  Z  =  0  intersect  8  in  two  real 
points,  8  -  it*Z*  =  0  will  have  real  double  contact  vrith  8.  If 
the  line  Z  meet  8  in  two  imaginary  points — in  other  words,  if 

x2 
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it  doe  eoiot  meet  it  in  real  points — 8  -  l^D  -  0  will  have  imaginary 
doable  contact  with  8.  This  form  of  equation  may  also  be 
written  i8*-itZ  =  0,  or  i8*  +  ifcZ  =  0;  for  either  equation  cleared  of 
radicals  gives  8  -  1^1?  =  0.  In  conic  sections  there  are  many 
instances  of  imaginary  double  contact. 

3^.  If  iS  =  0  denote  the  product  of  two  lines,  say  MN\ 
then  UN'-  J^I?  =  0  will  denote  a  conic,  touching  the  lines 
If  =  0,  N  =  Of  and  haying  the  line  Z  «  0  as  the  chord  of 
contact. 

4^.  By  supposing  one  of  the  three  lines  Z,  If,  iV  to  be  at 
infinity,  we  get  three  different  cases.  Thus  :  1^.  Let  Z  be  at 
infinity,  then  Z  becomes  a  constant ;  and  if  If,  i^Tbe  real,  the 
equation  MN=  1^1}  will  dendte  a  hyperbola,  of  which  M^  NdiQ 
the  asymptotes.^  2°.  Let  Z  be  at  infinity,  and  let  My  iV  denote 
the  two  conjugate  imaginary  factors  z  ■{■  y  */  -  1,  af-yy^-l, 
the  equation  MN  =  ^Z'  will  represent  a  circle.  From  this  it 
follows  that  all  circles  pass  through  the  same  two  imaginary  points 
on  the  line  at  infinity.  Tot  the  circle  a^  -\-y^  -r^  passes  throng 
the  points  where  the  line  at  infinity  meets  the  lines  x  +  y  */~-i 
=  0,  ar-y  ^  -  1=0,  and  the  "circle  {z  -  af -\-  (y  -  hf  -  f^ 
passes  through  the  points  where  infinity  meets  the  lines  {x  -  a) 
+  (y  -  *)  -v/"-^  =  ^9  («-«)-  (y  -  *)  \/~-^  =  0,  which,  since 
parallel  lines  meet  at  infinity,  will  be  the  same  points.  3^.  Let 
one  of  the  factors  If,  iV  be  a  constant,  and  let  Z  =  0  denote  a 
finite  liae,  the  equation  will  be  of  the  form  px  =  y*,  and  the 
ci;rve  dendtes  a  parabola.  Hence  we  have  the  important  theorem 
that  every  parabola  touches  the  line  at  infinity. 

6°.  If  iS  =  0  be  the  product  of  two  lines,  viz.  ay  =  0,  and  iS' 
the  product  of  two  others,  namely  /38  =  0,  then  iS  -  iiS'  be- 
comes ay  -  kjSS  =  0.  Hence  ay  -  k/3S  «  0  denotes  a  conic 
passing  through  the  four  points  afi,  oS,  )3y,  y3 ;  in  other  words, 
it  denotes  a  circumconic  of  the  quadrilateral  formed  by  the 
lines  a,  ^,  y,  3,  taken  in  order. 
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234,  In  the  equation  8  -  l^ap  =  0  (§ 
lines  a  «  0,  )3  a  0,  intersect  on  8,  the 
cnire  8  -  Jfe'a/S  =  0  touches  8  in  the 
point  afi,  and  will  intersect  it  in  the 
points  where  the  lines  a  =  0,  )5  «  0 
meet  8  again.  For  evidently  the 
curves  have  two  consecutive  points 
common  at  the  intersection  of  the  lines 
a,  /9.  This  is  called  contact  of  the  first 
order,  9^ 

'  This  conic  is  represented  also  by  [the  equation  8  -  i^8  »  0, 
if  y  ts  0  be  the  tangent  to  iS  at  the  point  aj9,  and  8  »  0  the 
chord  joining  the  points  where  a,  p  meet  8  again. 

Again,  if  one  of  the  lines  a  «  0,  )3  <=  0 — say  a  =  0 — touch  8 
at  the  intersection  of  a,  /3,  the  second 
point  in  which  a  meets  8  coincides 
with  the  point  a)3,  and  the  curve 
8  -  J^aP  will  have  at  the  point  aj8 
three  consecutive  points  common  with 
8,  and  will  intersect  it  in  the  second 
point,  in  which  )3  meets  8.  The  con- 
tact of  8  and  8  -  J^ap  in  this  case  is 
called  contact  of  the  second  order,  and  8  • 
late  8. 

BXBBOISBS. 


i^aP  is  said  to  oscu- 


denotes  a  conic  osculating  the  ellipse  -k  +  ri''^^'^  at  the  point  r/.    If 

a*      o* 

we  make  the  coefficient  of  xy  yaniah,  we  get 

and  if  we  determine  k  so  that  the  coefficient  of  «^  =  coefficient  of  y\  we  get 
the  oecnlating  circle  at  «V*    ^^  tupra  (783). 
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2.  The  ciicumconicyjSy  +  ^  7a  +  hofi  is  osculated  at  the  point  aiS  by  the 
"^^"^  f0y-^ffya-^hafi-{f$-^ffa)(la  +  mfi)=O.  (768) 

8.  This  result  holds  for  tangential  equations. 

Thus,  if  2e/^4^|rX  +  AX/i, 

then  2  -  (^X  +/ai)  (/a  +  m/i)  =  0,  (769) 

represent  a  conic  osculating  2  on  the  side  opposite  the  summit  r. 

Lastly — Let  the  lines  a  «  0,  j9  =  0  coincide  with  each  other, 
and  with  the  tangent  to  S ;  then 
the  product  a/S  becomes  a',  and 
the  two  conies  wiU  have  four  con- 
secutive  points  common,  which 
is  the  highest  order  of  contact 
that  two  conies  can  have.  This 
is  called  contact  of  the  third 
order  ;  and  the  equations  of  two  conies  which  have  this  species 
of  contact  will  be  of  the  forms  8  =  0,  8  -  Jc^a^  =  0,  where  o  is  a 
tangent  to  iS.  It  is  evident,  from  §  233,  2"^,  that  the  equations 
of  conies  having  double  contact,  are  the  same  in  form,  and  that 
one  changes  into  the  other,  when  the  chord  of  contact  becomes 
a  tangent. 

235.  The  following  examples  will  illustrate  the  foregoing 
principles  : — If  8  ^  ax^  ■{■  2hxy  +  Jy»  +  2^2?  =  0,  8-  k^afi  «  «'«* 
+  2h'xy  +  by  +  2g'x  =  0,  the  lines  a  =  0,  j8  =  0  will  be  the  tvo 
factors  of  the  expression  («/-  a!g)  «^  +  2  (^  -  h'g)  xy  +  (5/-  Vq)f 
=  0,  got  by  eliminating  the  terms  of  the  first  degree.  Nov, 
if  one  of  these  lines  coincide  with  the  tangent  at  the  origin,  ve 
must  have  a:  as  a  factor,  which  requires  that  the  coefficient  of  f 
vanish.  Hence,  if  the  conies  aa^  +  2hxy  4  5y*  +  2gx  =  0, 
dd^  +  Ih'xy  +  Jy  +  2/^?  =  0  osculate  at  the  origin,  l^  =  Vs- 
Thus,  if  the  circle  a:*  +  *y*  +  2xy  cos  co  -  2ra?  sin  co  =  0  oecuLite 

<Mr"  +  2hxy  +  ly^  +  <lgx  =  0,  we  must  have  r  =  -  i— ?— ,  and  this 

0  sino) 
is  the  value  of  the  radius  of  curvature  of  8  at  the  origin.  If  the 
condition  */  =  Vg  be  fulfilled,  the  fourth  point  common  to  the 


Digitized  byVjOOQlC 


Special  Belations  of  Conic  Sections.  311 

two  conies  will  be  the  point  distinct  from  the  origin,  in  which 
the  line  (a/  -afg)x  +  2  (V  -  *V)  y  =  ^  meets  8.  This  will  also 
coincide  with  the  tangent  at  the  origin  if,  in  addition  to  the 
condition  h/  =  Vg^  the  coefficients  of  8^  8'  fulfil  the  condition 
V  =  Vg^  and  the  conies  will  have  at  the  origin,  contact  of  the 
third  order.  Thus  the  parabola  ^V  +  llhcy  +  ^y»  +  Ihgx  =  0 
has  contact  of  the  third  order  at  the  origin  with  8, 

Cor. — The  radios  of  curyatnre  at  the  origin  is  the  same 
for  the  conic  asi^  +  2hxy  +  5y'  +  2gx  =  0  as  for  the  parabola 
hf^^2gx  =  0. 

236.  If  in  the  equation  8  -  ^L^  =  0  (§  283,  2°)  8  denote  a 
circle,  we  get  the  following  theorem  : — The  locus  of  a  pointy  such 
ikat  ike  tangent  from  it  to  afixed^  circle  ie  in  a  constant  ratio  to  its 
dutaneefirom  a  fixed  Une,  is  a  eonie  having  doable  contact  with  the 
eirde;  the  contact  will  be  real  when  the  line  L  cuts  8 ;  imaginary 
when  it  does  not.  In  this  case,  if  we  suppose  8  to  reduce  to  a 
point,  we  get,  evidently,  the  focus  and  directrix.  Hence  we 
have  the  following  definition : — llis  focus  of  a  conic  is  an  infinitely 
mall  circle,  having  imaginary  double  contact  with  the  conic,  the 
directrix  being  the  chord  of  contact. 

Def. — A,  circle  8  having  double  contact  with  a  conic  is  called 
by  GsiLVSs,  a  focal  circle.    (Hebmathsna,  vol.  vi.,  1888.) 

237.  If  the  focus  be  made  the  origin,  the  equation  (§§  178, 
188)  is  of  the  form  ar»  +  v»(=  Jt*i?,  or  {x  +  y  a/ITi)  (a-  -  y  ^/^) 
=  (ifeX)^  showing  that  th^  imaginary  lines  x  -^  y  y/-  1  =  0, 
x-y  v^-  1  =  0  are  tangents  to  the  curve.  But  a?  +  y  y^-  1 
»  0,  «  -  y  y/-  1  B  0,  are  (§  233,  4°)  the  lines  from  the  origin 
to  the  cyclic  points.  If  we  denote  these  points  by  /  and  J,  we 
see  that  the  joins  of  either  focus  to  /  and  J  are  tangents  to 
the  curve.  Hence,  all  confocal  conies  are  inscribed  in  the  same 
imaginary  quadrilateral,  the  six  summits  of  which  are  the  two 
eydic  poinds,  the  two  real  foci,  and  two  imaginary  points  on  the 
confugate  axis,  called  ajxtifoci. 
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238.  If  2y  S'  be  the  tangential  equations  of  any  two  conioa, 
then  2  -  ^S'  =  0  is  the  tangential  equation  of  any  conic  touching 
the  four  common  tangents  of  2  and  2^ 

In  particular,  if  for  2'  we  substitute 

X»  +  /i'  +  v'-2/iv  cos-4-.2i'X  cos^-2Xftoos  C's  0  =  0, 
which  denotes  the  cyclic  points,  then 

2  -  to  =  0  (770) 

is  the  tangential  equation  (§  237)  of  all  conies  confocal  with  2. 

239.  CntCLB  OP  Curtatubb. — To  construct  the  drcle  ofeurva- 
ture  at  any  point  F  (a/y')on  a  central  conic. 

Let  QR  be  the  polar  of  P  with  respect  to  the  orthoptic  circle 
of  the  conic,  and  let  the  normal  at  F  meet  QR  in  E ;  then  R 


the  sym6trique  of  R  with  respect  to  P  is  the  centre  of  curva- 
ture. 

Dem. — Let  the  conic  be  an  ellipse  referred  to  CF,  and  the 
tangent  at  P  as  axes ;  then  if  a',  h'  denote  the  semidiameter  CP 
and  its  semiconjugate  the  equation  of  the  ellipse  is  a^l^^-^f/^ll/* 
+  2x/af  =  0.  Hence,  §  235,  if  p  denote  the  radius  of  cmra- 
ture  at  P,  we  have  p  «  i'*/*'  sin  <o ;  .-.  «^  +  pa'  sin  o> «  o^  +  y* 
=  a«  +  J»  =  CP .  CC,  since  Gi2  is  the  polar  of  P  with  respect  to 
the  orthoptic  circle.    Hence  p  sin  o)  a  FQ ;  .•.  p  =  FR. 
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Cor.  1. — If  p  be  the  perpendicular  from  the  centre  on  the 
tangent  at  P, 

p  =  h'^jp  tor  p^^af  emu}.  (771) 

Cor.  2.—P  =  h'^/ab.  (772) 

Observation, — In  the  case  of  the  parabola,  the  orthoptic  circle 
becomes  a  line  (the  directrix),  and  the  polar  of  a  point  P  with 
respect  to  it  is  a  parallel  line  twice  as  far  from  P.  Hence  the 
intercept  on  the  normal  at  P  between  the  parabola  and  the 
directrix  is  equal  to  half  the  radius  of  curvature  at  P.  Com- 
pare §  167. 

240.  To  construct  the  chord  of  osculation  at  P. 

Let  Clfj  NP  be  the  co-ordinates  of  P;  make  CM=^  -  2(7i\r, 

P 


CZ*:^-  2NT.    Join  LM,  intersecting  the  ellipse  in  Q ;  then  PQ 
is  the  chord  of  osculation  at  P. 

Bern. — ^If  a,  j8,  y,  8  be  the  eccentric  angles  of  four  concyclic 
points  on  an  ellipse  a  +  )8  +  y48  =  0or  2*n7r.  Hence,  if  a,  j8,  y 
be  the  points  where  the  circle  osculating  at  P  meet  the  ellipse 
a  B  ^  a  y ;  therefore  8  =  -  3a.  Hence,  if  X,  F  be  the  co-ordinates 
of  the  point  where  the  chord  of  osculation  meet  the  ellipse  again, 

Hence  Xjxf  +  F/y'  +  2  =.  0 ;  (773) 

and  this  is  evidently  the  equation  of  LMy  if  we  suppose  XT  to 
be  current  co-ordinates.    Hence  the  proposition  is  proved. 
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Cor.  1. — Since  the  circle  of  carvature  at  P  passes  thiougli  P 
and  Q  and  has  its  centre  in  the  normal  at  P,  we  have  the  fol- 
lowing construction.  Let  the  line  which  hisects  PQ  perpendi- 
cularly meet  the  normal  in  R ;  then  the  circle  whose  centre  is 
R  and  radius  RP  is  the  circle  of  curvature. 

Cor.  2. — The  chord  PQ  is  the  symetrique  of  the  tangent  at  P 
with  respect  to  the  ellipse. 

Cor,  3. — ^The  equation  oiPQia 

X  cos  a/a  -  y  sin  a/i  =  cos  2a.  (774) 

241.  Through  any  point  afi  in  the  plane  ofaeonie  eon  be  drmcn 
four  chords  of  osculation,  and  the  points  of  osculation  on  the  come 
are  concydic.  (Neube3».) 

Dem. — Writing  the  equation  (774)  in  the  form 

a»  "  J»  "  a»      *»        ' 
we  get  by  substituting  a)3  for  xy  and  removing  accents, 

which  represents  a  hyperbola  through  the  points  of  osculation. 
Now,  if 

8  +  \H=  0  is  the  general  equation  of  a  conic  passing  through 
the  points.  If  we  put  X  =  c'/(a*  +  3*),  we  get  after  an  easy 
reduction  the  circle 

^  +  y»-aa:-/3y  +  K«»  +  5»)^^+^-  1^-0.    (776) 

Cor.  1. — If  the  circle  whose  diameter  is  the  join  of  the  point 
aP  to  the  centre,  be  denoted  by  C,  and  the  polar  of  the  point 
afi  by  P,  then  (776)  may  be  written 

C+J(a»4-J»)P=0.  (777) 

Hence,  the  radical  axis  of  the  circle  through  the  points  of 
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oscnlatioii  and  the  circle  whose  diameter  is  the  join  of  the  point 
0/3  to  the  centre  is  the  polar  of  the  point  afi  with  respect  to  the 
ellipse. 

Cor.  2. — ^If  the  point  afi  coincide  with  Fix^y')  (see  fig. 
S  240),  the  equation  (776)  hecomes 

«»+  y«-  xaf  -  yy'  +  J(a»+  ^)(xa//a2+y//J«  -  i)  =  0.     (778) 

Hence,  since  this  circle  passes  through  xfy'  it  meets  the  conic 
in  three  other  points,  and  we  have  Steinbe's  Theobbic. 

Hirough  any  point  F  on  a  conie  can  he  described  three  drcUs  to 
oiculate  the  conic  eUewhere,  and  the  points  of  osculation  and  F  are 
coneyelie. 

Cor.  3. — The  circle  (778)  may  he  written 

^  +  t/'-^-i<^(^-^-  l)  =  0.  (779) 

Hence,  it  passes  through  the  points  of  intersection  of  the  circle 
J5*  +  y»  -  a?  =  0,  that  is  the  circle  on  the  transverse  axis  with 
«c'/a'  -  yy^/b*  -1  =  0,  or  the  symetrique  of  the  tangent  at  the 
giyen  point  with  respect  to  the  transverse  axis.  I  have  called 
(778)  Steiner's  Circle.  The  proof  in  §  241  is  due  to  Professor 
Neubei^,  and  the  form  in  (779)  to  F.  Pxteseb,  f.t.c.d. 

Cor.  4. — If  the  eccentric  angle  of  Q  be  a,  the  eccentric  angle 
of  P  will  be  either  - ia,  -  Ja  +  120°  or  - ia  +  240°.  Hence,  if 
Q  be  given,  F  has  three  positions  whose  mean  centre  coincides 
with  the  centre  of  the  ellipse. 

242.  If  we  compare  the  equation  of  Steiner's  Circle  (778) 
with  Joachimsthal's  Circle 

«»+y»  +  arx'  +  yy'-«  («ip'/a»  +  yy'/i»  + 1 )  =  0,      (549) 

where  «  a  a*+  J»^/y'e  J»+  a^hjaf^ 

we  find  they  will  be  identical  if  we  change  the  signs  of  x',  y* 
and  make  h  =  (^x'l2a\  k^-  ^y'/23'.  Hence,  we  have  the  fol- 
lowing theorem : — If  from  any  point  F  of  an  ellipse  or  hyperbola 
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he  deseribed  three  circles  osculating  the  curve,  the  point  Hamctrieallff 
opposite  to  F  and  the  three  points  of  osculation  are  the  feet  of  four 
concurrent  normals  to  the  curve. 

Cor.  I. — ^If  through  the  point  ar'y'  on  an  ellipse  be  described 
three  osculating  circles,  the  normals  at  the  points  of  osculation 
meet  in  the  point 

«  =  -<j»a//2a»,     y  =  <j»y'/23».  (780) 

Cor.  2. — If  ariyi,  ar,y,,  a^y^  be  the  points  of  osculation  of 
circles  through  a?'y', 

«i  +  «a  +  ar3  =  0,    yi+y,  +  y,  =  0,  (781) 

a»a?'  -  iziX^Xi,       V'^  =  ^yxy%y%^  (782) 

SXEBOISSa 

1.  ProTe  the  following  construction  for  the  centie  of  curvatuie  it. a 
point  Pof  a  conic.  Let  -5  be  the  focus,  0  the  foot  of  the  normal.  Eroc* 
QK  at  right  angles  to  FQ,  meeting  8F  in  JT,  then  JTi,  perpendicular  to  tfP, 
meets  TQ  produced  in  the  centre  of  curvature. 

2.  Find  the  equation  of  the  circle  of  curyature  at  the  point  ^  of  j;*/a* 

The  co-ordinates  of  the  centre  are  (540)  ^  oos'^/a,  —  ^sin'^/^,  and  Uie 
radius  is  (769)  V^ah.    Hence,  the  circle  is 

(a?  -  <r»co88^/fl)«  +  (y  +  c»Bin»^/^)2=  {)>'^\ah)\ 
or 

»»  +  y»  -  2<j2«  »*/«*  +  2flyV/**  +  a'»  -  W^  =  0.  (783) 

3.  Six  oieuiatinff  eireles  of  a  given  eonie  can  be  deeeribed  to  cut  a  given  wrde 
orthogonally. 

For  the  condition  that  the  cirde  (783)  outs  the  circle  ^  +  ^ + 22«  +  2ffiy  +  n 
orthogonally  is  (264) 

-  2fo3ic'Va*  +  2ifwy»/**  -  (a'«  -  2^')  -  »  =  0, 
and  this,  by  an  easy  reduction,  and  by  omitting  accents,  giyes  the  cubic 

2fcaa:>/«*  -  2»»wy/M  +  3«»  +  3y»  -  (2a?  +  2^  -  «)  «  0,     (784) 
which  cuts  the  conic  in  six  points. 

A  particular  case  of  this  theorem  is  HhtX^-Through  any  point  in  thepUme 
of  a  eonie  eon  be  deseribed  eix  osetOating  eireUe  of  the  eonie.  A  theoram  fint 
given  in  the  Author's  Bieireular  Quartiet,  1869. 
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4.  The  centres  of  the  ax  circles  of  Ex.  3  lie  on  a  conio. 
Expressing  that  the  osculating  circle  whose  centre  is  afi  and  radius  r  cuts 
«•  +  y*  +  2te  +  2my  +  «  «»  0  orthogonally,  we  get 

2la  +  2m$  +  n  +  a*  +  i5«  -  r»  =  0.  (1) 

But  from  Ex.  2  we  have  a  =  t^cos'^/a,    fiss-^  an^<^lb, 

«3  +  i8>  -  r»  =  (a«  -  2*2)  cosV  +  (**  -  2««)  sin^.  (2) 

Hence, 

a«a«  +  i^/S*  «=  <r*  (1  -  3  sin«  ^  cos»^). 

Hence  from  (I)  and  (2)  we  obtain 

(2io  +  2ifi/3  +  ff)«-(aM«*)(2/a+2m/3  +  ff)-3(flV  +  i»i3»)  +  a*+M-«^i»  =  0, 

(786) 
which  proyes  the  theorem. 

6.  If  in  (786)  we  put  /=-*',  m  =  -  y*,  «  =  a?**  +  y^,  we  get  Malit*8 
Thbobbm,  that  the  centres  of  the  six  osculating  circles  which  pass  through  a 
giyen  point  x'y'  lie  on  a  conic. 

6.  The  general  equation  of  a  conic  osculating  the  ellipse  at  the  point  ^, 
and  passing  through  the  point  of  intersection  of  the  ellipse,  and  osculating 
circle  is 

«*^  +  iV  -  a»*»  +  X  («» + y»  -  2<?»«^«/a*  +  2<5y  V/M  +  a'' -  2d'»)  =  0. 

(786) 

7.  If  X  =  20*4*/ (a?  +  M)  in  (786),  we  get  a  hyperbola  whose  asymptotes  are 
parallel  to  the  equiconjugate  diameters  of  the  ellipse.  The  locus  of  the 
centre  of  this  hyperbola  is 

(2Air)»  +  (2«y)»  =  (4a*)«.  (787) 

8.  The  locus  of  the  centre  of  the  conic  (786)  is  the  hyperbola 

«y  -  d  sin' <p  ,x-  a  cos* ^  . y  ss  0.  (788) 

9.  The  locus  of  the  centre  oi  xy  —  b  sin'  ^  ,x  —  a  cos*  ^  .  y  is 

(ftar)«  +  (fly)J  =  («*)*.  (798) 

10.  The  chord  of  intersection  of  the  ellipse  and  the  hyperbola 

Xj/  -b  sin'  ^ . «  -  a  cos*  ^  .  y  =  0    is    «/«'  +  yj^'  +  1  =  0.      (790) 

11.  Prove  that  the  enyelope  of  (790)  is  the  curve  (789),  and  that  its  point 
of  contact  with  its  envelope  is  the  sym6trique  of  the  centre  oixy  ^b  tai^^ .  x 
-  a  cos'  ^ .  y  =  0  with  respect  to  the  centre  of  the  ellipse. 
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12.  ProTe  that  the  focal  chord  of  curvature  at  any  point  of  a  oonic  is  equal 
to  the  focal  chord  of  the  conic  parallel  to  the  tangent  at  the  point. 

18.  The  power  of  the  point  9  on  a^ja*  +  y»/J*  -1=0,  with  respect  to  the 
circle  osculating  it,  at  the  point  ^  is 

4cs  sin^  (9  +  3^)  sin^  j^  («  -  <p),  (791) 

For,  substitiiting  a  cos  tf,  d  sin  tf  in  equation  (783),  which  may  he  writtn 

3^* 
a?«  +  y«  _  2c»  co8»^ .  xja  +2c»  sin'^ . y/4  -  J  (<^  +**)+  ~  cos 2^, 

we  easily  get 

--  {cos  20  +  3  cos  2^  -  4  oos'^  cos9  +  4  sinV  sin 9} 

=  «^{co8*0-cos»^  +  2  cos*^  (cos^-cos«)  -  2  sin'^  (sin^-sintf)} 

=  4«*  sin  ^ (0  +  3^)  sin'l  (9  -  9). 

14.  If  5i,  ^2,  8%  he  the  osculating  circles  at  a,  /3,  y  (Ex.  13),  then  the 
equation  of  the  conic  may  he  written 

5ii  +  ^l  +  5j|=0.    (R.  A.  E0BBET8.)    (792) 
Make  use  of  equation  (791). 

Double  Coktact. 

243.  We  have  seen,  in  §  233,  2%  that  conies  whose  equa- 
tions are  of  the  forms  fif  =  0,  S  -  L*  =  0  hare  double  contact, 
and  that  Z  =  0  is  the  chord  of  contact.  Now,  Z  may  meet 
8  in  real  coincident  or  imaginary  potats.  Hence,  there  are 
three  species  of  double  contact,  viz. :  (1)  real  and  distinct  points 
of  contact;  (2)  coincident  points  of  contact,  celled  fow^-poiniic 
contact  or  hyperoBctdation ;  (3)  where  the  points  of  contact  ar$ 
imaginary. 

244.  To  find  the  equation  of  a  conic  having  double  contact  with 
two  given  conice  S,  S'. 

Let  a,  j9  be  a  pair  of  common  chords  of  8,  8',  such  that 
8  -  8'  =  ajS.    Then  k  being  any  constant, 

ife»a»  -  2it  (iSf  +  iS')  +  )8»  =  0  (793) 
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represents  a  conic  haying  doable  contact  with  8  and  8\  For  it 
may  be  written  in  either  of  the  forms 

Since  i^  is  of  the  second  degree,  through  any  point  can  be  drawn 
two  conies  having  double  contact  with  8  and  8',  for,  substitut- 
ing the  co-ordinates  of  the  point  in  (793),  we  have  a  quadratic 
in  k,  and  since  8,  8'  have  three  pairs  of  common  chords,  there 
are  three  such  systems.  If  one  of  the  conies  8,  8'  he  &  line 
pair,  there  are  only  two  systems  of  touching  conies,  and  if  8,  8' 
both  denote  line  pairs,  there  is  only  one  system. 

Cor.  1. — If  the  conic  (793)  be  denoted  by  C,  we  infer  that 
ka-^  Pt  ^  -  /3  are  its  chords  of  contact  with  /8,  8' ;  but  these 
form  a  harmonic  pencil  with  a,  p,  Henee^  if  two  conies  8,  8' 
have  each  dottble  contact  tenth  a  third  conic  Cj  their  chords  ofooU'- 
tactform  a  harmonic  pencil  with  a  pair  of  their  common  chords. 

Cor,  2. — If  8^  8'  each  denote  a  line  pair,  they  form  a  qua- 
drilateral circumscribed  to  C ;  the  lines  a,  P  will  be  its  diagonaLs, 
and  the  chords  of  contact  the  diagonals  of  any  inscribed  quadri- 
lateral. JSence  the  diagonals  of  any  quadrilateral  eireumserihed  to 
a  conic  J  and  of  the  corresponding^  inscribed  one^  form  a  harmonic 
pencil. 

245.  If  three  conies  have  each  double  contact  with  a  fourth,  their 
six  common  chords  form  the  sides  of  a  quadrangle. 

For,  let  the  conies  be  iS  -  Zi*,  8  -  L^,  S-L^-,  then  their 
common  chords  are  three  line  pairs,  L^-L^^O,  L^  -  L^  ^  0, 
L^  -  Li  =  0,  which  form  the  four  triads  of  concurrent  lines 

ZiSsZjasZs;       -Zi  =  Z2=Zs;      -Z2«aZi=Zs;       -Z8  =  Zi=Z2. 

(794) 
Cor. — If  8  -  Zi*,  8  -  Za',  8  -  Z,',  each  denote  a  line  pair, 
they  form  a  circumhexagon  to  8.    The  chords  of  intersection 
will  be  its  diagonals,  and  we  have  Briakghon's  Theorem. 

The  diagonals  connecting  opposite  summits  of  a  circumhexagon 
of  a  conic  are  concurrent. 
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246.  If  three  conies  have  each  double  contact  with  a  fourikf 
their  twelve  points  of  interseetion  lie  eiz-by-six  on  four  conies. 

Dttin. — From  the  identities 

/8f+Z,A  +  ZjA  +  Uln.  =  8-Li^  +  (Zi  +  Z3)  (Z|+ A) 

-.S'-Z,»+(Z,  +  Z,)(X,+  Z,)«S-Z,«  +  (Z,  +  Z,)(Z,  +  ii) 

we  infer  that  the  conic  8  +  ZiZi  +  Z2Z1  +  L^Li  passes  throogh 
the  points  of  intersection  oi  8  -  Zi\  8  -  Z3',  with  the  chord 
Zi  +  Xs ;  also  through  the  points  common  to  8-  Li,  S-L^  witii 
Z3  -I-  Zs,  and  the  points  where  8  -  Zj*,  8  -  Lf  meet  the  chord 
Z9  +  Zi,  and  hy  ohyious  changes  of  sign  we  get  lliree  other 
conies. 

BZEBOISES. 

1.  The  general  equatioii  of  a  oonio  haTing  double  contact  with 

iy+X»  +  jn=0    is    5+(Xco8«  +  Jr8m«)»  =  0.       (796) 

2.  The  equation  of  a  oonio  toooMng  the  sidee  of  a  atandaid  qnadrilitenlis 

ifc»a»  -  *(a»  +  i8>-  7»)  +  /8«  =  0.  (796) 

For  the  diBcriminant  is  the  product  of  the  four  factors,  a  ±  fi  ±  y. 

3.  If  8,  S*  denote  ciroles,  and  k  any  constant,  &  ±  8^^  =  \/k  denotai  a 
conic  having  double  contact  with  each.  Jf  8,  8*  denote  point  cizolefi,  tliii 
giyes  the  vector  property  of  the  foci.  ^ 

4.  If  two  conies  have  double  contact,  any  arbitrary  oonio  through  Uii 
points  of  contact  will  meet  them  again  in  points  whose  jmning  chords  inter* 
sect  on  the  chor<f  of  contact. 

The  conios  being  written  in  the  forms,  ^^0,  i9-Zi*~0,  8-ZiLi^% 
the  proposition  is  evident. 

6.  If  an  ellipse  touch  the  asymptotes  of  a  hyperbola,  two  of  its  commoa 
chords  with  the  hyperbola  are  parallel  to  the  chord  of  contact,  and  eqiddis* 
tant  from  it. 

6.  If  a  variable  conic  having  double  contact  with  a  fixed  conic  pas 
through  two  fixed  points,  the  chord  of  contact  passes  through  one  or  other 
of  two  fixed  points. 
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Hypebosculatiok. 

247.  If  the  line  L  in  the  equation  8  -  Z^  touch  8,  then 
iS  -  Z^  a  0  denotes  a  eonic  having  four  pointic  contact  with  8,  or 
as  it  may  he  said,  hyperoseulates  it,  Eiedleb's  Tbaitoiation  of 
Salmok,  bth  edition,  page  441. 

Through  every  point  of  a  conic  may  he  described  a  parabola 
which  hyperoseulates  it  at  the  point. 

For,  since  through  any  fonr  points  may  be  described  two 
parabolflB,  if  the  points  be  consecutive,  the  proposition  is  evident. 
One  of  the  parabolsB  will,  in  this  case,  be  the  square  of  the  tan- 
gent T»,  the  other  will  \)Q  8  -  hT^  =  0.  The  condition  that  this 
denotes  a  parabola  will  determine  the  value  of  k.  Thus,  for  the 
conic  (a,  i,  e,  /,  g,  h)  (x,  y,  1)'  the  tangent  at  a^y'  is 

iax'  -¥  hy"  -^  g)  X  +  (hx'  +  by"  +f)  y  +  gxf  -{-fy*  +  (J  =  0, 

or,  say  20?  +  my  +  n.  Then,  if  j8  -  kl^  =  0  be  a  parabola,  we  get 

k={ab-  h^)l{am^  -^b?^  2hlm). 

More  generally,  through  every  point  on  a  conic  may  be  described 
a  conic  hyperosculating  it,  and  touching  a  given  line.  Similarly, 
through  every  point  on  a  conic  may  be  described  an  equilateral 
hyperbola  hyperosculating  it. 

BXBBOISBS. 

1.  Find  the  equations  of  the  parabola,  and  of  the  equilateral  hyperbola 
which  hyperoseulates  a^  +  2hxy  -k-hy^  •\-  2g»  =  0  at  the  origin. 

2.  Through  any  two  points  in  the  plane  of  a  conic  can  be  described  fonr 
conies  to  hyperosculate  it. 

3.  If  a  variable  ellipse  hyperosculate  a  fixed  ellipse  at  the  extremity  of 
the  minor  axis  the  locus  of  the  foci  is  a  circle  whose^diameter  is  equal  to  the 
radius  of  curvature. 

4.  If  S\t  8%,  8i  have  contact  of  the  first  order  with  each  other  two-by-two, 
and  if  each  hyperosculate  8,  the  triangle  formed  by  their  points  of  contact 
with  each  other  is  inscribed  in  the  triangle  formed  by  the  points  of  hyper- 

T 
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OBCulation,  and  in  perspectiye  with  it,  and  also  in  penpectiYe  witii  tfa« 
triangile  f  onned  by  the  tangents  at  the  points  of  hyperoeoulatioQ .  (C&ottoh.) 

Let  8  b  /«o«  +  m^0*  +  nV  -  2/mai3  -  2mn0y  -  2nlya  =  0 

inscribed  in  the  triangle  of  refei^nce  be  written  in  the  thiee  fonns 
(la-\-mfi  -  fly)*- ilmafi  =  0,     (m/3  +  «7-A»)' -4ifm/87=a0, 
{ny  +  la-  mfi)*  -  inlya, 

then  the  conies  5i,  8t,  8z  will  be    5  +  4/»a»,   8  +  ^m^fi\   8+iti^t  reepo- 
tiyely,  and  the  proposition  is  evident. 

Foci. 

248.  We  have  seen  (§  236)  that  a  focus  of  a  conic  is  an 
infinitely  small  circle  having  imaginary  double  contact  with 
it.  Hence,  if  a/y'  be  a  focus,  the  circle  (z  -  x')*  +  (y  -  /)* «  ^ 
has  double  contact  with  it,  but  {x-a/y  +  (y  -  y')'  is  the  product 
of  the  isotropic  lines  {x  -  xf)  ±  i  (y  "  f/)  =  0.  Therefore  each 
of  these  lines  touches  the  conic.  Hence,  to  find  the  foci  of 
(a,  J,  c,f,  g,  h)  {x,  y,  1)*  we  are  to  find  the  condition  that 
{x  +  »y)  -  (a/  +  «y)  «  0  touches  it ;  in  other  words,  to  substitute 
1,  i  and  -  (a:'  +  i^)  for  X,  fi,  v  in  the  tangential  equatiou 
(-4,  jB,  (7,  F,  G,  H)  (X,  ft,  1')'=  0,  we  get,  after  omitting  accents, 
equating  real  and  imaginary  parts  to  zero,  equations  which, 
after  a  slight  reduction,  become 

{Cx  ^Qf-{Cy-  Ff  =  A  (a  -  h),  (797) 

{Cx  -  Q)  {Cy  -F)^/ih.  (798) 

when  A  denotes  the  discriminant  of  (a,  h,  e,f,  y,  h)  (a?,  y,  If- 

Since  the  conies  (797),  (798)  intersect  in  four  points  we  see 
that  every  conic  has  four  foci;  only  two,  however,  are  real: 
these,  as  we  know,  are  on  the  transverse  axis.  The  imaginaiy 
foci,  called  also  antifoci,  are  on  the  conjugate  axis. 

Gba.ves'  Theobbm. 

249.  If  two  tangmts  he  drawn  to  an  ellipse  from  any  point  of  tf 
eonfocal  ellipse,  the  excess  of  the  sum  of  the  Umyents  over  the 
intercepted  arc  of  the  inner  ellipse  is  constant. 
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Dem.— Let  PS,  PS ;  QT,  QT  be  tangents  to  the  inner 
ellipse  from  two  consecutive  points  PQ  on  the  outer  ellipse, 
and  let  PB,  QVhe  perpendiculars  on  QT,  PS.    Then,  since 


TR  may  be  regarded  as  the  continuation  of  ST,  PES  may  be 
considered  as  an  isosceles  triangle.      Hence  PS^  ST-\-  TR, 

but  «r=  TR  +  RQ,    .-.  PS  -  Qr=  ST-  RQ ; 

siimlarly,       PS  -  QT  ^  PF-  ST^RQ--  ST' 

(since  the  infinitesimal  triangles  PRQ,  QFP  aie  equal  in  every 
respect).    Hence,  by  addition, 

{PS  +  PS')  -  {QT+  QT)  :=ST-  ST  =  SS'  -  TT, 
.-.    SP-\-PS'  -  SS'  ^TQ+Qr-TT, 
and  the  proposition  is  proved. 

Cor.  l.—U  a  string  of  given  length,  PSWS'P,  held  tight  at 
P,  be  partly  in  contact  with  a  given  ellipse,  and  enclosing  it,  the 
locus  of  P  is  a  confocal  ellipse. 

Cor.  2. — If  two  confocal  paraboke  have  their  axes  in  the  same 
direction,  and  if  from  any  point  of  the  outer  tangents  he  drawn  to 
the  inner,  the  excess  of  the  sum  of  the  tangents  over  the  intercepted 
are  is  constant. 

Cor,  8. — If  from  any  point  of  the  outer  of  two  confocal  hyper- 
hola  tangents  be  drawn  to  the  inner,  the  excess  of  the  sum  of  the 
tangents  over  the  intersected  arc  is  constant. 

t2 
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M^Guuagh's  and  Chasles'  Thsobem. 

250.  If  two  tangents  FT,  PT  he  draton  to  an  ellipse  from  emf 
point  Pofa  confocal  hyperbola,  the  difference  of  the  ares  TK,  KT 
into  which  the  hyperbola  divides  the  are  of  the  ellipse  between  iht 
points  of  contact  is  equal  to  the  difference  between  the  tangenU  PTj 
PT. 

The  proof  is  an  obvious  modification  of  the  demonstration  of 
Graves'  Theorem. 

Cor.  1. — In  the  same  manner  it  follows  that  if  from  anypoini 
Pofan  eUipsCy  tangents  PT,  FT  be  drawn  to  the  same  branch  of 
a  confocal  hyperbola,  the  difference  of  the  arcs  TK,  KT  into  which 
the  eWpse  divides  the  hyperbola  between  the  points  of  contact  is 
equal  to  the  difference  between  the  tangents  PT,  PT, 

Cor.  2. — If  two  parabola  have  a  common  focus  and  axes  in  oppo- 
site direction,  that  is,  if  they  cut  orthogonally,  and  if  from  anif 
point  P  of  either  tangents  be  drawn  to  the  other,  then,  as  before,  ike 
difference  of  the  arcs  is  equal  to  the  difference  of  the  t€mgents. 

251 .  FAeNAirfs  Theobex. — An  elliptic  quadrant  may  be  divided 
into  parts  whose  difference  is  equal  to  the  difference  of  the  semi- 
axes. 

Draw  tangents  AD,  BD  at  the  extremities  of  the  axes,  and 
through  their  intersection  D  describe  a  confocal  hyperbola,  cut- 
ting the  elliptic  quadrant  AB  in  K  such  that 
AK-  KB^AD-LB^a-h. 

Cor.  The  co-ordinates  of  JTare 

{«*/(«  +  *)}»,     |^/(« +  *)}».  (799) 

252.  If  a  polygon  circumscribe  a  conic,  and  if  aU  the  swnmits 
but  one  move  on  confocal  conies,  the  locus  of  that  summit  wiU  be 
a  confocal  conic. 

It  wiU  be  sufficient  to  prove  this  proposition  in  the  case  of  * 
triangle,  as  the  proof  for  the  triangle  can  be  extended  to  the 
polygon. 
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Let  AJB  Che  a  triangle  inscribed  in  a  circle  X ;  then  {Sequel  yi., 
sect,  v.,  Prop.  12),  if  the  envelopes  of  two  sides  of  ABC  be 
eoaxal  circles,  the  enyelope  of  the  third  side  is  a  coaxal  circle. 
Now,  let  0  be  one  of  the  limiting  points,  and  describe  circles  about 
the  triangles  GAB,  OBC,  OCA  ;  let  their  centres  be  0,A\B^, 
then  (Sequel  Ti.f  sect,  y..  Prop.  8,  Cor.  4)  the  envelopes  of  these 
circles  are  circles  concentric  with  X,  aad  the  loci  of  their  centres 
Cy  A\  B'  are  conies  whose  foci  are  0  and  the  centre  of  X ;  that 


is,  they  are  confocal  conies.  Also  since  the  lines  OA,  OB^  OC 
are  bisected  perpendicularly  by  the  sides  of  the  triangle  A'BCy 
that  triangle  is  circumscribed  to  a  conic  whose  foci  are  0  and 
the  centre  of  X  -  Hence  the  proposition  is  proved. 

The  foregoing  demonstration,  without  reciprocation  or  infini- 
tesimals,' was  first  given  by  the  author  in  a  letter  to  the  late 
Bev.  Professor  Townsend,  f.b.s.,  in  the  year  1858. 

EXBBOISES. 

1.  If  a  conic  haye  doable  contact  with  two  others  which  haye  the  same 
focus  and  directrix,  the  chords  of  contact  pass  through  the  focus  and  are 
perpendicular  to  each  other. 

2.  From  any  point  P  on  an  outer  confocal  tangents  are  drawn  to  an 
inner ;  proye  that  the  conic  through  P,  haying  the  points  of  contact  as  foci, 
either  hyperosculates  the  outer  confocal  or  cuts  it  orthogonally. 
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8.  In  the  case  of  hyperofloulation,  Ex.  2,  prore  tlist  the  laUu  fwtmm  it 
coDftant. 

4*  A  conic  is  deecribed  touching  a  fixed  conic  at  any  point  Pand  paanBg 
through  its  foci,  jP,  F';  proye  that  the  pole  of  FF'  with  respect  to  this  oooie 
will  be  on  the  normal  at  P,  and  will  be  the  centre  of  ouTratnre  if  the  conies 
osculate. 

5.  If  a  parabola  have  double  contact  with  a  given  ellipse,  and  have  ifes 
axb  parallel  to  a  given  line,  the  locus  of  its  focus  is  a  hyperbola,  oonfocal 
with  the  ellipse,  and  having  one  asymptote  in  the  given  direction. 

6.  If  an  ellipse  have  double  contact  with  each  of  two  oonfocals,  the  tan- 
gents at  the  points  of  contact  form  a  rectangle. 

7.  If  an  equilateral  hyperbola  hyperoscnlate  a  given  parabola,  the  locos 
of  its  centre  is  an  equal  parabola. 

8.  The  centre  of  curvature  at  any  point  of  a  conic  is  the  pole  of  the  tan- 
gent at  the  same  point  with  respect  to  a  oonfocal  passing  through  it. 

9.  Two  parabolse  osculate  a  circle  at  the  same  point  and  meet  it  again  in 
the  points  P,  F' ;  prove  that  the  angle  between  their  axes  is  one-fomth  of 
that  subtended  by  FF*  at  the  centre  of  the  circle. 

SnaLAB  OomroB. 

253.  Dep. — Two  figures  F^y  Ft  are  said  to  he  homotheUc  wkm 
radii  vectors  from  any  point  of  F^  are  proportional  to  theparalld 
vectors  from  the  homologous  point  ofF^. 

Two  conies  being  given  by  their  general  equations  it  is  re- 
quired to  find  the  conditions  of  being  homothetic. 

The  equations  of  both  conies  being  referred  to  their  centres  as 
origin,  they  will  be  of  the  forms 

oaj*  +  2hxi/  +  hf/*  ^  o,     aV  +  2h^xff  +  Vy^  =  <?', 

or  in  polar  co-ordinates 

p*  =  cl{a  cot^O  +  2A  sin  tf  costf  +  h  sin*^), 

p'«=  c'/{af  cos^tf  +  2A'  sin  fl  cos  0-^y  sinV), 

and  in  order  that  the  ratio  p :  p'  may  be  independent  of  0  it  is 
evident  that  we  must  have 

a/a'  =  h/h'  «  A/A'.  (800) 
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Cor.  1. — If  two  conies  have  their  highest  terms  the  same 
they  are  homothetic. 

Cor.  2. — If  one  of  the  common  chords  of  two  conies  be  at 
infinity  they  are  homothetic. 

Cor.  3. — Homothetic  conies  cannot  intersect  in  more  than  two 
finite  points. 

Cor.  4. — If  iSfsO  bethe  equation  of  a  conic,  6f-AZ=0  where 
Z  is  a  line,  denotes  a  homothetic  conic. 

254.  If  the  conies  be  similar  but  not  homothetic  it  is  plain 
that  if  the  axes  of  co-ordinates  for  one  be  turned  round  through 
a  certain  angle,  the  new  coefficients  a,  A,  h  will  be  proportional 
to  the  old  coefficients  a'.  A',  y.  Suppose  this  done,  and  that 
they  become  kaf,  kh%  kh';  then  from  the  property  of  invariants, 
we  have  for  rectangular  axes 

Hence,  eliminating  k  the  required  condition  is 

(a  +  hyi{ab  -  ^)  =  (a'  +  *')V(«'*'  -  *'*)•        (801) 

Similarly,  if  the  axes  be  oblique, 

(a  +  *  -  2A  cos  a»)V  (ab  -  A*)  =  (a'  +  *'  -  2A'  cos  ^OV  («'*'  -  A'*). 

(802) 
Cor.  1. — Similar  conies  hare  equal  eccentricities. 

Cor.  2. — ^All  parabolsd  are  similar. 

Cor.  3. — If  two  hyperbolsd  be  similar,  their  asymptotes  make 
equal  angles. 

BXBBOISBS. 

1.  If  three  conies  have  two  points  common  their  three  common  chords 
which  do  not  pass  through  either  of  these  points  are  conouirent. 

2.  If  three  conies  be  homothetic  their  finite  common  chords  are  con- 
current. 

3.  If  three  ionics  be  homothetic  their  six  centres  of  similitade  are  the 
opposite  vertices  of  a  complete  qnadiilateral. 
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4.  If  any  line  cut  two  ooncentrio  and  homothetio  oonics  the  intaroept 
made  ok  it  between  the  conios  are  equal. 

6.  If  a  tangent  at  any  point  F  of  the  inner  of  two  concentric  and 
homothetic  conies  meet  the  outer  in  the  points  T,  T^  then  any  chord 
of  the  inner  through  P  is  half  sum  of  the  parallel  chords  of  the  outer 
through  r,  T, 

6.  If  A,  a'  be  the  discriminants  of  the  equations  of  two  similar  conies, 
then  a/ A'  is  equal  to  the  square  of  the  ratio  of  similitude. 

7.  If  two  equal  parabolsB  have  different  vertices  but  coincident  axes  they 
hyperosculate  at  infinity. 

8.  If  the  equations  of  two  conios  differ  only  by  a  constant  they  haye 
double  contact  at  infinity.  Hence,  concentric  circles,  and  also  oonoentrie 
and  homothetic  conies  hare  double  contact  at  infinity. 


Pascal's  Theojsem. 

255.  The  intersections  of  three  pairs  of  opposite  sides  of  a  hexagm 
inscribed  in  a  conic  lie  on  a  Une.   {The  FascdPs  line  ofths  hexagtm.) 

Bern. — ^Letthe  snimnits  of  the  hexagon  be  denoted  by  1,  2,  8, 
4,  5,  6,  and  their  lines  of  connexion  by  Zu,  X^,  &c.,  tben,  since 
the  conic  circumscribes  the  quadrilaterals  1234,  4561  its  equa- 
tion, §  233,  5^,  may  be  written  in  the  forms  LuL^-l^Lu  =  0, 
2^45 Zti  -  ZoeXif  8  0.  Hence  the  expressions  Lx^L^  -  Iha^u  ^^ 
-^14  (-Cm  -  Zje)  are  identical.  Hence  Z13Z34  -  Zi^Ln  =  0  denotes 
two  lines,  but  it  also  denotes  a  conic  circumscribed  to  the  qua- 
drilateral whose  summits  are  the  points  1,  4  ;  Z,, .  Z45 ;  Z,4V  Zw ; 
but  Zi4  is  the  diagonal  through  the  summits  1,  4.  Hence 
-Las  -  Zse  must  pass  through  the  sunmiits  Zu.Zu;  Zu-Z^i. 
Now,  Zn  -  Zm  =  0  denotes  a  line  through  the  intersection  of 
Zjs  and  Zje,  and  we  have  shown  that  this  passes  through  the 
intersection  of  Zia  with  Z^,  and  of  Z^  with  Aj.  Hence  the 
proposition  is  proved. 

Cor.  1.— The  Pascal's  line  is  Z^  -  Za,  =  0. 

Cor.  2.— Pascal's  Theorem  holds  for  each  of  the  sixty  hexagons 
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which  can  be  formed  by  taking  the  points  123456  in  different 
orders  of  sequence. 

Cor.  3. — Since  the  conic  circmnscribes  the  quadrilateral  2356 
its  equation  may  be  written  in  the  form  Zz^Zse  -  ^^a  =  0» 
and  its  identity  with  Zi2L^  -  Za^i  gives  Z12Z34  -  Z^^  -  I^ 
{Lyi,  -  Zae).  Hence  we  infer  that  the  intersections  of  opposite 
sides  of  the  hexagon  143652  lie  on  the  line  X14  -  Zse  «  0,  and  by 
comparing  the  identities  Zjc .  Z^  -  Zj^Zm  «  0,  and  L^jJj^x  -  L^xk 
=  0,  we  infer  that  the  opposite  sides  of  163254  He  on  Zi*  -  Z^ 
a  0,  but  the  lines  Z14  =  L^  ^  Z^  are  concurrent.  Hence  we  have 
Steineb's  Theokem.  The  FaseaPs  lines  of  the  three  hezagonsy 
123456, 143652, 163254,  formed  by  interchanging  the  even  numbers 
2,  4,  6,  are  eoneurrent. 

Cor.  4. — If  a  hexagon  123456  he  inscribed  in  a  conic,  the  three 
triangles,  each  formed  by  a  pair  of  opposite  sides,  such  as  Li^La, 
and  the  diagonal  Z^  through  the  remaining  points  are  in  perspec- 
tive and  have  a  common  centre  of  perspective.  It  is  easy  to  see  that 
this  is  another  statement  of  Steinsb's  Theorem. 

M'Cat's  ExTBNsioir  op  Feuebbacb's  Theoeem. 

256.  j^a  conic  whose  foci  are  collinear  with  the  cireumeentre  be 
inscribed  in  a  triangle,  the  auxiliary  circle  of  the  conic  touches  the 
nine-points  circle  of  the  triangle. 

Let  FF'  be  the  foci,  0  the  cireumeentre,  A\  B',  C  the  middle 
points  of  the  sides,  and  let  the  line  FF'  make  angles  Ax,  Bx,  Ci 
with  the  sides  oiABC,  Now,  if  ^  be  any  circle,  the  condition 
that  it  touch  the  nine-points  circle,  that  is,  the  circumcircle  of 
A'B'C,  is  by  my  extension  of  Ptolemy's  Theorem, 

where  8^'  denotes  the  power  of  the  point  A'  with  respect  to  8 ; 
but  if  iS  be  the  auxiliary  circle  it  is  the  pedal  circle  of  the 
points  FF*,  and  it  is  easy  to  see  that  iS^  «=  -  OF.  OF'  co^Ax,  &c. 
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Hence,  by  substitutioii  the  condition  of  contact  becomes 
acoBAi-¥h  cos  Bi-\-c  cos  Ci  =  0,  or  the  sum  of  the  projections  of 
the  sides  of  the  triangle  on  the  line  FF'  =  zero,  which  is  trae. 
Hence,  &c. 

If  we  suppose  FF  to  be  the  antif  oci  the  proposition  becomes 
the  following: — If  the  minor  axis  of  a  conic  inscribed  in  i 
triangle  pass  through  the  circumcentrsy  the  circle  described  on 
the  minor  axis  as  diameter  touches  the  nine-points  circle  of  (h 
triangle. 

This  remarkable  proposition  is  giyen  bj  Mr.  M'Gay,  in  a 
Memoir  on  "  Three  Similar  Figures,"  IVansactions  of  the  Boyal 
Irish  Academy,  yol.  xzix.,  1889. 


XXSOELLANBOTTS  BXBB0I8ES  OK  OHAPTBB  IX. 

1.  The  chord  of  curvature  through  the  centre  of  an  ellipse  is  equal  to 

2*'V«'.  (803) 

2.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  equal  to  the 
focal  chord  of  the  conic  parallel  to  the  tangent  at  the  point. 

3.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  double  the  har- 
monic mean  between  the  focal  radii  of  the  point. 

4.  If  FF*  be  points  on  confbcal  ellipses  having  the  same  eccentric  ao^ 
prove  that  the  sum  of  the  tangents  drawn  to  the  inner  from  the  point  F  on 
the  outer  is  equal  to  the  chord  of  the  outer  which  touches  the  inner  at  F, 

6.  If  a  circle  and  a  conic  osculate  at  P,  and  if  the  osculating  tangent  snd 
their  common  tangent  intersect  m  Q,  then  a  conic  conf  ocal  to  the  given  oooic 
passes  through  the  points  F  and  Q. 

6.  Find  the  lengths  of  the  axes  of  the  conic  (a,  d,  c,  /,  g^  h)  {x,  p,  1)'* 

Transferred  to  the  centre  as  origin  this  becomes 

ax^  +  2hxif  +  ^  +  a/C=  0. 

Now,  if  the  auxiliary  circle  be  i^  +  y^-r*tsO  it  has  double  contact  with 
the  conic.    Hence 

(«r»  +  A/C)«»  +  2Araay  +  (^  +  A/e)y»  =  0, 
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irhich  muflt  be  a  perfect  square.   Hence  the  squares  at  the  semiaxes  are  the 
roots  of  the  quadratio  in  r^ 

(TV  +  (a  +  J)  CAf»  +  A«  =  0.  (804) 

7.  If  (a,  b,  e,/y  ffy  h)  {x,  y,  1)^  =  0  be  an  ellipse,  its  area  is 

irA/Ci.  (806) 

8.  The  locus  of  points  on  a  system  of  confocal  conies,  the  osculating 
droles  of  which  pass  through  a  focus  is  a  circle  of  which  the  foci  are  inverse 
points. 

9.  If  a  variable  conic  hyperoeoulate  a  fixed  conic,  and  touch  its  directrix, 
the  chord  of  contact  passes  throu^  the  focus  of  the  fixed  conic. 

10.  If  a  system  of  conies  have  a  common  focus  and  directrix,  the  locus  of 
points  whose  osculating  circles  pass  through  the  focus  is  a  parabola. 

(F.  PuRSBn.) 

11.  If  from  a  fixed  point  0  a  tangent  Ol'be  drawn  to  one  of  a  system  of 
confocal  conies,  and  a  point  P  taken  on  it,  such  that  OP,  OTi&  constant, 
the  locus  of  Pis  an  equilateral  hyperbola.  ^  (J.  Pubsbb.) 

12.  If  the  base  of  a  triangle  and  its  vertical  angle  be  given,  the  locus  of 
its  symmedian  point  is  an  eUipee  having  double  contact  with  the  circum- 
oirde. 

13.  If  the  conic  aj3  <=  ky*^  touch  the  circumdrcle  of  the  triangle  of  refe- 
rence, the  point  of  contact  is  on  one  of  the  symmedian  lines  of  the  triangle. 

14.  If  a  triangle  be  circumscribed  to  a  conic,  and  two  of  its  summits 
move  on  a  confocal  conic,  the  third  summit  and  the  point  of  contact  on  the 
opposite  side  lie  on  a  confocal. 

15.  A  circle  touching  an  ellipse  passes  through  its  centre ;  prove  that  the 
locus  of  the  foot  of  the  perpendicular  from  the  centre  on  the  chord  of  inter- 
section is  a  concentric  and  homothetic  ellipse. 

16.  If  a  variable  triangle  of  given  species  has  its  summits  on  three  lines 
given  in  position,  show  that  its  circumcirde  has  double  contact  with  a  given 
conic. 

17.  Oiven  five  tangents  to  a  conic,  show  how  to  find  their  points  of  con- 
tact.   [Make  use  of  Brianchon's  Theorem.] 

18.  Given  ^yq  points  on  a  conic,  show  how  to  construct  it  by  points. 
[Make  use  of  Pascal's  Theorem.] 

19.  Given  five  points  on  a  conic,  show  how  to  draw  the  tangents  at  these 
points.  ^0^  ^  ^  — . 

'^.'-■'    ^'.       ''/^'^ 
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20.  If  the  alternate  aides  of  a  Pascal's  hexagon  be  produced  to  meet,  theb 
points  of  intersection  form  the  summits  of  a  Brianchon's  hexagon,  and  if 
the  alternate  sides  of  a  Brianchon's  hexagon  be  produced  to  meet,  their  points 
of  intersection  form  the  summits  of  a  Pascal's  hexagon. 

21.  If  /6^ sO  be  the  equation  of  a  conic,  find  the  equation  of  a  homolhatic 
conic  passing  through  three  giyen  points. 

22.  Pairs  of  tangents  are  drawn  to  a  conic  8  parallel  to  pairs  of  conjugate 
diameters  of  a  conic  8%  proye  that  the  locus  of  their  points  of  intersection 
is  a  conic  homothetic  with  8'. 

23.  A  triangle  is  described  about  a  oonic  8,  and  inscribed  in  a  confocal 
conic  S* ;  proye  that  the  osculating  circles  at  the  points  of  contact  of  the  sides 
are  tangential  to  the  fourth  common  tangent  of  8  and  one  of  the  drolei 
touching  the  sides.  (R.  A.  Roberts.) 

[Make  use  of  the  theorems  of  the  Exercises  5,  16.  The  method  of  proof 
thus  indicated  is  due  to  Mr.  M'Caj.] 
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CHAPTER    X. 

THE  GENERAL  EQUATION— TEILINEAR  CO-OEDINATES. 

257.  Abonhold's  Notatioit. — 1°.  In  this  notation,  a  point  is 
denoted  by  a  single  letter,  and  its  trilinear  co-ordinates  by  the 
same  letter,  with  suffixes.  Thus  the  point  x  is  the  point  whose 
co-ordinates  are  Xi,  x^j  x^, 

2^.  The  trilinear  equation  of  a  right  line,  viz.  aiXi-\-a2X2 
+  a^Xt  B  0,  is  denoted  by  4«  ~  0,  the  x  being  a  suffix  to  a. 

3^.  The  general  equation  of  the  n^  degree  is  denoted  by 
a/  =a  0  ;  that  is,  by  {oiXi  +  Os^a  +  fli^s)**  where  after  the  invo- 
lution Oi**  is  replaced  by  the  coefficient  of  4?i**  in  the  given  equa- 
tion ikh*-*  02  by  the  coefficient  of  «i*-*  Xt,  &c.  Thus  the  conic 
aiidri'  +  ass^'+  a»«8'+  20^X1X2  +  ^t^x^x^  +  20^X9X1  -  0  is 
denoted  by  (oiXi  +  thXt  +  (h^t)\  or  a,^  =  0.  It  is  evident  that 
in  this  notation  the  symbols  Oi,  a^j  a,  have  no  meaning  of  them- 
selves for  curves  of  the  second  or  higher  degree,  until  the 
involution  is  performed. — Salmon's  Algebra^  4th  edition,  p.  314 ; 
Clebsch,  Theorie  der  Bindren  AlgebraeBohm  Formen. 

4^.  Any  non-homogeneous  equation  in  two  co-ordinates  may 
be  transformed  into  a  homogeneous  equation  by  tlie  substitutions 
Xi-rXz^  x^-^x^toT  the  variables  and  the  clearing  of  fractions. 

258.  Several  weU-known  results  assume  a  very  simple  form 
when  expressed  in  Abonhold's  notation.  We  shall  merely 
state  them  here,  as  they  present  no  difficulty. 

1^.  Joachucsthal's  equation  (399),  which  gives  the  ratio 

in  which  the  join  of  the  points  y,  s  is  divided  by  the  conic 
a,*  =  0,  is 

a,»  +  2ka^ .a^-^J^a^^  0.  (806) 
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2^.  The  equation  of  the  polar  of  the  point  y,  with  reject  to 

a.«  =  0,  is 

a^.a^eO.  (807) 

8^.  The  condition  that  y  and  8  may  be  conjugate  points  with 
respect  to  aj  =  0,  is 

a^.a,eO.  (808) 

4^.  The  equation  of  the  pair  of  tangents,  from  the  point  y  to 

a,»  -  0,  is 

V.«.'-(«..^)»-0.  (809) 


DiscBDfnrAiiT. 

259.  To  find  the  eonditum  that  a* »  0  majf  represent  a  Im 
pair. 

ltaj  =  0  represent  a  line  pair,  the  polar  of  the  points  1,  0, 0; 
0,  1,  0 ;  0,  0,  1,  with  respect  to  it  will  pass  through  the  doaUe 
point,  that  is  the  lines  8i,  St,  Sz,  or 

«iia?i+«u«i+«i8«s«=0;  fl2iai+tfM«i+«i8«^=0;  auari+anJPrf«sJ^«0 

are  concurrent,  and  eliminating  Xi,  «s,  z^  we  find  the  required 
discriminant 


1 


^9        <hi9        (ha 
^1        ^>        ^ 


(810) 


T>EF. — The  minort  of  this  determinant  are  denoted  iy  Am  ^m 
&c.  Hence,  Ai,  A^,  &c.,  have  no  meaning  by  themselves  until 
the  expressions  in  which  they  occur  are  expanded.  This  wiQ 
be  plain  from  §  260. 

Cor.  By  solving  any  two  of  the  equations  /Si=0,  i9t  =  0,  i%«0, 
we  get  the  co-ordinates  of  the  double  points,  namely, 

x{'.x4xxi  :  :  A^x  A^\  A^  (t  -  1,  2,  8).        (811) 
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TANeENTIAL  EaUATIONS. 

260.  To  find  the  pole  of  the  line  A^  =  0  with  respect  to  a^  =  0. 
Let  y  be  the  pole,  then  the  polar  of  y,  that  is 


0, 


(807) 


must  be  identical  with  A^  s  0«    Hence,  comparing  coefficients, 
<hiy\  +  OnVi  +  (hiVt  »  ^1,     (1) 

«iiyi  +  a^vt  +  «»yt  =  K 

From  which,  if  A  denote  the  discriminant,  we  get 

Similarly,  Ay,  =  ^tX^,     Ay8  =  ^s^^.  (812) 

If  the  line  X,  or  XiiTi  +  X^Xt  +  X8a?8  =  0  touch  a^  =  0  the  point 
of  contact  will  be  its  pole,  and  will  therefore  be  on  the  line  and 
substituting  in  \, »  0  the  values  (812),  we  get  the  tangential 
equation,  viz.,  Aj^  =  0.  (813) 

Cor,  1.  The  tangential  equation  or  the  equation  in  line  co- 
ordinates is  obtained  from  that  in  point  co-ordinates  by  writing 
^1,  A%y  Ai  for  Oi,  089,  ^y  c^d  Xi,  X^,  X^  for  ^i,  ^,  x^. 

Cor.  2. — Since  y  is  the  pole  X,  =  0,  if  X,  =  0  touch  a^  =  0  we 
have  Xiyi  +  X^ya  +  X^y^  =  0 ;  hence,  eliminating  yi,  y^,  y,  be- 
tween this  and  the  equations  (1),  we  get  the  tangential  equations 
in  determinant  form,  viz., 

<hi7       0ia>       0i8>       ^1 

011>  <%>  <»28>  ^ 

081»  038»  ^>  ^ 

Xi,       Xa,        Xs,        0 


=  0. 


(814) 


This  determinant  expanded  or  A)^  ^  0  shall  be  denoted  by 
2  «=  0.     Hence  2  s  0  is  the  tangential  equation  of  iSf  =  0. 
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Car.  3. — ^If  the  pole  of  the  \,  »  0  be  on  the  line  ft,  =  0  we 
haye  fi^ffi  +  fi^tfi  +  /i^y,  s  0,  and  eliminating  we  get 


<hu 

Oil, 

fll3, 

Ai 

(hu 

On, 

a», 

X. 

«51, 

<»82, 

«88, 

A« 

/^1> 

A*2, 

M«» 

0 

=  0, 


(816) 


(816) 


which  expanded  is  eqnal  to  ^^  •  -^^  ~  ^* 

Hence  ^x  •  -^^  ■=  0  is  the  condition  that  the  lines  X^  fi,  may 
be  conjugate  with  respect  to  the  conic  a/  ^  0. 

Cor.  4. — The  differentials  of  A^^  with  respect  to  Xi,  Xf,  A,  aie 
the  point  co-ordinates  of  the  pole  of  \,  with  respect  to  a.'  =  0, 
just  as  the  differentials  of  «.'*=  0  with  respect  to  Xi\  Xt\  Xi  aw 
the  line  co-ordinates  of  the  polar  of  the  point  x^  with  respect 
to  a.*  =  0. 

261.  To  find  the  equation  of  the  point  pair  in  which  the  Uiu 
\J  ^0  intereeets  the  eonie  a^  «  0. 

Let  V'  =  0  be  any  other  line,  then  if  V  +  hXJ'  touch  «,*  =  0 
we  get  substituting  X/  +  ^Xi",  X,'  +  itX,",  K^'-v  JtXJ'  for  Xi,  A,,  Ai 
in  the  tangential  equation  Ak^  +  2hK'^ .  \"a  +  -^x'"  =  0.  Now, 
since  this  is  a  quadratic  in  £,  we  see  that  through  the  intersection 
ofthe  lines  X,'  =  0,  \,"=Ocanbe  drawn  two  tangents  to  a.' »  0, 
but  if  X,' »  0,  X."  =  0  intersect  on  a^  =  0  the  two  tangents  coincide, 
and  the  equation  in  ^  is  a  peif  ect  square.  Hence^  omitting  the 
double  accents,  the  equation  of  the  point  pair  is 

^x'».A*-(Xy.X^)«-0.  (817) 

Cor. — ^The  equation  (817)  in  determinant  form  is 


Oil, 

«w, 

«1., 

A,', 

Ax 

Ou. 

«», 

«»> 

V, 

A, 

»1I, 

«w, 

<h». 

V, 

A, 

V, 

V, 

V 

A.. 

K 

A. 

-0. 


(818) 
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Observation. — ^The  bordered  determinants  (814),  (815),  (818) 
are  written  by  Clebsch 


G)  e>  (v  i) 


respectively.    See  Cuhie  DransformatianSy  page  4. 

262.  If  a*  =  0,  V  =  0  be  two  conios,  it  is  required  to  find  the 
locus  of  tbe  poles  with  respect  to  a^  »  0,  of  tangents  to  l^  s  0. 

The  polar  of  the  point  y,  with  respect  to  a^  =  0,  is 

(«i«i  +  «>a?»  +  a^)  {a^i  +  ««ya  +  (hy^)  =  0 ; 
or  putting  F,  -  Ouyi  +  Ouy,  +  Oisy,,  &c. 

Fxa?i  +  F,aJa+F,aJi=0. 
And  the  condition  that  this  should  be  tangential  to  V  "^  0  is 

{BiYi  +  £tTt  +  Bj^Y^y  «  0,  or  By^  =  0.        (819) 

263.  In  the  general  trilinear  equation  aa}  +  2haP  +  h/S^  +  2fPy 
+  2^o  +  {^y*  B  0,  ^  explain  the  geometrical  signification  of  the 
vanishing  of  a  coefficient. 

1^.  The  vanishing  of  the  coefficients  of  the  squares  of  the 
yariables  has  been  fully  explained  in  §  113. 

2°.  When  the  coefficients  of  the  products  vanish. 

Suppose  the  coefficient  h,  for  example,  to  Tanish,  then  the 
equation  becomes  aa?  +  hp^  +  ^  +  2/ySy  +  2gya  ■■  0.  Now,  this 
will  meet  the  line  y  =  0  in  the  two  points  where  the  lines 
oa'  +  *j3*  =  0  meet  y  =  0  ;  that  is,  in  two  points  which  are 
harmonic  conjugates  to  the  points  where  the  lines  a  ^  0/  ^  «  0, 
meet  y.  Hence  we  have  the  following  theorem : — If  in  the 
general  equation  the  coefficient  of  the  product  of  any  two  variables 
vanish^  the  third  side  of  the  triangle  of  reference  is  cut  harmonicaUg 
by  the  other  sides  and  the  conic. 

Cor,  1. — If  the  coefficients  of  all  the  products  vanish,  each 
side  of  the  triangle  of  reference  is  cut  harmonically  by  the  conic. 
In  other  words,  the  triangle  of  reference  is  autopolar  with 
respect  to  the  conic. 

z 
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This  may  be  shown  otherwise.    Let  the  eonic  be 
Pa*  +  «i»)S»  -  nV  o  0, 
(ny  +  fe)  («y  -  fe)  «  i»»^. 


then  we  have 


Hence  ny -¥  l<h  ny  -  la  are  tangents,  and  j9  is  the  chord  of  con- 
tact, which  proves  the  proposition. 

Cor,  2. — ^Any  point  on  the  conic  Pa*  +  m*)8*  -  ny  =  0  will  be 
common  to  the  lines  denoted  by  the  system  of  determinants 

la,  fnp,  ny,     (I 

(820) 
cos  ^,         sin  ^,         1,      II 

each  equated  to  zero,  which  may  be  called  the  point  ^  on  the 
oonic. 

Cor,  8. — ^The  eqnation  of  the  join  of  the  points  ^  -f  ^,  ^  -  ^ 


IB 


fa, 

"     1 

008  {<lf\  <lf^, 
C08(^-f), 

8iii(^  +  f), 

1, 

0, 


or  /a  cos  ^  +  mj9  sin  ^  -  ny  cos  ^  «  0.  (821) 

Hence  the  equation  of  the  tangent  at  the  point  ^  is 

la  cos^  +  mp  sin^  -  ny  =  0.  (822) 

Cor.  4. — ^The  co-ordinates  of  the  pdnt  of  intersection  of  tan- 
gents at  ^+V^,  ^-^,  are 


cos  ^     sin  ^     cos  ^ 

~r'  'HT'  IT' 


(823) 


Cor.  5. — The  equation  of  a  conic  referred  to  a  focus  and 
directrix  is  «*  +  y»  -  {ey)\  where  y  =  0  denotes  the  directrix. 
Hence  it  is  a  special  case  of 

W  +  m^fi»  -  nV  -  0. 
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BXEBOISBS. 

1.  Fmd  the  yalues  of  /,  m,  n,  in  order  that  M  +  m^0*  +  n^y*  «  0  may 
npreeeDt  a  circle. 

An$.  ^s8in2^,    m's8in2P,    fi*v8in2(7. 

2.  If  the  conic  /'a'  +  m*j3'  +  ft  V  =  ^  jMoaea  through  a  fixed-point,  three 
other  points  on  it  are  determined.  The  points  which  form  with  the  givrai 
point,  a  standard  quadrangle. 

3.  Find  ihe  condition  that  the  join  of  the  points  rp  +  }p%  ^  —  ^  should 
touch  the  conic  r^t^  +  m''/S'  +  n' V  =  0« 

^coe^Ur     m'sin'iir     n'cos'^'     ^ 

4.  Find  the  oo-ordinatee  of  the  pole  of  the  line  X»  »  0,  with  respect  to 
the  conic 

From  equation  (812)  it  is  seen  that  the  co-ordinates  of  the  pole  are  the 
di^ferentialB  of  the  tangential  equation  of  the  conic,  with  respect  to  Ai,  As,  Xs, 
respectiTely.    But  the  tangential  equation  of  the  given  conic  is 

/1A3A3  +  feAsAi  +  ^lAa  e  0. 

Hence  the  required  co-ordinates  are 

«i'  =  ^j  +  /»Ai,    art' =  ^1  + /lAa,    ^s' = /lAj  +  feAi. 

Smoe  these  remain  unaltered  when  AiAsAs  are  interchanged  with  IMi,  we 
see  that  the  pole  of  A>  with  respect  to 

IS  also  the  pole  of  Ix  with  respect  to 

V^Ai«i + s/xi^  +  a/aj**  a  0. 
6.  The  centre  of  the  conio 

^/aI*!  +  \/^  +  \/a^  =  0 

is  the  pole  of  A«  *»  0  with  respect  to  the  conic  which  touches  the  sides  of  the 
triangjle  of  reference  at  their  middle  points. 

6.  Find  the  locus  of  the  pole  of  A«  »  0  with  respect  to  the  oonio 
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being  giren  that  the  oonio  fulfOs  another  condition,  snch  as  to  touch  a  gtm 
line,  iay  Zs  ■»  0. 
Solying  the  eqaations  in  Ex.  4,  h,  h,  h^xe  proportional  to 

Al(Xi*»'+Xa«*'-Ai«i'),   Ai(A3*8'  +  Xi*i'-At*l'),  A|(Xi«i'+Xa*i'-Xj«|'). 

Now,  if  Zm  touch  the  conic,  we  have 

HwM  the  lequiied  loooa,  omitting  aoeents,  is  the  right  line 

Zi  *  Lt 

+  iiiilfL±^If»Z*J^)  =  0.        (825) 

7.  The  triangles  formed  by  three  given  pointB,  and  thdr  polazs  vith 
respect  to  any  conic,  are  in  perspective. 

Dem.— Let  y,  e,  to,  be  the  angular  points  of  the  original  triangle ;  their 
polara  with  respect  to  a«*  s  0,  axe  «» .  Oy,  ajr .  a*,  «» .  Oip,  respectiTelj ; 
and  the  equation  of  the  join  of  y  to  the  intersection  of  the  polan  of 
f  and  w  is 

(a» .  «•)  (Of .  ««f )  -  (a. .  <h»)  (tff .  «■)  «  0, 

with  two  similar  equations  for  the  other  lines  of  connexion;  and  these, 
when  added,  vanish  identically.    Hence,  &c. 

8.  It  is  required  to  determine  when  the  general  equation 

oa*  +  *j3»  +  tfy«  +  2ha$  +  ^fiy  +  2ffya  =  0 

represents  an  ellipse,  a  parabola,  or  a  hyperbola.  If  we  eliminate  y  between 
this  and  the  equation 

asin^  +  j3  sinj9  +  ^sinCe  0, 

which  represents  the  line  at  infinity,  and  if  the  resulting  equation  in  a,  jS 
be  the  product  of  two  real  factors,  it  will  be  a  hyperbola ;  if  the  product  of 
two  imaginary  factors,  it  will  be  an  ellipse ;  and  if  a  perfect  square,  it  will 
be  a  parabola.  In  this  way  we  find  it  to  be  an  ellipse,  a  panbda,  or  a 
hyperbola,  according  m 

.^  sin*w^  +  i^  sin*  B  +  C7sin' (7+ 2i^8in  .9  sin  (7+ 2(?sin  (78in.^  +  2J78m  J  ain^ 
is  positive,  aero,  or  negative. 
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9.  If  the  conditioii  of  Ex.  3  be  fulfilled,  what  is  the  loom  of  the  pole  of 
the  join  of  the  points  if  +if\  r^  —  rf? 

Denoting  the  co-ordinatee  of  the  pole  by  s,  y,  c,  from  eqnatkni  (823), 
wehaye 

2r  8  cos  ^,    my  a  sin  ifr,    us  a  cos  i^'. 

Hence,  from  (824),  we  get 

This  conic  is  the  polar  reciprocal  of  J^a^  +  m'*0^  +  «'*y'  "  0>  ^^  respect 
to  Pa* + m^f^ + ftV  =  0.  Hence  the  polar  reciprocal  of  a*ti?  +  h'f^  +  ^V  =  ^* 
with  respect  to  oo'  +  ^/SI  +  ^bO,  is 

a*a'      ^i9*      0*'y* 

10.  Find  the  condition  that  the  line  Aa  +  /i3  +  ry  b  0  wiU  touch  the 
eonio  /»a»  +  m^f^  -  «V  =  0. 

Comparing  Aa  +  fi3  +  ry  «  0  with  equation  (822),  and  fth'miTiatifig  i^,  we 
get  the  required  condition 

Hence,  if  one  tangent  to  the  conic  Pt?  +  w^f^  «  nV  ^  given,  three 
others  are  determined.  The  given  tangent  and  the  three  others  form  a 
standard  quadrilateral. 

11.  If  the  chord  in  Ex.  3  passes  through  the  point  a ,  iS*,  y\  the  locus  of 
itapoleis 

Pa' a  +  mViB  +  n^y'y  «  0.*  (829) 

12.  The  locus  of  the  pole  of  any  tangent  to  the  conic  i^,  with  respect 
to  ari'  +  «j»  +  «!*  =  0,  is 

Am*  -  0.  (880) 

13.  Find  the  equation  of  the  orthoptic  circle  of  the  conic 

fla»  +  *j3»  +  tfy»  =  0. 
li^-^^'t^^^'  he  the  parametric  angles  of  the  points  of  contact  of  two 
rectangular  tangents,  then  the  condition  of  perpendicularity  will  give  us 
the  required  result,  after  eliminating  ifr,  ^'  by  means  of  the  co-ordinatee  in 
equation  (823),  and  putting  a,  6,  c  for  l\  m*,  -  n*  ;  thus  we  get 

«  (6  +  0)  a'  +  ^  («  +  «)  i9*  +  0  (a  +  6)  Y*  +  2^0  cos  w^  .  /37  +  2<»  cos  J^ .  7a 

+  2a»  cos  (7.  ai3  »  0.  (831) 
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14.  The  locus  of  the  centre  of  a  conic  inBcribed  in  the  triangile  of  refe- 
rence, and  passing  through  the  circumoentre,  is        ' 

2  Vsin  2^  (/3  sin  £  +  ^sinC-asin^)  =  0.  (832) 

16.  If  the  inscribed  conic  pass  through  the  orthocentre,  the  locus  is 


0, 


3  Vtan^  (i3sin£  +  7sin(7-a  sin^)  =  0.  (838) 

264.  To  disousa  the  equation  a^  »  y*. 

This  is  the  special  case  of  the  last  proposition,  when  the 
coefficients  of  the  products  Py,  ya  vanish,  and  also  the  co- 
efficients of  a',  fi^.  The  form  of  equation  (§  233,  3°)  shows 
that  a,  j9  are  tangents,  and  y  their  chord  of  contact.  If  in 
the  equation  aj8  =  y*  we  put  a  =  y  tan  ^,  jS  =  y  cot  ^,  the  equa- 
tion is  satisfied.  Hence  the  co-ordinates  of  any  point  on  the 
curve  may  be  represented  by  tan  ^,  cot  ^,  1.  This  point  will 
be  called  the  point  ^. 

265.  The  equation  of  the  join  of  two  points  ^,  if/  is  the 
determinant 

a,  /5>  y, 

tan  ^,     cot  <f>f       1, 
tan  ^,    cot  ^1,      1 

or  J,     ^""^     ^  +— TT-^— TT-  -  y-  (884) 

tan  ^  +  tan  ^i      cot  ^  +  cot  ^      '  ^ 

Cor.  1. — ^If  tan  ^  +  tan  ^  be  constant,  the  join  of  the  points 
<f>,  ^  passes  through  a  given  point. 
For  writing  the  equation  (834)  in  the  form 

a+ jStan^  tan^  -y(tan^  +  tan  ^)  =  0 
it  represents  a  line  through  the  intersection  of 

a  -  y  (tan  ^  +  tan  ^)  =  0  and  )3  =  0  ; 
that  is,   through  a  fixed  point  on  /S.     In  like  maimer,    if 
cot  ^  +  cot  ^1  be  given,  it  passes  through  a  fixed  point  on  a; 
and  if  the  product  tan  ^ .  tan  ^i  be  given,  it  passes  through  a 
fixed  point  on  y. 

Cor.  2. — The  tangent  at  the  point  <f>  is 

a  cot  <^  +  )3  tan  <^  =  2y.  (835) 
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Car.  3. — ^The  tangents  at  ^,  ^  intersect  on  the  line 
a  -  j8  tan  ^  tan  ^,  got  by  eliminating  y  between  their  equa- 
tions. Hence,  if  tan  ^ .  tan  ^i  be  constant,  the  tangents  at 
^,  ^  intersect  on  a  fixed  line  passing  through  the  point  o^. 
In  like  manner,  it  may  be  shown  that  if  tan  ^  +  tan  ^  be  con- 
stant, the  tangents  meet  on  a  fixed  line  passing  through  yo, 
and  if  cot  ^  +  cot  ^  be  constant,  on  a  fixed  line  through  py. 

Cor.  4. — The  equation  (834)  may  be  written  in  the  form 

(a  -  y  tan  ^)  -(y-)3tan^)tan<^  =  0; 

or,  say  X  -  if  tan  ^  »  0  ;  and  since  (§  45)  the  anhar- 
monic  ratio  of  the  pencil  of  four  lines  a-  kfi,  a  -  ^,  a  -  i^, 
a-Jt^  is 

(A-*i)(^-^)^(^-*2)(*i-*i), 

we  infer  that  the  anharmonic  ratio  of  the  pencil  of  lines  from 
any  variable  point  of  the  conic  to  the  four  fixed  points  ^,  ^, 
^,  ^4  is 

(tan^-tan^)(tan^-tan<^4)  -  (tan ^- tan ^) (tan ^ 

-tan<^4), 
or      sin (^-<^)  sin  (<^- ^^0  -f  sin  (<^i - <^) sin (<^-  ^^O, 

(886) 
and  is  therefore  constant. 

The  theorem  just  proved  was  discovered  by  Chasles,  and 
is  the  fundamental  one  in  his  Sections  Coniques^  Paris,  1865. 
On  account  of  its  great  importance  we  shall  give  another 
proof.  Let  the  quadrilateral  formed  by  the  four  fixed  points 
be  ABCD^  and  let  0  be  any  variable  point;  then,  if  the 
equations  of  the  sides  AB^  BC^  CD^  DA  of  the  quadrilateral 
1>«  tt>  i^i  y>  8  respectively,  the  equation  of  the  conic  (§  233,  5®) 
may  be  written  ay  -  kph  ■=  0;  but  a  being  the  perpendicular 
from  0  on  AB^  we  have 

OA.OB.AnAOB 
"  = AB ' 
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with  similar  Talaes  for  ^9;  y,  S ;  and  these  sabstitated  in  the 
equation  ay  -  hfti  »  0  give 

sin  ^QJ.  sin  (702)  AB .  CD 

miBOC.BmAOD  "      BC.AD 

The  right-hand  side  of  this  equation  is  constant,  and  the  left- 
hand  side  is  the  anharmonic  ratio  of  the  pencil  {O.ABCD). 
Hence  the  proposition  is  proved.  (See  Salmon's  Conies, 
p.  240). 

Cor.  5. — The  tangent  at  <f>  intersects  the  tangent  at  ^  on 
the  line  a  cot  ^  -  j9  tan  ^  »  0.  Hence,  as  in  Cor.  4,  we  infer 
that  the  anharmonic  ratio  of  the  fonr  points,  where  tangents 
at  fonr  fixed  points  ^i,  ^,  ^,  ^4  meet  the  tangent  at  any 
yariable  point  ^,  is 

on  (^  -  <^)  sin  (<^  -  <^4) -^  sin  (^  -  ^)  sin  (<fti  -  ^), 

and  is  therefore  independent  of  ^. 

Cor.  6. — If  the  line  Xa  +  /x/?  +  17  touch  the  conic  at  ibfi 

point  ^,  we  must  have  X,  /a,  v  proportional  to  cot  ^,  tan  ^,  -  2. 

Hence 

4X/i  «  v»,  (837) 

which  is  the  tangential  equation  of  the  conic. 

BXBB0I8E8. 

1.  The  oo-ordinates  of  the  point  of  inteneotion  of  tangents  at  ^,  ^'  art 
proportional  to  tan  ^  tan  ^'y  1,  |  (tan  ^  +  tan  ^'). 

2.  The  length  of  the  perpendicular  from  the  intersection  of  tangents  at 
^\  ^"  on  the  tangent  at  ^  is,  putting  t  for  tan  ^,  &c., 

where  f(t)  stands  for 

V(<*  +  4  cosw^  .  <»  +  2  (2  -  cos  C)<«  +  4  cos^.  i  •»•  1). 

3.  If  ojS  "  1^  be  the  equation  of  a  conic,  the  circle  of  cnrrature  at  tlie 
point /37  is 

/8»  +  7>  +  2iB700s^  « iB. (tf  8in^)/*».  (Caorrcw.) 
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4.  If  ^,  ^'  be  two  points  on  a  oonio,  such  that  tlie  ratio  of  tan  ^  :  tan  ^' 
18  constant,  the  envelope  of  their  join  is  a  conici  haying  double  contact 
with  the  given  conic. 

5.  If  the  points  ^  ^'  vary  but  so  as  that  the  ratio  of  tan  ^  :  tan  ^'  be 
given,  tbey  divide  the  conic  homographically  (see  Cor,  4). 

Hence,  if  two  conies  have  double  contact,  any  variable  tangent  to  one 
divides  the  other  homographically.  (Townssicd.) 

6.  If  two  vertices  of  a  circumscribed  triangle  move  on  fixed  lines,  the 
locus  of  the  third  vertex  is  a  conic  having  double  contact  with  the  given 
conic. 

For  let  the  points  of  contact  be  ^,  ^',  ^t" ;  and  tbe  fixed  lines  a  -  fijS  «  0, 
a  -  /i'/3  =  0.  Then  (}  265,  Cor,  3),  tan  ^ .  tan  ^'  =  /a,  tan  ^ .  tan  ^"  s  /. 
Hence  the  tangents  at  ^*,  ^"  are 

atan  ^  +  fi^jS  cot  ^  ~  2/a7, 
atan^  +  ZA'^iBcot^B  2tJLy; 
and  eliminating  ^  we  get 

aj3  (^  +  m7  «  4/MiV.  (889) 

7.  Find  the  envelope  of  the  base  of  a  triangle  inscribed  in  a  conic  and 
whose  two  sides  pass  through  fixed  points. 

8.  If  pi2  denote  the  peipendicular  from  the  intersection  of  tangents  at 
^\  ^^  on  the  tangent  j3,  and  iris  the  peipendicular  on  any  other  tan- 
gent; then 


i3i3.iS34      /3is.j8a4     fiU'fin 


(840) 


9.  If  a  polygon  of  any  number  of  sides  be  circiunscribed  to  a  conic, 
and  if  ^',  ^",  &c.,  be  the  points  of  contact,  and  ^  any  variable  point,  then, 
with  the  notation  of  Ex.  8,  we  have 

/»»(^-n^far-n^^.,o.         (841) 

10.  Since  fin  {f  +  r)  =>  27U,  and  fin  {ft")  =  aia  (Ex.  1),  it  follows  that 

Hence,  from  (841),  we  get 

}^  +  ^+y^  +  fte.+^-0.  (842) 

'11  «^  «M  'Ml 
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Theobt  of  Eittelopbb. 

266.  We  liave  seen  (Chapter  11.  Section  m.)  that  if  the 
coefficients  in  the  equation  of  a  line  be  connected  by  a  rela- 
tion of  the  first  degree,  the  line  passes  through  a  given  point- 
in  fact,  the  relation  between  the  coefficients  is  the  equation  of 
the  point  (§  72) ;  and  in  this  Chapter  we  have  shown  that,  if 
the  coefficients  be  connected  by  a  relation  of  the  second  degree, 
the  line  will,  in  all  its  positions,  be  a  tangent  to  a  curve  of  the 
second  degree.  From  these  examples  we  are  led  to  the  follow- 
ing definition : — When  a  right  line  or  a  curve  moves  according  to 
any  law^  the  curve  which  it  touches  in  all  its  positions  is  called  its 
envelope.  The  following  examples  afford  further  illustrations 
of  this  theory,  one  of  the  most  interesting  in  Analytical 
Geometry. 

EZEBCISBS. 

1.  Let  X«+  ^y  + 1  -  0  be  the  liae,  and  (a,  b,  c,  /,  g,  A)(a,  fi,  1)'  the  rek- 
tion  tmong  the  coefficients ;  it  ia  required  to  find  the  envelope  of  the  line. 
It  appears  at  onoe  that  the  required  envelope  is  such  that  two  tangenti  can 
be  drawn  to  it  from  any  arbitrary  point.  For,  let  x'g"  be  the  point; 
substitute  these  co-ordinates  in  Xx  +  ^y  +  1,  and  eliminate  fi  between  the 
result  and  the  equation  (a,  b,  6,  /,  y,  k)  (x,  /c,  1)',  and  we  get  a  quadratic 
in  \,  corresponding  to  each  root  of  which  can  be  drawn  a  tangent  to  the 
required  envelope.  Now,  if  the  quadratic  hare  equal  roots,  the  tangents 
will  coincide,  and  their  point  of  ultimate  intersection  will  be  a  point  on 
the  curve.  Hence,  forming  the  discriminant  of  the  quadratic  in  X,  and 
removing  the  accents  from  cfy',  we  get  the  required  envelope,  viz. 

U,  B,  (7,  F,  O,  ff){x,  y,  1)«=  0,  (843) 

where  A,  B,  0,  &c.,  have  the  usual  meanings. 

2.  Find  the  envelope  of  ii^x  +  ^y  +  a  >=  0.  This  is  the  quadratic  that 
would  result  if  we  were  solving  by  the  foregoing]  method  the  problem  ol 
finding  the  envelope  of  the  line  Xjf  +  fiy  +  a  ss  0 ;  k,  fi  being  connected  by 
the  relation  x  » /i'.  Hence,  forming  the  discriminant  with  respect  to  fi 
of  the  equation  /i'«  +  /ly  +  «  =  0,  we  get  the  parabola  y»«  iux. 

Similarly,  we  may  solve  the  more  general  problem  to  find  the  envek^ 
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of  /**P  +  mQ  + 12  s  0,  when  P,  Q,  E  denote  cnryea  of  any  degree,  tle. 
we  get 

a>  =  4PS.  (844) 

8.  If  j»,  ji'  be  the  distances  of  two  fixed  points/,  f  from  a  yariable  line ; 
then,  if  Ap^  +  ^pp'  +  C^p''  s  D  the  envelope  of  the  line  is  a  conio  of  which 
the  line  jST'  is  an  axis  of  symmetry. 

V,  If  2^  ~  4  A0>  0  the  equation  reduces  to  the  form 

{mp  +  np*)  (mip  +  nyp')  m  D. 

Jjt^  P,  P*  be  the  points  which  diTride  the  distance  jST  in  the  ratios  -  n\m^ 
»  Mi/fMi,  and  let  ^,  /  be  the  diBtanoes  of  FF*  to  the  moveable  line.  Then 
the  equation  becomes  gg' »  E,  and  the  line  envelopes  an  ellipse  or  hyperbola 
having  P,  P'  as  foci,  according  as  i?  is  positive  or  negative.  If  mi  s  -  m 
JP*  is  at  infinity,  and  the  envelope  is  a  parabola. 

2".  If  ^  -  AAO  B  0  the  equation  becomes  {tnp  +  np*)'  ■*  i>>  which  corre- 
sponds to  a  circle. 

3*.  If  -B*  -  4AC<  0,  we  can  write  [mp  +  np')  {mip  +  nip*)  =J!)  where  the 
ratios  m/m,  mi/ni  are  imagmary.  The  imaginary  points  F,  F*,  which  divide 
Jf  in  the  ratios-  n/m  -  ni/mi  are  situated  on  the  minor  axis.  They  are  the 
antifoci  of  the  conic.  In  this  case  we  can  also  write  the  equation  in  the 
zonn 

4.  Find  the  envelope  of  the  line  axeo9^-^byeia^mab, 

6.  Find  the  envelope  of  a  line  if  the  sum  of  the  squares  of  perpendiculars 
let  fall  on  it  from  any  number  of  fixed  points  be  constant. 

Am,  A  parabola. 

6.  Find  the  envelope  of 

**  +  **-! 
A/i  being  B  c.  Ant,  2xg  s  c, 

7.  Find  the  envelope  of  a  line  which  makes  on  the  axes  of  co-ordinate 
intercepts  whose  sum  is  constant. 

8.  If  two  conjugate  diameters  of  an  ellipse  be  given  in  position,  and  the 
sum  of  the  squares  of  its  axes  given  in  magnitude,  prove  that  it  is  inscribed 
in  a  given  quadrilateral. 

9.  Find  the  envelope  of  a  system  of  confooal  oonics.    Let 

+  ST-T  «=  1 


a»  +  x^*»+x 
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be  one  of  the  oonics.  Clearing  of  fractions,  and  conaidering  the  reaolt  at 
a  quadratic  in  \,  we  find,  bj  forming  the  discriminant,  the  prodoot  of  four 
imaginary  lines,  Tia. 

«±a:±y  V^^=0,  where  <5»  =  a»  -  *2.  (845) 

10.  The  envelope  of  the  polar  of  a  giren  point,  with  reepeot  to  a  systflai 
of  confocal  conies,  is  a  parabola  whose  directrix  ii  the  jdn  of  the  giyen  point 
to  the  eentre  of  the  confocals. 

11.  If  A,  JB,  C,  A\  B'f  Che  two  triads  of  fixed  pdnts  on  two  giren  lines 
/*,  fi'  two  yartable  points,  one  on  each  line,  find  the  envelope  of  the  j<nn 
xdiif  ik\  if  the  anharmonio  ratios  {ABOiJ^^  {A'SC/i)  be  equaL 

12.  The  summits  of  a  triangle  more  along  three  fixed  lines,  and  two  of  the 
sides  pass  through  two  fixed  points  ;  find  the  enveli^  of  the  third  side. 

13.  If  two  of  the  sides  of  an  inscribed  triangle  of  the  conic  o^  +  /8*«  7* 
touch  the  conic  m?  +  5/9*  =  ey^,  the  envelope  of  the  third  side  is 

(M4«5-&;)«a'  +  («5  +  60-M)>/3*«(60  +  M-e^)V-    (^^ 

14.  If  the  point  sV  be  the  orthocentre  of  a  triangle  inipibed  in  tiie 
ellipse  «*/a*+ y*/^  -  1  b  0,  prove  that  the  envelope  of  its  sides  is  the  conie 

(a»  +  «»)«  {(«»-*^  «•  + (4»-y^y»- 2»'y'«y} 

+  2  (a»  +  4»)  { (a««^  +  i^y-*  -  ««)  jw*  +  (s^*^  +  *y*  -  *•)  y/} 

-  (a»«^  +  aiy**  -  «•)  (a»#^+  iV"*  -  **)  =  0.  (847) 

16.  If  the  line  Xs  +  /^  +  lBOcutthe  conic 

a*»  +  2hxf  +  Ay*-f2^«+2yy-f«»0 

in  points  which  subtend  a  right  angle  at  the  origin,  prove 

ij(x»  +  /i»)-2^X-2/M+(a  +  *)-0.  (848) 

16.  If  tangents  be  drawn  to  the  eUipse  s*/a>  +  y>/&s  -  1«  0  at  (he  extie- 
mities  of  a  variable  diameter  AA'y  and  if  a  circle  touching  these  tngaoti 
touch  the  ellipse  at  apoint  P,  prove  that  the  envelope  of  the  ohonU  AF,A'F 
is  one  or  other  of  the  conies 

«»/a«  +  yV^-l/(«  +  *)-0, 

*»/a«-y»/i>+l(«-*)-0.  (849) 
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THEOEY    OF    PEOJECTION. 

267.  J>EF.—Let  0  he  the  mrigtn,  OX,  OYthe  axes;  BW,  IF 
{eaUed  the  basb  line  and  the  infe- 
viTB  line  respectively)    two  lines  Y 
parallel  to  the  axie  of  T.     Thm 
lit  P  he  any  point  in  the  plane  ; 
join  IP,  euUing  BB  in  C;  through 
Cdraw  CF' parallel  to  OX,  meet- 
ing OP  produced  in  P*.   The  point  q^ 
P  ii  called  the  projection  of  P. 

In  the  ordinary  method  of 
treating  projective  properties  of  figures  (see  Cremona,  Elements 
of  Projective  Geometry)  three  planes  are  required : — (1)  A  plane 
passing  through  the  centre  of  projection.  (2)  A  parallel  plane, 
on  which  is  drawn  the  projected  figare.  (3)  The  plane  of 
the  figore  to  be  projected,  cutting  the  former  planes  in  parallel 
lines.  It  will  be  seen  that  the  method  which  we  have  adopted 
is  virtually  the  same,  and  that  while  it  rdievcs  the  student 
from  the  embarrassment  of  ha^g  to  consider  different  planes, 
it  has  the  advantage  of  admitting  the  use  of  analysis. 

If  the  co-ordinates  of  P  be  xy,  those  of  P',  xfy*,  then  denot- 
ing Oi  by  a  and  BIhj  e,  we  easily  get 


+  ^ 


od/  ay* 


C-^X' 


(860) 


Car.  1. — ^If  xma^  s^  will  be  infinite.    Hence  the  projection 
of  any  point  on  the  line  IP  will  be  at  infinity. 
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Cor,  2. — ^From  (850)  wo  get 


(851) 


O 


B 


H' 


268.  If  any  lin$  CD  cut  the  hose  line  and  the  inJmiU  Utu  m 
thepoinU  (7,  D  reepedively^  iU  projection  wiU  he  a  line  ihrm^h 
C parallel  to  OJD. 

Let  the  equation  of  CD  be 

ir  +  my +  n; 
and  since  01=  a,  the  equation  of  IT 
is  or  -  a  «  0.    Hence  the  equation  of 
0i>i8 

n  (a?  -  ii)  +  a  (te  +  tiy  +  n)  «  0, 

or  (la  +  n)  x-^  may  «  0. 

Again,  substituting  in  lx-\-my'^'n  the  values  in  (850),  we  get» 
after  omitting  accents  and  clearing  of  fractions, 

{la-^-nyx-^-  may  +  n^  =  0, 

which  is  the  equation  of  the  projection  of  CD.  Kow,  siDce 
this  differs  from  the  equation  of  CD  only  by  a  constant,  it  is 
parallel  to  it ;  and  since  it  may  be  written  in  the  form 

n  (a?  -  a  +  ^)  +  a  (te  +  my  +  n)  «  0, 

it  passes  through  the  intersection  of  the  lines 

X  "  a-¥  e^Q  and  b  +  my  +  n ^ 0 ; 

that  is,  through  the  point  C.    Hence  the  proposition  is  proved. 

Cor.  1. — Any  two  lines  intersecting  each  other  on  il'  are 
projected  into  parallel  Hues. 

For,  if  two  lines  pass  through  the  point  D,  the  projection  of 
each  will  be  parallel  to  OD. 

Cor.  2. — ^A  line  passing  through  the  origin  is  unaltered  bj 
projection. 
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Cwr.  3. — ^If  four  lines  form  a  pencil,  their  projections  form 
a  pencil  of  the  same  anharmonic  ratio. 

For,  if  jP  be  the  vertex  of  the  pencil,  and  if  its  fonr  rays 
meet  the  line  IF  in  the  points  A^  By  C,  D^  their  projections 
will  be  parallel  to  OAf  OB,  OC,  OB.  Hence  the  proposition 
is  proved. 

On  account  of  the  invariance  of  the  anharmonic  ratio  hy  projeo- 
iwn,  those  properties  which  depend  on  anharmonic  ratios  are  called 
rBOJScnYB  properties. 

Cor.  4. — Parallel  lines  are  projected  into  concurrent  lines. 

For  the  projection  of  tc+my  +  n«  0  inaXlx-^  my)+n  (c+ x)^0 ; 
if  »  be  variable  (2«  +  my  +  n)  »  0  denotes  a  system  of  parallel 
lines,  and  its  projection  a(lx-\-  my)  -i-  n  («+«)«  0  a  concurrent 
system. 

269.  A  curve  of  the  second  degree  is  projected  into  another  curve 
of  the  second  degree. 

For,  making  the  substitutions  (850)  in  an  equation  of  any 
degree,  and  clearing  of  fractions,  we  get  an  equation  of  the  same 


Cor.  1. — The  projection  of  a  tangent  to  a  conic  is  a  tangent 
to  its  projection. 

Cor.  2. — The  relations  of  a  pole  and  polar  are  unaltered  by 
projection. 

Cor.  3. — A  system  of  concentric  circles  is  projected  into  a  system 
of  conies  having  double  contact  with  each  other. 

For,  let  «•  ■¥j^  "f*  be  one  of  the  circles  :  by  varying  r  we  get 
a  concentric  system ;  and  making  the  substitutions/850),  we  get 
tf  («*  +  y^  »  f"  (<>  +  x)\  which,  when  r  varies,  denotes  a  [system 
of  conies  having  double  contact  with  each  other. 

270.  Any  straight  line  can  he  projected  to  infinity^  and  at  the 
time  any  two  angles  into  given  angles. 
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Let  ZT  be  the  line  to  be  projected  to  infinity;  RP8,  TQV 
the  angles  to  be  projected  into  given  angles ; 
say,  for  example,  into  right  angles.  Let  XT' 
meet  the  legs  of  the  angles  in  the  pairs  of  points 
Jt,  8;  jT,  V.  Upon  PS,  TF  describe  semicir- 
cles, intersecting  in  0.  Then  0  will  be  the 
required  centre  of  projection,  and  we  can  take 
any  line  parallel  to  IP  for  the  base  line  BB'. 

If  the  circles  do  not  intersect,  the  point  0 
will  be  imaginary,  in  which  case  imaginary 
lines  in  one  figure  will  be  projected  into  real 
lines  in  the  other.  Thus  confocal  conies, 
being  inscribed  in  an  imaginary  quadrilateral, 
will  be  projected  into  conies  inscribed  in  a  real 
quadrilateral. 

The  substitutions  for  this  case  are,  for  x,  y,  respectiTely, 

gyy/n 

e  •{-  X 


^-> 


ax 


V 


In  this  manner  we  get  for  the  four  imaginary  lines  (845),  the 
four  real  lines  e{e  +  x)  tax  ±  ay  =  0,  which  are  the  four  sides 
of  the  quadrilateral  circumscribed  to  the  projection  of  c<mfocal8. 

271.  ^  system  of  coaxal  circlee  i$  projected  into  a  eyetem  of 
coniee  passing  through  four  points, 

Dem. — Let  «•  +  y*  +  2kx  -  (f*  =  0  be  a  circle,  which,  by  giving 
k  different  values,  will  represent  a  coaxal  system.  Then,  maVing 
the  substitutions  (850),  we  get,  after  clearing  of  fractions, 

aV  +  ay  -  <^(<>  +  xy  +  2hax{c  +  «)  =  0, 
or,  say,  8  +  2kLM^  0. 

Hence  the  proposition  is  proved. 

This  may  be  shown  otherwise,  thus :  a  coaxal  system  of  circles 
have  common  the  two  cyclic  points,  and  the  two  points  where 
they  meet  the  radical  axis,  and  the  projections  of  these  points 
wiU  be  common  to  the  projections  of  the  circles. 
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272.  Any  conie  8  can  he  projeeUd  into  a  eireU  haviny  for  iU 
emtre  the  projection  of  any  point  P  in  the  plane  of  the  conic, 

Bern. — Let  IF  be  the  polar  of  P  with  respect  to  S ;  then 
take  this  for  the  infinite  line  (§  267),  and  let 
Qi  B\  Q'y  ^  be  pairs  of  conjugate  points 
upon  it  with  respect  to  8 ;  npon  QR^  QfPf 
describe  semicircles,  intersecting  in  0,  Now 
taking  0  for  the  centre  of  projection,  and 
any  line  parallel  to  //'  for  the  base  line 
(§  267),  the  lines  PQ,  PjB  will  be  projected 
into  lines  parallel  to  ^Q,  OP;  that  is,  into 
rectangular  lines.  Similarly,  PQf^  PR  will 
be  projected  into  another  pair  of  rectan- 
gular lines.  Hence  the  projection  of  8  will 
be  a  conic,  having  two  pairs  of  rectangular 
conjugate  lines  intersecting  in  the  projec- 
tion of  P.  In  other  words,  it  will  be  a  circle,  having  the  projec- 
tion of  P  for  centre. 

273.  The  pencil  formed  hy  the  two  leys  of  a  yiven  anyle,  and  the 
imayinary  lines  throuyh  its  vertex  to  the  cyclic  points  has  a  yiven 
anharmonic  ratio, 

Bern. — Let  the  given  angle  be  that  formed  by  the  axes  of 
co-ordinates,  namely,  m.  Then  the  equation  of  a  point  circle  at 
the  origin  is  ^  +  y^  -  ^  cos  cd=  0 ;  and  the  factors  of  this,  viz. 
a?  -  «»^  y  =  0,  X-  tf^^'-i  y  =  0,  are  the  lines  from  the  origin  to 
the  cyclic  points.  The  anharmonic  ratio  of  the  pencil,  formed 
by  these  lines  and  the  axes,  is  ^"^^  and  is  therefore  given. 
Hence  t^e  proposition  is  proved. 

Cor. — ^If  the  axes  be  rectangular  the  pencil  formed  by  them, 
and  the  lines  to  the  cyclic  points,  is  a  harmonic  pencil.  For, 
putting 

ir/2for<.),     tf»-^^«-l. 


2  a 
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BXEBOISBS. 

1  Anyquadrilateralcanbeprojeetedintoasquaw.  For  the  third  ^agonJ 
iS  270)  may  he  projected  to  infinity,  and  the  remaining  diagonal,  and  a  pair 
of  adjacent  rides  into  pairs  of  rectangular  lines. 

2  The  diagonal  triangle  of  a  quadiiUteral  is  self-conjugate  with  respect 
to  any  income  of  the  quadrilateral.  For  projecting  the  quadrilaterJ  into  a 
square,  the  intersection  of  the  diagonal,  of  the  square  will  eTidenUy  be  *• 
eentreoftheinoonioofthe«iuare,andwiUhethepoleofthelu.ejjtu^ 
wiA  respect  to  that  conic  Hence  any  diagonal  of  the  quadrilal«ral  i.  the 
polar  of  the  intersection  of  the  other  two. 

5  If  four  chords  of  a  conic  be  tangento  to  an  inscribed  conic  (haTing 
double  contact),  the  anharmonic  ratio  of  the  pointo  of  cont«*  i.  equj  to 
that  of  one  set  of  eitremitiee  of  the  chords  of  the  outer  oomc.  F«  the 
conies  may  be  projected  into  oonoentric  circlee,  and  the  proposition  u 

evident. 

4  Any  line  passing  Uirough  a  given  point  in  the  plane  of  a  conic  bent 
hamonically  by  the  conic  and  the  polar  of  the  point.  For  the  conic  can 
be  projected  into  a  circle  and  the  point  into  ite  centre  (§  272). 

6  Any  chord  of  a  conic  touching  an  inscribed  conic  is  cut  harmonicaUy 
at  tiie  point  of  contact,  and  at  the  point  where  it  meete  the  chord  of  contact 

of  the  two  conies. 

6  If  two  pairs  of  opposite  sides  of  a  hexagon  inscribed  in  a  cirele  be 
parallel,  it  is  easy  to  prove  that  the  third  pair  of  opposite  aides  aw  pwalleL 
Hence  tie  three  pairs  of  opposite  sides  intersect  on  the  line  at  infinity ;  and, 
projecting  this,  we  have  a  proof  of  Pascal's  Theorem  for  any  conic 

7.  Two  tangenU  lo  any  circle  are  cut  homographically  by  any  variaUa 
tangent.  For  it  is  easy  to  see  that  the  pencil  formed  by  joining  four  point* 
on  one  tangent  to  the  centre  of  the  circle  is  equal  to  the  pencil  formed  by 
joining  their  corresponding  points  to  the  centre.  Hence,  by  projection,  we 
see  that  any  two  fixed  tangente  to  a  conic  are  cut  homographically  by  a 
variable  tangent. 

8.  If  two  triangles  be  such  that  tlie  intersections  of  corresponding  sides 
are  coUinear,  the  joins  of  corresponding  vertices  are  concurrent.  For,  p«o- 
jeoting  the  line  of  collinearity  to  infinity,  the  triangles  will  be  homothetie. 

9.  If  a  system  of  chords  of  a  conic  pass  through  a  fixed  point  P,  tMr 
extremities  divide  the  conic  homographically.    Project  the  oonio  into  a 
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cirde,  having  the  projectiim  of  P  for  its  centre,  and  the  proposition  ia 
evident. 

10.  Any  two  conies  can  be  projected  into  circles.  For,  project  one  of 
them  into  a  circle,  and  one  of  their  common  chords  to  infinity,  then  the 
projection  of  the  other  will  pass  through  the  cyclic  points,  and  therefore  it 
win  be  a  circle. 

11.  Any  two  conies  can  be  projected  into  concentric  conies. 

12.  If  a  system  of  conies  pass  through  four  points,  they  cut  any  trans- 
▼ersal  in  inyolution. 

For  the  conies  can  be'  projected  into  coaxal  circles. 

13.  If  two  conies  be  inscribed  in  a  quadrilatenU,  their  eight  points  of 
eontact  lie  on  a  conic. 

Project  the  quadrilateral  into  a  square,  and  the  proposition  is  evident. 

14.  What  properties  of  conies  are  obtained  from  the  following  by  pro- 
jection F — If  a  Taiiable  conic  pass  through  four  fixed  points,  the  locus  of 
its  centre  is  a  conic  passing  through  the  middle  points  of  the  joins  of  the 
four  points* 

15.  If  a  chord  of  a  given  circle  pass  through  a  fixed  point,  the  locus  of  its 
m^dle  point  is  a  circle. 

16.  If  a  Tariable  conic  be  inscribed  in  a  given  quadrilateral,  the  locus  of 
its  centre  is  a  right  line  bisecting  the  diagonals  of  the  quadrilateral. 

17.  The  locus  of  the  point,  where  parallel  chords  of  a  giyen  conic  are  cut 
in  a  giyen  ration  Ib  a  conic  having  double  contact  with  the  given  conic. 

18.  If  two  triangles  ABC^  A'B*C'  be  self-conjugate  with  respect  to  a 
eoniCy  their  six  summits  lie  on  another  conic. 

Project  the  conic  into  a  circle  and  the  line  BC  to  infinity ;  then  A,  the 
pole  of  JBC,  will  be  the  centre  of  the  circle ;  and  if,  taking  the  projections 
of  ABj  AC  tm  axes,  iP'/,  «'V">  «"y"  ^  t^©  co-ordinates  of  the  projec- 
lioDs  of  A'f  B\  C\  respectively,  the  equation  of  a  hyperbola  passing  through 
the  projections  of  A',  B*,  (T,  and  having  its  asymptotes  parallel  to  the 


«0. 


Thai  hyperbola  passes  through  the  projections  of  the  six  points.    Hence  the 
pffoposifcion  is  proved. 

2  a2 
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19.  In  the  same  case  the  six  lines  lonning  the  sides  of  the  two  trian^^ 
are  tangents  to  a  conic. 

Project,  as  in  Ex.  18,  and  it  is  easy  to  see  that  the  projections  are  tan- 
gents to  a  parabola. 

20.  If  a  conic  be  inscribed  in  a  triangle  the  three  lines  through  its  som- 
mits  conjugate  to  the  opposite  sides  are  concurrent. 

21.  The  point  in  Ex.  20,  the  centre  of  the  conic,  and  the  oentroid  of  the 
triangle  are  collinear. 

22.  Through  a  giyen  point  ^  of  a  conic  chords  ^^,  AC  sie  drawn 
parallel  to  conjugate  diameters  of  another  conic ;  prove  that  the  chord  BO 
passes  through  a  given  point. 

274.  The  projections  of  focal  properties  are  always  imagi- 
nary. For  the  imaginary  tangents  from  a  focns  are  projected 
into  real  tangents,  and  the  cyclic  points  and  ^the  antifoci  into 
real  points.  It  will  be  seen  that  all  these  results  follow  from 
the  projections  of  the  four  lines  tf±«±yv/-l,  forming  an 
imaginary  circumscribed  quadrilateral  to  a  conic,  into  four  real 
lines. 

EXEBCnSBS. 

1.  If  a  Tariable  circle  touch  two  fixed  lines  the  chords  of  oontaot  are 
parallel.  Hence,  by  projection,  if  a  variable  conic  touch  two  fixed  lines, 
and  pass  through  two  fixed  points  J,  7,  the  chords  of  contact  are  oonourrmt. 

2.  If  a  variable  circle  touch  two  fixed  lines,  the  locus  of  its  centre  is 
a  right  line.  Hence,  if  a  variable  conic  touch  two  fixed  lines,  and  pass 
through  two  fixed  points  f,  7,  the  locus  of  the  pole  of  the  chord  i/  is  a  right 
line. 

3.  If  a  variable  circle  pass  through  a  given  point  and  touch  a  given  line, 
the  locus  of  its  centre  is  a  parabola,  having  the  given  point  as  focus. 
Hence,  if  a  eircumconic  of  a  given  triangle  touch  a  given  line,  the  loei  of  the 
polet  of  the  tides  of  the  triangle  are  ooniee  ineeribed  in  it. 

4.  Two  lines  through  the  focus  of  a  conic  are  cut  by  pairs  of  tangents 
parallel  to  them  in  four  concyclic  points. 

6.  The  circumcircle  of  the  triangle  formed  by  three  tangents  to  a  paim- 
bola  passes  through  the  focus.  Hence  the  verticee  of  two  eircumtriangiea  of 
a  conic  lie  on  a  eonic. 
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6.  If  a  eurciuntriangle  to  a  giyen  circle  have  two  sides  fixed  and  the 
thud  Taiiable,  the  envelope  of  its  circmncircle  is  a  circle.  Hence,  if  a 
drcomtriangle  of  a  given  conic  have  two  sides  fixed,  and  the  third  yariahle, 
the  envelope  of  a  conic  passing  through  two  fixed  points  J,  /  of  the  former 
conic,  and  through  the  vertices  of  the  triangle,  is  a  conic  passing  through 
the  two  points  J,  7.  (P&of.  J.  Purser.) 

7.  The  locus  of  the  centre  of  a  circle  touching  two  given  circles  is  a 
conic  section,  having  the  centres  of  the  given  circles  as  foci  Hence,  if  a 
variable  conic  passing  through  two  given  points  J,  J  touch  two  given 
conies  also  passing  through  J,  /,  the  locus  of  the  pole  of  the  chord  //  with 
respect  to  it  is  a  conic  inscribed  in  the  quadrilateral  formed  by  the  tangents 
to  the  fixed  conies  at  the  points  /,  J. 

8.  Through  any  three  points  can  be  deecxibed  six  oonics  to  osculate  a 
given  conic.  | 

9.  The  poles  of  any  side  of  the  triangle  formed  by  the  three  points 
in  Ex.  8  with  respect  to  the  six  osculating  conies  lie  on  a  conic 

275.  In  projecting  a  locus  described  by  the  vertex  of  a 
constant  angle,  we  consider  the  pencil  formed  by  its  legs 
and  the  lines  from  the  Tertex  to  the  cyclic  points;  and  it 
follows,  from  §  273,  that  we  get  a  constant  pencil.  Again, 
if  tiie  snm  or  difference  of  angles  be  given,  we  get,  by  pro- 
jection, pencils  t^  product  or  quotient  of  whose  anharmonic 
ratios  is  constant.     This  projection  is  always  imaginary. 


BXBBOISBS. 

1.  The  angle  contained  in  the  same  segment  of  a  circle  is  constant. 
Hence  the  anharmonic  ratio  of  the  pencil  formed  by  lines  drawn  from  any 
variable  point  to  four  fixed  points  of  a  conic  is  constant. 

2.  If  two  tangents  to  a  conic  be  perpendicular  to  each  other  they  inter- 
sect on  the  orthoptic  circle.  Hence  the  locus  of  the  point  of  intersection  of 
tangents  to  a  conic  which  divide  a  given  line  //  harmonically  is  a  conic 
throng^  the  points  J,  /,  and  the  envelope  of  the  chord  of  contact  is  a  conic 
which  touches  the  tangents  to  the  original  conic  from  J,  /. 

3.  If  two  tangents  to  a  parabola  be  at  right  angles,  they  intersect  on 
the  diieetrix.    Hence  the  locus  of  the  point  of  intersection  of  tangents  to 
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a  conic  which  divide  harmonioally  a  given  line  //  tonching  the  eonie  ii  a 
right  line. 

4.  If  from  any  point  on  a  circle  two  lines  he  drawn  forming  a  given 
angle,  the  chord  joining  their  other  extremities  touches  a  c(mcentrie 
circle.  Hence  if  i,  /  he  two  fixed  points  on  a  conic ;  P,  Q  two  vaziable 
points,  such  that  the  anharmonio  rutio  of  the  four  points  P,  Q,  /,  /  is 
constant,  the  envelope  of  FQ  is  a  conic. 

6.  Project  the  following  properties  : — 

If  two  tangents  to  a  parabola  include  a  given  angle,  the  locus  of  their 
intersection  is  a  conic. 

6.  If  two  circles  be  such  that  a  quadrilateral  can  be  inscribed  in  one 
and  circumscribed  to  another,  the  chords  of  contact  intersect  at  right 
angles. 

7.  Gonfocal  conies  intersect  at  right  angles. 

8.  If  two  tangents,  one  to  each  of  two  confooals,  be  at  right  angles,  the 
locus  of  their  intersection  is  a  circle. 

9.  If  a  variable  chord  of  a  oonio  subtend  a  right  angle  at  a  fixed  poLat 
not  on  the  conic,  the  envelope  of  the  chord  is  a  conic. 

10.  If  a  variable  line,  whose  extremities  rest  on  the  circumferenoet  of 
two  given  concentric  circles,  subtend  a  right  angle  at  any  given  fixed 
point,  the  locus  of  its  centre  is  a  circle. 

Oethogonal  Pbojectioks. 

276.  IfPy  Q  he  two  planes  intersecting  in  a  line  Z,  and  inclined 
at  an  angle  0,  and  if/ram  all  the  points  -4i,  At .  .  ,  ofafigwre  Fx 
in  the  plane  P  perpendiculars  he  drawn  to  the  plane  Q,  meetmg  it 
in  the  points  B^  3% ,  ,  .forming  a  figure  ^„  the  figures  Fi,  /i 
are  said  to  he  orthogonally  related^  Ft  is  called  the  projection  of 
Fi,  and  P\  the  inverse  projection  of  Ft;  the  line  L  is  called  ths 
axis,  and  cos  0  the  modulus  of  projection. 

The  following  are  fundamental  properties  of  orthogonal  pro- 
jection : — 

1°.  To  parallel  lines  in  either  figure  correspond  parallel  linea 
in  the  other. 

2®.  The  ratio  of  parallel  lines  is  unaltered  hy  orthogonal  pro- 
jection. 
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277.  By  sapposing  the  plane  P  to  torn  rdtaid  the  axis  until 
it  coincides  with  Q,  the  figures  J^„  Ft  will  be  reduced  to  one 
plane.  It  is  evident  that  any  two  corresponding  points  will  be 
situated  on  the  same  perpendicular  to  the  axis  at  distances 
which  are  in  the  ratio  1  :  cos  $.  Hence  if  the  axis  of  projec- 
tion and  a  perpendicular  to  it  be  taken  as  axes  of  co-ordinates, 
the  equation  of  Z",  can  be  found  from  that  of  Fi  by  writing 
X,  hy  for  J?,  y  where  k  =  cos  6. 


EXBBOISES. 

1.  The  line  at  infinity  is  projected  into  the  line  at  infinity.  For  the 
equatbn  of  the  line  at  infinity  iB0|.s  +  0.y-fc=0,  and  the  substitution  of 
^  ^77  leaTes  this  unaltered. 

2.  A  conic  of  any  species  is  projected  into  a  conic  of  the  same  species. 
For  suppose  the  conic  in  Ji  to  be  a  hyperbola,  it  meets  infinity  in  two  real 
points.    Hence  its  projection  in  Ft  meets  infinity  in  two  real  points. 

3.  nomothetic  figures  remain  homothetic  after  projection. 


Lhttilisr's  Problem. 

278.  To  project  a  given  triangle  AiA%At  into  a  triangle  BiBtB^ 
which  shall  he  similar  to  a  given  triangle  CxCtCi. 

SoLunoK. — ^The  generality  of  the  problem  will  not  be  lessened 
by  supposing  the  point  Bi  to  coincide  with  Ax.  On  the  side 
AtAi  of  the  given  triangle  construct  the  triangle  DiAtAi 
similar  to  CiCjCi,  and  describe  a  circle  SAiDi  through  the 
points  AiDi^  and  haying  its  centre  on  the  line  A^A^. 

Let  the  circle  cut  the  line  A^A^  in  the  points  8,  8\  Join 
Ai8,  I>i8;  let  fall  the  perpendiculars  AiOt^  A^ot  on  Ai8, 
IHraw  8My  making  the  angle  Ai8M  equal  to  Di8S\  cutting 
AfOty  AiOLt  in  the  points  Bt^  B^ :  then  AiB^Bi  is  the  triangle 
required. 
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Dem. — ^The  triangle  Ai8M  is  cTidently  similar  to  DiSS^. 
Therefore  Ai8 :  8M: :  D^S :  88';  but  8M:  8Bt : :  88' :  8 At, 
Hence  Ai8  :  iS^, : :  Di8  :  8At,  and  the  angle  Ai8Bt «  i^iiS^, 
(const.).  Hence  the  angle  8BtAx^  8AtDx,  Therefore  AiBtBj 
-  DiA%At,  Similarly,  AiB^B^  -  BiA^Af.  Hence  the  triangle 
AiBtBi  is  similar  to  DiA%A^^  and  therefore  similar  to  CiCiC^. 

(aE.D.) 


If  through  8'  the  line  8'ir  be  drawn  parallel  to  8M,  and  the 
lines  A1B29  AiBi  produced  to  meet  it  in  B'i,  B*i,  the  triangle 
AiB'iB'z  is  the  inverse  projection  of  AiA%Ai. 

For  AiFt :  A^B^ : :  A18' :  AyM,  that  is  : :  a^r :  o^jP,.  Hence 
the  line  B^Ai  is  parallel  to  Ai8y  and  therefore  perpendicular 
to  Ai8\  Similarly,  A^B*^  is  perpendicular  to  A18'.  Hence  the 
triangle  AiB'^B'^  is  the  inverse  projection  AiA^A^  with  respect 
to  the  axis  AiS'. 

The  foregoing  solution  is  taken  from  Neuberg,  "  Sur  les  pro- 
jections et  contre-projections  d'un  triangle  fixe,"  Bruxelles, 
1890.  It  is  due  to  Gugler,  who  published  it  in  the  2nd 
Edition  IVaiU  de  GeometrU  desortptive,  page  103. 
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Cor.  1. — If  i^i  be  the  8yin6triqTie  of  Di  with  respect  to  A%Aiy 
the  axes  of  projection  are  the  bisectors  of  the  angle  BxAjyx 
and  its  supplement. 

Cor.  2. — The  line  ^lA  is  perpendicular  to  the  sides  BJB^^ 
JffjRi  of  the  projections.  For  let  AiDi  intersect  AA  in  -P- 
Then  [Euc.  III.  m.]  the  angle  SAyP  =  SS'Di,  and  A^SP 
=  S'SDi  (const.).    Hence  A^PS  =  SD^S'. 

Cor.  8. — The  perpendiculars  -4iP,  -^iP'  of  the  projections 
AiP^B^f  AxB'JS'^  are  respectiTely  equal  to  |  {AiDi  -  Ail/i), 

i(AA  +  ^ii>'i). 

This  follows  from  Sequel^  Prop,  vni.,  Book  lY. 

Cor.  4. — ^If  the  axes  of  projection  be  given,  but  the  modulus 
variable,  the  locus  of  summits  of  triangles  similar  to  the  pro- 
jections of  AiA^Ai  described  on  the  line  A^^  is  a  circle,  viz. 
the  circle  Ax88\  whose  diameter  88'  is  the  intercept  which  the 
axes  make  on  the  line  A^^.  (NEUBEBe.) 

Cor.  5. — If  the  modulus  be  constant  but  the  axes  variable, 
the  locus  is  a  circle. 

For  let  A\  be  the  sym6trique  of  A^.  Join  iSi^i,  ^'-Z^'i,  cut- 
ting AiA'i  in  the  points  Nj  IP  respectively,  we  have  cos  $ 
=  AxMIAx8'  =  tan  Dx8S'l  tan  Ax88'  =  NEjAiH)  and  since  0 
is  constant  and .^ inconstant,  nN\s  constant,  and  iV^is  a  given 
point.  Similarly,  iV^'  is  a  given  point,  and  the  circle  I^J/iIP 
described  on  iV,  iV'  as  diameter  is  a  given  circle,  that  is  the  locus 
of  iXi  is  a  given  circle.  Ihtd.) 

Cor.  6. — The  circumcircle  of  the  triangle  AxA^i  will  pro- 
ject into  an  ellipse,  whose  axes  will  be  parallel  to  the  axes  of 
projection  Ax8f  Ai8'. 

EXBB0ISB8. 

1 .  If  a  drcle  be  projected  into  an  eUipse,  the  centre  of  the  eUipse  will  be 
the  projection  of  the  centre  of  the  circle. 

2.  Any  ellipse  touching  the  three  aides  is  touched  by  a  homothetio  ellipse 
passing  through  the  middle  points  of  its  sides. 

3.  In  the  figure  ({  278),  prove  that  tan'}  a  a  AxD'xjAxDx. 
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4.  Tbe  man'miim  triaiigle  inscribed  in  an  ellipse  is  that  wboae  centre  of 
grayity  coincides  with  the  centre  of  the  ellipse.  For  if  Uie  ellipse  be 
projected  [into  a  circle,  the  triangle  must  be  projected  into  an  equilateral 
triangle. 

6.  The  minimum  triangle  circumscribed  to  an  ellipse  is  that  whose  sides 
are  bisected  at  the  points  of  contact. 

6.  Any  hyperbola  can  be  projected  into  an  equilateral  hyperbola. 

7.  Two  triangles  orthogonally  related  are  orthologique. 

Suppose  the  triangles  to  be  AiAtAi,  BiBzBi,  fig.  §  278.  Now  the  tri- 
angle A\A%Ai  and  the  flat  triangle  ^laios  are  evidently  orthologique,  for 
the  perpendiculars  from  A\A%Az  on  the  sides  of  ^loaos  are  concurrent  since 
they  meet  at  infinity,  and  the  Tertices  of  AiB^Bz  divide  the  distances 
between  corresponding  vertices  of  A\A%A%  and  ^laaos  in  the  same  ratio. 

8.  The  tangents  to  an  ellipse  at  the  summits  of  its  maximum  inscribed 
triangle  are  parallel  to  the  opposite  sides  of  the  triangle.  Hence  the  equa- 
tion of  an  ellipse  referred  to  its  maximum  inscribed  triangle  ia 

fiyjanA  +  ynjaxiB  +  ojS/sin  C  =  0.  (852) 

This  is  called  the  Steiner  ellipte  of  the  triangle.  The  contiast  between 
its  equation  and  that  of  the  circumoirole  is  worthy  of  note. 

9.  If  the  triangle  A\A%Ai  turn  in  its  own  plane  round  the  centre  of  its 
eircumcircle,  and  be  projected  in  all  its  positions  on  a  plane  Q,  all  the  pro- 
jected triangles  will  be  inscribed  in  the  same  ellipse.  Prove  that  if  tbe 
axes  of  the  ellipse  be  taken  as  axes  of  co-ordinates,  the  co-ordinates  of  the 
points  ^1,  B%f  Bz  will  be- 

A;cos(^i  +  \)      (   *cos(^  +  x)      I   *cos(^  +  X) 

{  {  (863) 

A'sin  (^i  +  X)      (   k'fon  (<p2  +  X)      (   *'8in  (^  +  x) 

^b  ^f  ^  being  constants,  and  X  variable. 

10.  Construct  two  triangles  orthogonally  related,  the  first  of  which  shall 
be  equal  to  a  given  triangle  aSy,  and  the  second  similar  to  another  given 
triangle  o'/S y. 

11.  If  b\  }f\  V"  be  the  semidiameters  of  an  ellipse  parallel  to  the  sides 
of  an  inscribed  triangle,  and  if  a,  6  be  the  semiaxes  of  the  ellipse^  prove 
that  the  circumradius  of  the  triangle  is  b'b"b'"lab.  (M'Cullaoh.) 
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12.  The  modtiluft  in  the  fig;iire  of  {  278  ia  giyen  hy  the  equation 

006  a  +  see  9  =  2  (cot  At  cot  Bt  +  oot  £t  oot  A9) .       (Nbubbro.) 

Oor. — All  eqiiilateral  triangles  in  the  same  plane  are  projected  on  any 
plane  into  triangles  haying  the  same  Biocard  angle. 

SfCTiONS  OP  ▲  Cone. 

279.  A  cone  of  the  second  degree  is  the  surface  generated  by 
a  variable  line  passing  through  the  circumference  of  a  fixed  circle 
called  the  base,  and  through  a  fixed  point  not  in  the  plane  of  the 
circle.  The  generating  line,  in  any  of  its  positions,  is  called  an 
edge  of  the  cone,  the  fixed  point  its  vertex^  and  the  line  joining 
the  vertex  to  the  centre  of  the  base  the  axis  of  the  cone. 

The  line  generating  the  cone  being  produced  indefinitely  both  ways,  it  is 
evident  that  the  complete  surface  consists  of  two  sheets  united  at  the  vertex ,. 
and  the  whole  is  considered  only  as  one  oone,  of  which  the  yertex  is  a  node 
or  double  point. 

.When  the  axis  of  the  surface  is  at  right  angles  to  the  plane 
of  the  base,  it  is  called  a  right  cone ;  in  other  cases  it  is  oblique. 

In  the  following  propositions  a  plane  through  the  axis,  per- 
pendicular to  the  plane  of  the  base,  will  be  the  plane  of  reference, 
and  the  sections  of  the  cone  will  be  understood  to  be  those  made 
by  planes  at  right  angles  to  the  plane  of  reference. 

280.  Sections  of  a  cone  made  hy  parallel  planes  are  similar. 

This  is  eyident,  for  the  sections  are  homothetic  with  respect 
to  the  yertex. 

Cor.  1. — Any  line  drawn  through  the  vertex  will  meet  the 
planes  of  two  parallel  sections  in  homologous  points  with  respect 
to  those  sections. 

Cor.  2. — The  sections  made  by  planes  parallel  to  the  base  are 
circles. 

Dbp. — A  section  whose  plane  intersects  the  plane  of  reference  in 
a  Une  anWparaUel  to  the  diameter  of  the  base  is  called  an  antiparallel 
section. 
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281.  Ifm  oblique  cane  ABC  he  cut  by  a  plane  ELF  in  on 
antiparaUel  position,  the  section  will  he  a  circle, 

Bern. — Through  any  point  R  - 

in  EF  draw  a  plane  SLK  par- 
allel to  the  hase.  Then,  since 
the  planes  ELF,  ELKbi^  both 
normal  to  the  plane  ABC^  their 
common  section  (Euc,  XI.  xix.), 

jRZ,  is  normal  to  it.  Hence  (Euc,  B^^ :^A 

III.  XXXV.),  BJ}^ER .  RK.  But 
from  the  hypothesis,  the  four  points  E^  E,  K,  Fare  concydic 
Hence  ER  ,RF  =  RR .  RR^;  therefore  ER .  RF^  RLK  Hence 
the  section  ELF  is  a  circle. 

Cor.  1. — ^Any  sphere  passing  through  the  base  of  a  cone  will 
«ut  the  cone  again  in  an  antiparallel  section. 

Cor,  2. — If  a  sphere  be  described  about  a  cone,  its  tangent 
plane  at  the  vertex  is  antiparallel  to  the  base. 

282.  Ant/  section  of  an  ohlique  cone  which  is  not  antiparoBel  is 
either  a  parabola,  an  ellipse,  or  a  hyper- 
bola. 

1°.  Let  the  section  he  parallel  to  an 
^dge  of  the  cone. 

Let  AN  be  the  intersection  of 
the  section  with  the  plane  of  refe- 
rence. Then  since  AN  is  parallel 
to  the  edge  CD,  and  NE  parallel 
to  the  diameter  of  the  base,  the 
triangle  ANE  is  given  in   species. 

Hence  the  ratio  of  AN:  NE  is  given ;  and  since  AD  is  equal 
to  FN,  the  ratio  of  the  rectangle  AD .  AN',  FN,  NE  is  given ; 
but  FN.  NE  =  NF^,  Hence  the  ratio  AD ,  AN'.  PN^  is  given , 
therefore  PN*  varies  as  AN    Hence  the  section  is  a  parabola, 

Cor,—U  the  point  Q  be  taken  in  CD,  such  that  DC ,  DQ 
=  DA\  then  DQ  =  latus  rectum  of  the  section. 
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2^.  Lit  the  seetian  cut  M  the  edges  of  one  eheet  of  the  oone. 

Let  A,  Bhe  the  [vertices  of  the 
section.  Draw  any  section  ^F 
parallel  to  the  base,  intersecting 
the  former  in  the  points  P,  P'. 
Then,  since  the  planes  AFB,  EPF 
are  both  normal  to  the  plane  of  re- 
ference, their  common  section  is 
normal  to  it ;  hence  NP  is  per- 
pendicular to  EF.  Therefore  PN^ 
^EN.NF. 

Again,  from  the  pairs  of  similar  triangles  BA  G,  BNF\  ABDy 
ANEy  we  get 

AB'iAQ.BDiiAN.NBiEN.NF  or  PN^. 

Hence  the  ratio  AN.  NB :  PN^  is  given,  and  therefore  the  locus 
of  P  is  an  ellipse. 

8^.  Let  the  plane  of  section  meet  both  sheets  of  the  cone. 

The  section  in  this  base  will 
be  a  hyperbola.  The  proof  is 
the  same  as  2^. 

Cor.— The  rectangle  u4  Q.  BD 
is  equal  to  the  square  of  the 
conjugate  diameter. 

283.  If  a  right  cone  enve- 
loping two  spheres  he  cut  hg  a 
plane  touching  both  of  them, 
the  points  of  contact  will  he 
the  foci  of  the  section, 

(Davdelin  and  Qubtelbt.) 

Bern. — ^Take  any  point  P  in 
the  section.    Join  CP  meeting 
the  planes  of  contact  in  J),  D\ 
Join  PF,  PF.     Then  PF.  -  PD,  being  tangents  to  a  sphere, 
and  Pr  =  Piy.    Hence  PF^  PF'a  BU  =  distance  on  an  edge 
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of  the  cone  between  the  planes  of  contact.    Hence  PF  +  PF  is 
constant,  and  the  proposition  is  preyed. 

Cwr. — The  plane  of  section  intersects  the  planes  of  contact  in 
the  directrices  of  the  section. 

c 


EXEROISBS. 

1.  The  orthogonal  projeotion  of  the  section  APB  on  the  base  of  the  oooe 
ifl  a  oonio  having  a  focus  at  the  centre  of  the  base. 

2.  If  the  section  of  a  oone  by  a  pkne  be  a  hyperbola,  prove  that  the 
asymptotes  are  parallel  to  the  edges  in  which  the  oone  is  cut  by  a  plane 
parallel  to  the  section.    (Make  use  of  {  280.) 

3.  If  a  right  cone  enveloping  two  spheres  be  cut  by  a  plane  idiich  also 
cuts  the  spheres  in  two  circles,  the  sum  or  difference  of  the  tangents  to  the 
circles  from  any  point  in  the  section  of  the  cone  is  constant. 

4.  If  0  be  the  eccentricity  of  the  conio  in  Bz.  3,  prove  that  if  Z  dsnott 
the  distance  between  the  centres  of  the  circles,  8/(sum  or  difference  ol  tan- 
gents) =  9, 

6.  The  eccentricity  of  any  section  of  a  cone  is  proportional  to*  the  c 
of  the  angle  which  the  axis  of  the  cone  makes  with  plane  ol  section. 
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6.  Tbe  planes  of  contact  of  the  spheres  intersect  the  plane  of  the  circles 
in  lines  which  correspond  to  the  direotiiz.  That  is,  if  <  be  the  tangent  from 
any  point  in  the  conic,  and  p  the  perpendicular  on  the  corresponding  line, 
tip  =  #. 

7.  The  latns  rectum  of  the  section  is  equal  to  twice  the  perpendicular 
from  the  yertex  on  the  plane,  multiplied  by  the  tangent  of  half  the  yertical 
angle. 

8.  If  P  be  any  point  in  the  oircumferenoe  of  the  section,  prove  that  the 
right  cone,  haying  J^P,  PP,  FC  as  edges,  has  the  tangent  at  P  to  the  curve 
for  its  axis. 

9.  The  locus  of  the  vertex  of  all  right  cones,  out  of  which  a  given  ellipse 
can  be  cut,  is  a  hyperbola,  having  for  summits  and  foci  the  foci  and  sum- 
mits of  the  ellipse.  The  relation  between  the  ellipse  and  hyperbola  are 
reciprocal. 

10.  If  through  the  vertex  of  an  oblique  oone  standing  on  a  circular  base 
a  plane  be  drawn  perpendicular  to  one  of  its  edges,  this  plane  will  out  the 
base  in  a  line  whose  envelope  is  a  conic,  having  the  foot  of  the  perpendicular 
from  the  vertex  on  the  base  as  focus. 

11.  If  a  right  oone  be  cut  by  a  plane,  the  perpendiculars  from  the  vertex 
of  the  cone  on  any  tangent  to  the  section,  and  from  the  point  where  the 
plane  meets  the  axis,  are  in  a  contrary  ratio.  (Nsubb&o.) 


^L_ 
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THEORY  OP  HOMOGEAPHIC  DIVISION. 

284.  If  0  be  the  origin,  and  the  abscisssa  OA^  OB^  the 
roots  of  the         0  A  C       B  D 

equation  * ' jr — ■ ' • 

fljc"  +  2^  +  3  «=  0,  and  OC,  OB  tho  roots  of  a'«*  +  2A'«  +  ^  =  0; 
then,  if  C,  2)  be  harmonic  conjugates  to  A^  By 

ab'  ^(^h"  2hh!  =  0.  (854) 

Bern. — If  the  abscissa  of  Chea/y  its  polar,  vith  respect  to 
aa^  +  2hx  +  ^,  is  axaf  +  h  (a;  +  of)  •¥  h  ^  0;  and  the  point* 
whose  abscis88B  axe  Xy  x^  will  be  harmonic  conjugates  with 
respect  to  Ay  B,  and  therefore  a?,  «'  will  be  the  roots  of 
aV  +  2h'x  +  *'  =  0.    Hence 

and,  substituting  in  oasjc'  +  A  (a:  +  a/)  +  *  =  0,  we  get 

ah'  +  a'h  -  2hh'  =  0.     Compare  §  42,  Cor.  2. 
Car.  1. — The  point  pair  denoted  by 

^«a/  +  ^(ay  +  a/)+  C=  0 
are  harmonic  conjugates  to  the  pair 

Ax^  +  2Bx  +  C  =  0. 

285.  If  the  three  point  pairs 

ax'-¥2hx-¥h^0y     a'«»  +  2A'a:  +  ^'  =  0,     «' V  +  2A"*  +  J"  «  0 
have  a  common  pair  of  harmonic  conjugates,  the  detenninant 
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a,  A,  3, 
a',  A',  3', 
«",      A",     3" 


=  0. 


(855) 


Dem. — ^Let  Aa^  +  2Hx  +  J9  =  0  be  the  common  pair  of  har- 
monic conjugates :  then  we  have  three  equations 

Aa  -  2m  +  3j9  =  0,  &c., 

and  eliminating  -4,  JT",  J9  we  get  (855). 

Cor.  1. — If  the  point  pair  aa^  +  2hz  +  ^  «  0  be  harmonic  con- 
jugates to 

Cr«a'a:»+2A'ar  +  *'  =  0  and  to  r*a'V+2A"ar  +  *"  =  0, 

they  are  also  harmonic  conjugates  to  U-^-  kV^  0, 

Cor.  2. — If  the  line  pair  ax^  +  2hxi/  +  ^*  =  0  be  harmonic 
conjugates  to  the  line  pair  afx*  +  2h'xi/  +  i'y*  =  0,  then 

ah'  +  a'b  -  2hh'  =  0. 

Cor.  8. — The  line  pairs 

Cra(M:>  +  2%+^«0,     r»a'a:«  +  2  A'ay  +  iy  =  0 

have  the  line  pair 

(aA'  -  a'A)  a:*  +  (ab'  -  a'*)  «y  +  (A3'  -  A'i)  y*  =  0 

as  harmonic  conjugates.  For  each  of  the  former  line  pairs  ful£l 
with  this  the  condition  of  harmonicism.  The  last  equation  may 
be  written 


dx  '  dy      dy  '  dx 


(856) 


Cor  4. — ^If  the  line  pairs  U^  0,  V*  0,  be  written  in  AiioN- 
hold's  notation  thus, 

{oxXi  +  Ojarj)'  =  0,     {liXy  +  ^2)^  =  0, 
2b 
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the  condition  that  they  form  a  harmonic  pencil  is 

(^i,-^30»=0,  (857) 

where^  as  usual,  Oii  (hi  &c.y  have  no  meaning  until  the  multipli- 
cation is  perfonned. 

286.  If  a^  =  0,  h^  ts  0  he  the  equations  of  two  eonies,  it  if 
required  to  find  the  locus  of  a  point  whence  tangents  to  them  firm 
a  harmonic  pencil. 

Let  X  he  the  point ;  then  if  y  he  a  point  on  a  tangent  to  a/  =  0, 
the  equation  of  a  pair  of  tangents  from  y  to  a,'  =  0  is  got  bj 
suhstituting  the  expressions 

for  Xi,  Xj,  Xs  in  the  tangential  equation  ^x*  *  0  (§  260,  CJor,  2). 
Hence  the  pair  of  tangents  are — 


A. 

^a, 

^3, 

a?,, 

«3, 

a^. 

yu 

ys, 

^8 

0; 


(858) 


and  putting  y^  =  0,  the  pair  of  points,  where  the  tangents  meet 

the  third  side  of  the  triangle  of  reference,  are  given  by  the 

equation 

{ (A^s  -  A^)  yi  +  {AtfVi  -  Aix^) y, j»  =  0  ; 

where  Ai,  ^j,  A^  have  no  meaning  until  the  multiplication  is 
performed.     Similarly  we  get  from  the  conic,  Bj  =  0, 

{(^aarj  -  B^^)  yi  +  (B^i  -  BiW^)yiy  =  0. 

Hence  (§  285,  Cor,  4)  the  condition  of  harmonicism 

A^z  -  Ja^Ta,  Aj^Ci  -  AiX^, 

B^Xj^  -  Bj^ty  B^  iTi.  -  BiXz 


=  0; 


or 


*1, 

*.T 

»>», 

^., 

A,, 

A», 

B., 

B„ 

Bz 

-0. 


(859) 
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Similarly,  the  envelope  of  A«,  which  cuts  the  conies  a^  -  0, 
bj^  a  0  harmonically,  is 

^i>         ^1         ^» 


=  0. 


(860) 


«i»         «8,         <hi 

The  two  conies  (859),  (860)  may  be  called,  respectively,  the 
point  and  line  harmonic  eanios  of  a«' »  0,  b*  =  0.  Their  importance 
in  the  theory  of  a  pair  of  conies  was  noticed  by  D&.  Salmon 
(  Cambridge  and  Dublin  Math,  Journal,  vol.  ix.,  p.  30).  They  are 
due  to  Staudt,  who  published  them  in  1834,  in  his  **  Niimberger 
Programm." 

The  equations  (859),  (860)  expanded  are 

2  {A„B„  +  A^^  -  2A^Bn)  X? 

+  25  (^1,^1,  +  A^^^  -  A^^B^  -  A^n)  ic^z  =  0,     (859') 
and 

S  («a*S3  +  «M*a  -  2tfa*»)  Xj' 

+  22  {aiJfxz  +  Ois^ii  -  anbn  -  <hJ>n)  AjAj  «  0.         (860') 

Cor. — The   point  and  line  harmonic  conies  of  aiX^  +  02*3* 
+  a^  =  0,  and  ^1^:1'  +  b^  +  b^x^  »  0  are,  respectively, 

«i*i  («A  +  (hh)  a?i*  +  ajbt  {aj>i  +  aibi)  x^  +  ajb^  {oib^  +  fla^i)  iCs'  =  0, 

(861) 
and 


(Oji,  +  Oj^a)  Xi'  +  {ajl>i  +  tf  A)  Xj*  +  (fli^a  +  «a*i)  ^  «=  0. 
Pkojectivb  Bows. 


(862) 


287.  Def. — Pairs  of  points  X,  X'  whose  dbseiss<B  a?,  xf  with 
respect  to  two  fixed  points  O^Qf  on  two  given  lines  Z,  Z',  or  whose 
ratios  of  section  X,  X'  with  respect  to  two  pairs  of  fixed  points  0,  Oi 
on  Z,  and  O^  0/  on  L'  satisfy  equations  of  the  first  degree  of  the 
forms 

axxf  -  bx-Vx-h^c^  0,  (863) 

(864) 


aiXX'-*iX-VX'+<?i  =  0 
2b2 
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are  said  to  tnarh  projective  rows  (French,  PonctueUet  prqfeeikei, 
German,  Profektivischen  Punktreihen)  on  Z,  Z'. 

It  is  necessary  to  show  that  (863),  (864)  are  consistent.    Let 


OOy^m,    (y0^^m\     X^XOIXOi  =  xl{x-m)y 

V  =  X'Cy/X'Oi'  =  af/ix  -  m'), 

and  eliminating  Vr,  a:'  between  these  and  (863),  we  get  an  equa- 
tion of  the  form  (864). 

Projective  rows  have  a  I  to  1  correspondence :  that  is,  to  ecerf 
point  of  one  row  corresponds  one,  and  only  one,  point  of  the  other. 
For  it  is  evident  that  being  given  the  value  of  either  variable  iu 
(863)  or  (864),  we  get  only  one  value  of  the  other. 

Cor.  I.— The  equations  (863),  (864)  retain  their  form  after 
transformation  to  new  origins  on  the  lines  Z,  Z'. 

For,  since  the  points  X,  X'  have  a  1  to  1  correspondence  before 
transformation,  they  must  have  it  after  transformation.  ^  „^^  j 

Cor.  2.—liAj  B,  C,  A\  B\  C  be  two  triads  of  fixed  pointeon 
two  fixed  lines,  and  X,  X'  variable  points  on  the  same  lines 
satisfying  the  relation  (ABCX)  =  {A'B'C'X'),  then  X,  X'  mark 
projective  rows  on  these  lines 

For  it  is  evident  that  X,  X'  have  a  1  to  1  correspondence* 

Cor.  3. — A  pencil  of  lines  marks  projective  rows  upon  two  trtms- 
versals.     In  other  words,  two  perspective  rows  are  projective. 

288.  In  two  projective  rows  the  anharmonic  ratio  of  any  fmr 
points  of  one  is  equal  to  the  anharmonic  ratio  of  the  four  corre- 
sponding points  of  the  other.  In  other  words,  projective  rows  art 
IkOtnographic. 
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liCt  AA',  BB^y  two  corresponding  point  pairs,  be  taken  as 
origins.  Then  we  have  X  =  XAjXB,  V  =  X'A'IX'B*.  Now,  if 
JT  coincide  with  Ay  X'  will  coincide  with  -4';  hence,  when 
X  =  0,  X'  =  0.  Similarly,  if  X  coincide  with  J?,  X'  will  with  B', 
and  it  follows  that  when  X  =  oo,  X'  =  oo  ;  but  if  X,  X'  be  each  equal 
to  zero  in  (864),  we  get  Ci = 0,  and  if  each  equal  to  infinity,  we  have 
Ui  =  0.  Therefore,  when  pairs  of  corresponding  points  are  taken 
as  origins  the  equation  (864)  becomes  bX  +  yX'  =0,  or  X  =  kW 
Now,  if  CC,  Biy  be  the  corresponding  point  pairs,  we  have 

CA        C'A'  DA         lyA' 

CB'      C'B'  ^^'BB"      B^B*' 

Hence  {A  B  CB)  =  {A'B'  CD'). 

Cor, — Two  projective  rows  are  in  perspective  when  three 
corresponding  point  pairs  are  in  perspective. 

289.  Ponrrs  which  Corkespond  to  Infinity. — Suppose  a ><  0, 
the  equation  (863)  can  be  written 

xaf  -mx-  m'xf  +  n  =  0,  or  (a;  -  wl)  {af  -  m)  =  mm!  -n=p 

suppose.    Now,  transferring  the  origins  to  points  /,  J,  whose 
absciss®  on  Z,  Z'  are  m'  and  m,  the  new  abscissse  are 

y  =  /X  =  a?  -  w',     and  y'  =  JX'  =  a/  -  w. 

Hence  yy'  =  p.    Then  7,  J  are  points  which  correspond  to  in- 
finity.   For,  if  y  =  0,  y'  =  oo,  and  if  y'  =  0,  y  =  oo. 

Cor,— The  standard  forms  to  which  (863),  (864)  can  be  re- 
duced, are  yy'=Pj  (865) 

X  =  k\\  (866) 

290.  SmiLAB  Rows. — If  a  »  0  in  (863),  the  relation  becomes 
*a?+3V-tf  =  0,  that  is  xo-b'lb{j/  -clh'),  or  a:  =  m  (^  -  n), 

and,   transferring  the  origin  O'  to  a  point  which  has  n  for 
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abscisssd,  x  =  m^f'.  Here  there  is  a  constant  ratio  between  the 
segments  on  Z  and  the  corresponding  segments  onZ',  and  when 
«  s  OD,  y  =  OD.    Hence  the  points  I,  J  axe  both  at  infinity. 

Cor,  1. — If  the  points  7,  J*  be  at  infinity,  the  rows  are  similar. 

Cor.  2. — If  m  =  ±  1,  homologous  segments  on  Z,  Z'  are  equal. 

BZBB0ISB8. 

1.  U  AT,  BT  be  two  tangents  to  a  oonic,   XX'  any  yariable  tangent, 


the  point*  X,  X'  divide  9XAT,  JJT homographically.   For,  evidently,  there 
is  a  1  to  1  correspondence. 

2.  If  a  tangent  parallel  to  J^^cut  AT  ml,  and  a  tangent  pianllel  to^if 
cut  i?rin  /,  then  the  rectangles  IX .  JX\  lA.JT,  /T.  /B  are  all  equal. 

3.  Two  fixed  tangents  to  a  parabola  are  divided  proportionally  by  a  variable 
tangent.    For  it  is  easy  to  see  that  the  points  /,  /  are  at  infinity. 

4.  If  iX,  JX'  be  parallel  tangents  to  a  central  conic  /,  /  being  the  points 
of  contact,  and  if  any  variable  tangent  cuts  them  in  X,  X',  then  IX .  /X 
=  constant. 

Pkojectite  Pencils. 

291.  Dbf. — Two  pencils  are  said,  in  relation  to  each  other,  to  he 
projective  token  the  ratios  of  section  X,  X'  of  two  homologow  rays 
with  respect  to  any  origins  of  rays  A  B,A'B*  satisfy  a  relation  of  the 
form  aXXf  -  3X  -  *'X'  +  <?  =  0. 
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in  Ucoprajeetm  pencils  the  anharmonie  ratio  of  any  four  rays 
of  one  is  equal  to  the  anharmonie  ratio  of  the  four  homologous  rays 
of  the  other, 

Dem. — The  preceding  relation  gives  X'  =  {h\  -  o)l{aK  -  h'). 
Now,  let  (X„  X/)  (X,,  Xj')  .  .  .  (X4,  X4')  be  the  ratios  of  section  of 
four  pairs  of  corresponding  rays.     Then  it  is  easy  to  verify 

IK  -  X3\  (K-K\     /X/-V\  /X/-V\ 
U  -  A3  j  •  U  -  ^  /  '  W  -  V  j  A  V  -  V  J 

it  suffices  to  replace  X/  by  {b\i  -  c)/{a\i  -  3'),  &c. 

Cor.  1. — If  two  pencils  be  such  that  the  anharmonie  ratio  of 
three  fixed  rays,  -4,  -ff,  C,  and  a  variable  ray  X  of  one  be  equal  to 
the  anharmonie  ratio  of  three  fixed  rays,  A\  B\  C",  and  a  variable 
ray  Z'  of  the  other.  Then  the  anharmonie  ratio  of  the  pencil 
formed  by  X  in  four  different  positions  is  equal  to  that  formed 
by  X'  in  the  corresponding  positions.  Because,  to  a  ray  of  one 
corresponds  one,  and  only  one,  ray  of  the  other. 

Cor.  2. — ^Any  two  projective  pencils  are  cut  by  two  trans- 
versals in  projective  rows. 

Cor.  3. — ^If  two  homographic  pencils  be  such  that  three  pairs 
of  homologous  rays  intersect  in  a  right  line,  then  all  pairs  of 
homologous  rays  intersect  in  a  right  lino. 

BXEBOISES. 

1.  Two  pencils  whose  vertices  lie  on  a  conic,  and  whose  corresponding 
ays  intersect  on  the  same  conic  are  equal,  for  the  rays  have  a  1  to  1  corre- 


2.  If  four  chords  of  a  conic  pass  through  the  same  point,  the  anharmonie 
ratio  of  four  of  the  points  in  which  these  chords  meet  the  conic  is  equal  to 
the  anharmonie  ratio  of  the  remaining  four  points  in  which  they  meet  it. 
For,  let  JC,  X'  he  the  points  in  which  any  of  the  chords  meets  the  conic, 
and  let  0,  (/be  two  fixed  points  on  it.  Join  OJ,  O'X* ;  these  will  be  rays 
of  two  pencils,  whose  vertices  are  0,  0',  and  they  evidently  have  a  1  to  1 
correspondence. 

3.  If  two  conies  have  double  contact,  the  anharmonie  ratio  of  four  of 
the  points  in  which  any  four  tangents  to  one  meet  the  other  is  equal  to  that 
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of  the  remaining  points  in  which  the  same  tangents  meet  the  curre,  and 
also  the  same  as  that  of  the  points  of  contact.  (Townsbnd.) 

4.  MaelauritCi  Method  of  DeseriHnff  Conia. — The  locus  of  the  yertex  of 
a  variahle  triangle  whose  sides  pass  through  three  fixed  points,  and  whose 
hase  angles  move  on  fixed  lines,  is  a  conic. 

6.  Newton* 8  Method  of  Deteribing  Coniet. — ABCD  is  a  cyclic  quadri- 
lateral, the  points  ^,  2>  are  fixed,  and  the  angle  BACis  given  in  magnitude ; 
then,  if  B  describe  any  right  line,  or  if  it  describe  any  conic  passing  through 
the  points  A^  D,  C  will  describe  another  conic  passing  through  Ay  D. , 

Superposed  Rows.  | 

292.  Upon  the  same  line  Z  we  can  have  pairs  of  points 
Xj  JS7,  whose  abscissae  «,  o^  with  respect  to  two  given  origins 
satisfy  an  equation  of  the  form 

axx^  -hx  -  h'xf  +  <?  =  0. 

In  this  case  the  rows  are  superposed.  In  superposed  rows  the 
origins  may  or  may  not  coincide. 

293.  Double  Ponrrs. — Double  points  of  superposed  rows  are 
those  in  which  conjugate  points  coincide.  If  the  origins  0,  O 
coincide,  then,  for  the  double  points  we  shall  have  x-aif^  and 
their  abscissce  are  given  by  the  equation 

<M?»-(i  +  i')^  +  <^  =  0.  (867) 

Hence  there  are  two  double  points,  real  and  distinct,  coincident, 
or  imaginary.  When  they  are  real  and  distinct,  let  them  be 
denoted  by  F^  F* ;  and  let  (-4,  -4'),  (X,  X!)  be  two  corresponding 
point  pairs.  Then  (§  288)  we  have  (FF'AX)  =  {FFA'X), 
or  (§  39), 

AF   XF     A'F   XF      ^   AF^  ATF^     XF   XF^ 
AF'  XP'^  A'F'  XF '    ''  AF'  A'F  "  XP'  XF' 

Hence  {FF'AA')  =  {FFXXy  (868) 

Therefore  the  anharmonic  ratio  of  the  double  points  and  (my 
homologous  point  pairs  is  constant. 
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294.  K  the  doable  points  F,  F*  coincide  in  jF,  and  this  be 
taken  as  origin,  the  equation  (867)  will  have  two  roots  each 
eqnal  to  zero.  Hence  c  =  0,  i  +  3'  =  0,  and  the  relation  of  pro- 
jectivity  becomes  axaf  -h{x  -  x)-Oj  or 


l/a?-l/a/=  \lm. 


(869) 


295.  DoTJBLE  Points  Fouin)  Geometsicallt. — The  following 
geometrical  construction  for  the  double  points  holds,  whether 
the  origins  do  or  do  not  coincide.  Thus,  let  -4,  -ff,  C  be  three 
points  of  one  system ;  A'^  B'y  C  the  corresponding  points  of 
the  other;  then  if  Xbe  the  double  point,  we  have  {XABC) 
=  {XA'B'C') 

XABC  A'        R        C 


or 


XB   XC 

ab'ac 


XB'    XC 
A'B''A'a' 


Hence      XB.  XC :  XF.  XCiiAB,  A'C  :  A'B*,  A  C. 

Therefore  the  ratio  of  XB,  XC :  XB* .  XC  is  given,  that  is, 
the  ratio  of  tangents  from  Xto  circles  described  on  BC  and 
B'C  08  diameters  is  given,  and  X  will  be  either  of  the  points  of 
intersection  of  the  line  L,  with  a  given  circle  coaxal  with  the 
circles  on  ^(T,  B'C. 

Similarly,  we  may  have  two  triads  of  points  on  a  conic 
say^,  B,  C;  A',  F^  C,  and  require 
to  find  a  point  0^  such  that 
(OABC)  =  {OA'B'C),  This  is 
solved  by  constructing  the  Pascal's 
line  of  the  hexagon  which  they 
form,  as  in  the  diagram.  For  if 
AA'  be  joined,  it  is  evident  that  the 
pencils(^'.  OABC),  i,A,  OA'BC) 
are  equal. 
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BXEBOISES. 

1.  Inscribe  in  a  conic  eection  a  polygon  all  whose  aides  pass  through 
given  points. 

Solution.— Assume  any  arbitrary  point  a  tor  the  vertex  of  the  p(d7goii, 
and  form  a  polygon  whose  sides  pass  through  the  given  points ;  the  point  c', 
where  the  last  side  meets  the  conic,  will  not  in  general  coincide  with «. 
If  we  make  three  such  attempts,  we  get  three  pairs  of  points  a,  tf' ;  ^  i' ; 
Cf  e';  then,  a  point  X,  such  that  (Xabe)  =  {Xa'b'c')  will  be  the  pdnt 
required. 

2.  In  a  triangle  inscribe  another  triangle  whose  sides  pass  through  given 
points. 

296.  Two  projective  pencils  which  are  united  at  their  iummiU 
in  the  same  plane  are  said  to  he  concentric  or  superposed.  In 
intersecting  them  by  any  transversal,  we  obtain  two  projectiTC 
rows  superposed.  These  rows  have  double  points,  real  or 
imaginary,  which  joined  to  the  comm<Hi  summit  give  two 
double  rays  of  the  pencils. 

Involtttion. 

297.  If  two  systems  of  homographic  points  on  the  same  line  hai^ 
a  pair  of  corresponding  points  {Ay  A')  permutablsy  then  ang  pair 
of  corresponding  points  of  the  systems  are  permutable. 

Dem. — Let  a,  a'  be  the  abscisssB  oi  A^  A'  \  then,  by  hypo- 
thesis, we  have 

aaja!  -ha-  b'a'  +  (?  =  0,     aaaf  -  ^'  -  6'a  +  <?  =  0. 
Hence,  by  subtraction, 

{b  -  i')(a  -  a')  =  0,   and  since  a  ><  o',  ^  =  ^', 
and  the  relation  becomes 

axx'-h{x  +  x')-¥o^O;  (870) 

and  since  it  is  symmetrical  in  a?,  j/,  the  points  JJ,  X'  are  per- 
mutable. 
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Def. — Two  superposed  projective  rows  in  which  homologous 
points  are  permuiahle  are  said  to  he  in  involution, 

298.  Central  Point  of  Involution. — Supposing «><0,  hxO, 
the  equation  (870)  may  be  written  a?;r'  -  w  (a:  +  a/)  +  c' «  0,  or 

{x  -  m)(a?'  -«»)  =  «.  (871) 

where  n  =  m^  -  (/.  Then,  taking  the  point  whose  abscissa  is  m 
as  origin,  denoting  it  by  0,  0  is  called  the  central  point  of  the 
involution,  and  equation  (871)  gives 

OX.OX'^n,  (872) 

fi  being  a  constant.  We  see  that  the  central  point  is  that 
which  corresponds  to  infinity  {lor  J)  id.  the  general  case. 

299.  Double  Points  of  Involution. — When  two  homologous 
points  coincide  in  one,  such  a  point  is  called  a  double  point. 
Now,  if  X,  X'  coincide  in  (872),  we  have  OX  =  ±  \/n  ;  if  »  >  0, 
there  are  two  double  points,  which  are  sym6triques  with 
respect  to  the  central  point.  In  this  case  homologous  point  pairs 
are  situated  at  the  same  side  of  the  central  point,  and  the  involu- 
tion is  said  to  be  hyperbolic.  If  »  <  0  the  double  points  are 
imaginary,  and  the  involution  is  called  Elliptic, 

300.  In  an  hyperbolic  involutiony  any  two  homologous  points 
divide  harmonically  the  distance  between  the  double  points. 

Bern. — Let  jP,  F'  be  the  double  points,  then  we  have  (872) 
OX.  O-T  =  «  and  02?^  =  OF'^  =  n ;  .-.  OX.  OX'  =  OF^;  but 
0  being  the  middle  point  of  FF,  this  equality  indicates  that 
^  JX'  are  harmonic  conjugates  to  FF\  Reciprocally,  all  the 
point  pairs  which  divide  harmonically  a  given  segment  FF* 
belong  to  an  involution. 

Cor.  1. — ^If  three  point  pairs 

ax'+2hX'¥b^0,   flV+2A'ar  +  *'  =  0,    a^x"  +  2h"x  +  b"  =^ 0 

form  an  involution,  they  have  a  common  pair  of  harmonic  con- 
jugates.   Hence  the  condition  of  involution  is  the  determinant 
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Cor,  2. — If  (a,  a'),  (i,  A')>  (^»  ^)  ^  ^^®  abscissae  of  tliree  point 
pairs  in  involution,  then  the  determinant 
flo',        tf  +  a',         1, 
W,         3  +  i',         1,       =0.  (873) 

cc',  e  -¥  cfy  1 

Cor.  3. — If  U=Oy  r=  0  be  the  equations  of  any  two  point 
pairs,  then  U-i-  kV  =  0  forms  an  involution  with  Vaad  V. 

.301.  Symmeteic  Involution. — If  a  =  0,  the  equation  of  invo- 
lution (870)  reduces  i  (a?  +  a:')  -  c?  =  0  or  (a?  -  <?/2i)  +  (a?'  -  <?/2i)  =  0, 
and  transferring  the  origin  to  the  point  whose  abscissa  is  tf/2i. 
Supposing  this  point  ^,  we  have  HX  +  HX'  =  0,  then  the 
involution  is  formed  by  point  pairs,  which  are  sym^triques 
with  respect  to  -E*.  ^  is  a  double  point,  the  second  doable 
point  is  at  infinity. 

This  involution  having  two  real  double  points  is  hyperboUc. 

302.  If  two  superposed  projective  pencils  be  such  that  a  pair 
of  homologous  rays  are  permutable,  then  the  rays  of  every 
homologous  pair  are  permutable,  and  the  two  pencils  are  said 
to  be  in  involution.  Their  theory  is  reduced  to  that  of  points  in 
involution  by  cutting  the  pencils  by  a  transversal.  Pencils  in 
involution  are  also  divided  into  hyperbolic  and  elliptic.  The 
former  has  two  real  double  rays,  which  are  harmonic  conjugates 
to  any  pair  of  homologous  rays.  As  a  particular  case,  we  may 
note  the  involution  formed  by  line  pairs  symmetrical  with 
respect  to  a  fixed  axis  (one  of  the  double  rays,  the  ray  perpen- 
dicular to  this  axis  is  the  second  double  ray).  This  is  iso^onal 
involution.  The  elliptic  involution  has  two  imaginary  double 
rays.  The  most  remarkable  case  is  orthogonal  involution, 
formed  by  the  sides  of  a  right  angle  turning  round  its  snmmit 
If  we  take  the  sides  of  one  of  these  angles  for  axes  of  co- 
ordinates, the  angular  coefficients  of  two  conjugate  rays  of  the 
involution  satisfy  the  equation  mw'  +  1=0  where  w,  i»'  are  ratios 
of  section  relative  to  OX,  0  Y.  Hence,  making  m  =  m\  the  double 
rays  are  defined  by  m'  +  1  =  0  or  m  =  ± ».  Hence,  the  double  rays 
are  the  imaginary  lines  from  0  to  the  cyclic  points. 
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EZBB0I8E8. 

1.  GWen  two  homologous  point  pairs  of  an  involution)  show  how  to 
find  the  central  point  and  the  double  points. 

2.  A  system  of  conies  passing  through  four  fixed  points  cuts  any  trans- 
Tersal  in  involution. 

For,  let  8,S^hQ  two  fixed  conies  passing  through  the  points,  then  8+kS* 
will  denote  a  variable  conic  through  them ;  and  US,  S'  he  given  by  their 
general  equations,  then,  if  the  transversal  be  the  axis  of  x,  the  point  pairs 
in  which  they  are  intersected  by  the  transversal  are  given  by  the  equations 

ax^+yx-\-e,  i^2^  +  2g'x  +  e\  and  aa^-¥2ffx-^  e  +  k{a'a^  +  2ff'x-k't^). 

Hence  ({  300,  Cor,  3),  they  are  in  involution. 

3.  The  three  pairs  of  opposite  sides  of  a  quadrangle  are  cut  in  involution 
by  any  transversal. 

4.  Coaxal  circles  are  cut  in  involution  by  a  transversal :  the  points  of 
contact  of  the  circles  of  the  system  which  touch  the  transversal  being  the 
double  points,  and  the  central  point  that  in  which  the  radical  axis  meets  it. 

5.  A  system  of  conies  having  a  common  self- conjugate  triangle  cut  in 
involution  any  line  passing  through  a  summit  of  the  triangle. 

6.  For  every  two  projective  rows  on  different  lines  there  exist  two  points, 
for  each  of  which  the  rows  are  isogonal,  that  is,  the  angles  subtended  by 
one  TOW  are  respectively  equal  to  those  subtended  by  the  other. 

(TOWNBBND.) 

7.  If  aa',  hV,  e^  be  three  point  pairs  in  involution — 

ah\  h^. ea*  +  a'h .b'e.ea-  0.  (874) 

ab\  he .  <fV+  a'b .  b'e' .  <?a  ==  0.  (876) 

ab . b'e\ ca'-^-  a^b\ be,e'a^  0.  (876) 

ab .  h'c .  tf^a'+  a'b\  bif.ea^d,  (877) 

8.  A  common  tangent  to  any  two  of  three  circumconics  of  a  quadrilateral 
is  cut  harmonically  by  the  third. 

9.  Show  that  the  following  are  special  cases  of  Ex.  8 : — 

l"".  If  through  the  intersection  of  common  chords  of  two  conies  a  tangent 
be  drawn  to  one  of  them,  it  is  cut  harmonically  by  the  other. 

2*.  If  through  any  point  on  the  chord  of  contact  of  two  tangents  to  a 
conic  a  third  tangent  be  drawn  intersecting  both,  it  is  divided  harmonically 
by  the  tangents  and  the  point  and  chord  of  contact. 
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CHAPTER  XIII. 

THEOBY  OP  DUALITY  AND  EECIPEOCAL  P0LAK8. 

803.  It  has  been  seen  in  Chapter  III.  that  every  circle  has 
two  forms  of  equation,  viz.  trilinear  and  tangential.  The  same 
has  been  shown  in  Chapters  IX.  and  X.  to  hold  for  every  conic, 
and  in  fact  it  is  universally  true  for  all  curves.  Conversely 
every  equation  represents  two  distinct  curves,  according  as  it  is 
regarded  in  point  or  line  co-ordinates.  Thus,  in  //j?+m/y+fi/s=0, 
if  or,  y,  s  be  trilinear  co-ordinates,  it  represents  a  conic  circum- 
scribed to  the  triangle  of  reference ;  and  if  they  denote  tan- 
gential co-ordinates,  it  is  the  equation  of  an  inscribed  conic. 
It  follows  as  an  inference  from  this  twofold  interpretation  of 
equations,  that  every  theorem  which  gives  a  graphic  property 
of  a  conic  has  another  related  theorem  called  its  reciprocal,  and 
that  the  same  demonstration  proves  both  theorems.  This  two- 
fold interpretation  is  called  the  principle  of  Duality. 

EXBB0I8ES. 

1,  8  —  kS'  e=  0  represents  in  point  co-ordinates  the  general  equation  of 
a  conic  passing  through  the  four  points  common  to  S  and  S*,  and  in  line 
co-ordinates  the  general  equation  of  a  conic  inscribed  in  the  quadrilateral 
formed  by  the  four  common  tangents  to  S,  S', 

2.  ay  -  kfi9  =  0  in  point  co-ordinates  denotes  that  the  rectangles  con- 
tained by  the  perpendiculars  from  any  point  of  a  conic  on  a  pair  of  opposite 
sides  of  an  inscribed  quadrangle  is  in  a  given  ratio  to  the  rectangle  contained 
by  the  perpendiculars  from  the  same  point  on  another  pair.  In  line 
co-ordinates  it  proves  that  the  product  of  the  distances  of  any  tangent  to  a 
conic  from  a  pair  of  opposite  vertices  of  a  circumscribed  quadrilatenl  is  in 
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a  given  ratio  to  the  product  of  the  distances  of  the  same  tangent  from 
another  pair  of  opposite  vertices. 

8.  Interpret  the  tangential  equation  Aj^  =  kfi\ 

4.  If  two  conies  have  eaoh  douhle  contact  with  a  third  conic,  their  poles 
of  oontact  and  a  pair  of  opposite  vertices  of  the  complete  quadrilateral 
formed  by  their  common  tangents  are  collinear,  and  form  a  harmonic  row. 

6.  If  three  conies  have  each  double  oontact  with  a  fourth,  six  of  the 
points  of  intersection  of  common  tangents  form  the  opposite  vertices  of  a 
complete  quadrilateral,  and  the  remaining  six  may  be  divided  into  four  sets 
containing  three  each,  such  that  the  pairs  of  common  tangents  which  inter- 
sect in  them  are  tangential  to  a  conic. 

6.  If  three  conies  touch  the  same  pair  of  lines,  the  intersection  in  each 
case  of  the  remaining  pair  of  common  tangents  are  collinear. 

304.  Since  the  coefficients  in  the  tangential  equation  of  a 
conic  occur  in  the  co-ordinates  of  its  centre,  and  in  the  equations 
of  its  orthoptic  circle  and  foci,  when  the  tangential  equation  is 
given,  we  can  at  once  write  out  its  orthoptic  circle,  foci,  and 
centre.  Thus  the  tangential  equation  of  the  envelope  of  the 
line,  cutting  harmonically  the  conies 

(a,  J,  (?,/,  ff,  h)  (^,  y,  1)»  =  0  (a',  b\  d,f,  /,  A')  (a;,  y,  1)^  =  0, 
is    (*</  +  Vo  -  2/')  X»  +  {cd  +  ^a  -  2^/)  ^»  +  {aV  +  a'3  -  2M')v« 
+  2  {gh!  +  g'h  -  af  -  a!f)  ,>.v\- 2  {hf -\-  Nf  -hg*-  b'g)  v\ 
'¥2(fg''¥fg'ch'''c'h)\p.^0. 
The  orthoptic  circle  is 

(ii^+a'*-.2AA0(^+J^)-2(A/+A'/-*/-JV)4?-2(i7AV^-«/-«y)y 
+  (J<^+*'c-2/^  +  ca'  +  <?'a-2^/)  =  0.  (878) 

BXEB0ISB8. 

1.  The  locus  of  the  centre  of  a  conic  inscribed  in  a  quadrilateral  is  a 
right  line. 

2.  The  orthoptic  circles  of  conies  inscribed  in  a  quadrilateral  form  a 
coaxal  system. 
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Theobt  op  Rrcipbocal  Polabs. 

805.  The  principle  of  duality  may  be  also  inferred  from  the 
theory  of  poles  and  polars,  some  propositions  in  connexion  with 
which  have  been  already  given  (§  183). 

Dep. — If  any  figwre  A  he  given,  by  taking  the  pole  of  wen/ 
line  and  the  polar  of  every  point  in  it  with  respect  to  any  arhi- 
trary  eonie  S,  toe  construct  a  new  figure  B,  which  is  called  tk 
polar  reciprocal  of  A  with  respect  to  S.  The  conic  8  is  eM 
the  reciprocating  conic. 

From  the  definition,  we  have  at  once  the  following  re- 
sults : — 


A, 


1°.  For  a  point  on. 

2°.  A  tangent  to. 

3^.  A  system  of  collinear 
points  on. 

4^.  A  pencil  of  concur- 
rent lines. 

6°.  A  pair  of  lines  ho- 
mographically  di- 
vided. 

6°.  The  join  of  two 
points. 

7°.  The  locus  of  a  point. 


B, 


1^. 
3^ 


A  tangent  to. 
A  point  on. 
A  pencil   of  concur- 
rent lines. 
4°.  A  system  of  collinear 

points. 
5°.  Two  pencils  of  homo- 
graphic  lines. 
6°.  The    intersection    of 

two  lines. 
7^.  The    envelope   of    a 
line. 


306.   The  following  are  a  few  theorems   proved  by  this 
method : — 
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BXBB0I8B8. 

1.  Anif  two  Jlxed  tangmtt  to  a  eonie  are  cut  hmographieaUy  by  «fty 
frntkU  tangsHt, 

Let  ATy  BT  be  two  fixed  tangents 
touching  the  conic  at  the  points  Ay  B ; 
CD  any  variable  tangent  touching  it  at 
i*.  Join  AP,  BP,  Now  AP  ia  the 
poUrof  C,  andi?Pof  2>;  andi£  P  take 
lour  difFerent  poeitions,  the  point  G  will 
take  four  corresponding  poBitions,  and  so 
vilii).  Then  the  anhannonio  ratio  of 
the  four  positions  of  C  wiU  be  equal 
to  Uie  anharmonic  ratio  of  the  pencil  from  A  to  the  four  positions  of  P. 
Bimilarly,  the  anharmonic  ratio  of  the  four  positions  of  D  wUl  be  equal  to 
the  anharmonic  ratio  of  the  pencil  from  B  to  the  same  positions  of  P;  but 
the  pencils  from  A  and  B  are  equal.  Hence  the  anharmonic  ratio  of  the 
four  positions  of  (7  is  equal  to  the  anharmonic  ratio  of  the  corresponding 
positionB  of  D, 

From  the  theorem  just  proved  it  follows,  that  if  two  lines  be  divided  in 
equal  anharmonie  ratios  by  four  others^  the  six  lines  are  tangents  to  a  eonie. 
And,  more  generally,  If  two  lines  be  divided  homographioaHy^  the  envelope  of 
th^Join  rf  corresponding  points  is  a  conic. 

2.  Any  four  fixed  tangents  to  a  conic  are  cut  by  a  variable  tangent  in 
points  whose  anharmonic  ratio  is  constant. 

BeniL — The  joins  of  the  point  of  contact  Of  the  variable  tangent  to  the 
points  of  contact  of  the  fixed  tangents  are  the  polars  of  the  points  of  inter- 
section of  the  variable  tangent  with  the  fixed  ones ;  but  these  form  a  con- 
stant pencil.    Hence  the  proposition  is  proved. 

8.  j[f  «  hexagon  be  described  about  a  eonie^  the  Joins  of  opposite  angular 
points  are  concurrent. 

For  the  circumhexagon  is  the  polar  reciprocal  of  the  inhexagon,  and  the 
joins  of  its  opposite  vertices  are  the  polars  of  the  intersection  of  opposite 
aides.    Hence  the  proposition  is  the  reciprocal  of  Pascal's  Theorem. 

4.  The  three  pairs  of  points,  in  which  a  transversal  meets  three  circum- 
eof&ics  of  a  quadrilateral,  are  in  involution. 

6.  The  common  tangent  to  any  two  of  three  circumconics  of  a  quadri- 
lateral is  cut  harmonically  by  the  third  conic.  Hence,  if  three  conies 
8,  iB^f  S^'  he  inscribed  in  a  quadrilateral ;  and  if  from  P,  a  point  of  inter- 
■edion  of  8y  S\  tangents  be  drawn  to  S^\  these  form  a  harmonic  pencil 
vith  the  tangents  at  Pto  iS,  S'. 

2c 
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6.  From  Ex.  2  it  follows  that  the  intercepts  on  any  variable  tangent 
to  a  parabola  made  by  three  fixed  tangents  have  a  given  ratio. 

7.  The  reciprocal  of  Ex.  5,  {  302  is — ^pairs  of  tangents  to  a  system  of 
conies  having  a  common  self -conjugate  triangle,  drawn  from  any  pobt  in 
one  of  its  sides,  form  a  pencil  in  involution. 

8.  The  six  sides  of  two  inscribed  triangles  of  a  conic  are  such  that  any 
two  are  cut  in  equal  anharmonic  ratios  by  the  remaining  four.  Hence 
they  touch  another  conic. 

Reciprocally,  if  two  triangles  circumscribe  a  conic,  the  six  vertices  lie  on 
another  conic. 

9.  The  locus  of  the  pole  of  a  given  line,  with  respect  to  any  drcnm- 
conic  of  a  quadrilateral,  is  another  conic.  Hence  the  envelope  of  the  polar 
of  a  given  point,  with  respect  to  a  conic  inscribed  in  a  quadrilateral,  is 
a  conic. 

307.  "WTien  the  reciprocating  conic  is  a  circle,  its  centre  is 
called  the  centre  of  reciprocation.  The  following  results  will 
be  evident  from  a  diagram  : — 

1®.  The  angle  between  any  two  lines  is  equal  or  supple- 
mental to  the  angle  at  the  centre  of  reciprocation  subtended  by 
the  join  of  their  poles. 

2°.  Since  the  nearer  any  line  is  to  the  centre  of  recipro- 
cation the  more  remote  its  pole,  it  is  evident  that  the  pole  of 
any  line  passing  through  the  centre  must  be  at  infinity,  and 
in  the  direction  perpendicular  to  the  line  through  the  centre. 
Hence  it  follows,  since  two  real  tangents  can  be  drawn  from 
any  external  point  0  to  a  conic,  that  the  polar  reciprocal  of 
that  conic  with  respect  to  0  is  a  hyperbola.  Similarly,  the 
polar  reciprocal  of  any  conic  with  respect  to  any  point  on  it 
is  a  parabola,  and  its  polar  reciprocal  with  respect  to  any 
internal  point  is  an  ellipse. 

3°.  If  a  conic  reciprocate  into  a  hyperbola,  the  asymptotes  of 
the  hyperbola  are  perpendicular  to  the  tangents  drawn  from  the 
centre  of  reciprocation  to  the  original  curve. 

4^.  If  a  conic  reciprocate  into  an  equilateral  hyperbola,  the 
locus  of  the  centre  of  reciprocation  is  the  auxiliary  circle. 
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6°.  The  polar  of  the  centre  of  reciprocation  with  respect  to 
any  conic  will  reciprocate  into  the  centre  of  the  reciprocal 

CODic. 

6^.  If  the  original  conic  he  a 
circle,  its  centre  will  reciprocate 
into  the  directrix. 

308.  If  0  he  the  centre  of 
reciprocation  ;  ABC  the  tri- 
angle of  reference  for  trilinear 
co-ordinates;  A*BC*  its  reci- 
procal ;  L  the  polar  of  any  point 
P;  Ai,  ^2,  A,  perpendiculars  from 
A\FyC' on L\  and ai, a,, os the  B' 

trilinear  co-ordinates  of  P;  then  {Sequel^  Book  III.,  Prop.  xxvu.)> 
if  0A\  OB'y  OChe  denoted  by  pi,  p,,  ps,  we  have 

a,  =  OP,^,  &c. 
Pi 

Hence,  if  (n,  b^  e,  /,  g,  A)(ai,  a,,  a^Y  «  0  be  the  equation  of  any 

conic,  the  equation  of  its  reciprocal  with  respect  to  the  circle 

0  will  be 

(«,^^,/,i7,A)(^,     ^,     ^Y=0.  (879) 

\Pi      Pt      Pi  I 

Again,  if  (^,  B,  C,  F,  G,  H){\x,  K,  K)^  =  0  be  the  tangential 
equation  of  a  conic,  where  Xi,  X^y  X^  denote  perpendiculars  from 
the  angles  A',  B*,  C  of  the  triangle  of  reference  on  any  tangent 
L  to  the  conic ;  then,  if  ;ri,  0:2,  x^  be  the  trilinear  co-ordinates 
of  0  with  respect  to  the  reciprocal  triangle  ABC,  we  have 
Xipi  =  r*,  where  r  is  the  radius  of  reciprocation.  Hence,  elimi- 
nating pi  between  this  equation  and 

OP.Xi 


tti  -- 


we  get 


^1  =  vrt 


Pi 

OF'x,' 
2c2 
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and  similar  values  for  A,,  A,.     Hence  the  transformed  equa- 
tion is — 

{A,  B,  C,  F,  G,  ff)(l\    %    jY-0.        (880) 

\Xi        Zt       XzJ 

809.  It  is  required  to  find  the  centre  of  reeiproeation^  eo  that 
the  polar  reciprocal  of  a  given  triangle  ABC  may  he  similar  to 
another  given  triangle  A'B'C 

SoLunow. — On  the  sides  of  ABC  describe  triangles  A'BC^ 
AB'Cy  ABC  similar  to  A'ffU.  The  circumcircles  of  these 
triangles  will  have  a  common  point  2),  which  will  be  the 
required  centre. 


Bern. — ^Let  -E*i,  JEi,  E^  be  the  circumcentres  of  the  triangles 
A'BC,  ABC,  ABO,  Join  AB,  BB,  CD.  It  is  easy  to  prove 
that  these  lines  produced  pass  respectively  through  A',  B'y  C\ 
Join  jS^^s,  -Ei-E*!,  JEi^2-  These  lines  are  respectively  perpen- 
dicular to  AB,  BBy  CB.  Hence  the  angle  JE^iE^  is  the  sup- 
plement of  BBCf  and  the  angle  BA'C  is  also  the  supplement 
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of  BDC;  therefore  ^,i^i^a  =  BA'C.  Similarly,  ^iJEii^s  -  AB'C, 
and  EtE^i  »  ACB.  Hence  the  triangle  SlE^E^  is  similar  to 
A'FC. 

Again,  the  polars  of  the  points  Ay  B,  C,  with  respect  to  any 
drele  whose  centre  is  i>,  are  perpendiculars  to  AD^  BD,  CD, 
respectively,  and  therefore  parallel  to  the  sides  of  the  triangle 
E^EtEi.  Hence  the  reciprocal  of  the  triangle  ABC-mih  respect 
to  2)  is  similar  to  A'B'C  In  like  manner,  if  the  triangles 
A'BCy  AB'Cy  ABC  be  described  inwards,  the  point  of  inter- 
section D  of  their  circumcircles  will  be  another  centre  of 
reciprocation.. 

Bkf. — The  triangle  EiEiE%  formed  by  the  eircumeentres  is 
eaUed  Lionnefe  triangle^  after  M.  Lionnet,  who,  in  the  Nouvelles 
Annalee,  1869,^.  528,  made  use  of  a  construction  similar  to  the 
foregoing  in  solving  Zhuilier^s  projection  problem^  §  278. 

Cor. — If  Ehe  the  circumcentre  of  the  triangle  ABC,  the  points 
D,  E  are  isogonal  conjugates  with  respect  to  Zionnet^s  triangle. 

For  the  radius  DEi  and  the  perpendicular  from  D  on  BC 
are  isogonals  with  respect  to  the  angle  BDC.  Hence  the  lines 
BEi  and  EEi  are  isogonals  with  respect  to  the  angle  E^EiE^, 
whose  sides  are  respectively  perpendicular  to  those  of  BDC. 

310.  If  LionneVs  triangle  {last  fig.)  he  moved  parallel  to  itself 
wUil  the  point  E  coincides  with  D,  it  will  in  its  new  position  be  a 
polar  reciprocal  of  ABC  with  respect  to  D. 

Bern. — Since  E  and  D  are  isogonal  conjugates  with  respect 
to  the  triangle  ExE^E^,  the  distances  of  E  from  the  sides  are 
inversely  proportional  to  the  distances  of  D,  and  therefore 
inversely  proportional  to  AD,  BD,  CD.  Hence  the  proposition 
is  proved. 

311.  The  barycentric  co-ordinates  of  D  with  respect  to  the 
triangle  ABC  are 

l/(cot^  +  cot^')>    l/(cot-B  +  cot^')>    l/(cota+cota'). 

(881) 
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Dem. — When  Lionnet's  triangle  is  placed  as  in  §  310,  the 
sides  of  ABC  will  be  the  polars  of  the  verticeB  of  EiE^i 
with  respect  to  i>,  and  therefore  the  distances  of  D  from 
the  sides  are  proportional  to  IjEEi^  l/EEt,  IjEE^.  Hence 
the  barycentric  co-ordinates  of  D  with  respect  to  ABC  are 
ifl/JE^„  ^hjEE^,  ic/EEj,.  Now,  if  EEi  intersect  BC  in  JT, 
we  have  JE'iif  =  ia  cot  -4',  ME  ■>  ^  a  cot  ^.    Hence 

J£!iE'i  =  ia(cot^  +  cot^');  •*•  ia/EEi^lKcotA -^cotA'). 
Hence  the  proposition  is  proved. 

Similarly,  the  barycentric  co-ordinates  of  i>'  are — 
l/(cot^-oot^')>  l/(cot^-cot^),  l/(cotC-cot(r).     (882) 

BXEB0ISB8. 

1.  The  equation  of  the  circumcircle  of  the  triangle  of  reference  is — 

sin  ^      sin  3      sin  C  _ 
ai  OS  as 

Now  it  is  easy  to  see  that  the  angles  A,  B^C  of  the  old  triangle  of  reference 
will  he  the  supplements  of  the  angles  which  the  sides  of  the  new  triangle 
of  reference  suhtend  at  the  centre  of  reciprocation.  Hence,  denoting  these 
angles  hy  ^i,  ^,  4^,  respectively,  the  result  of  reciprocation  gives  the  fol- 
lowing theorem : — Given  afoetu  and  a  triangU  eireunueribed  to  a  eomc,  Us 
tangential  equation  is — 

sini^i.^+sin^.^+8in4<».^=0.  (888) 

Ai  Xi  Aj 

2.  If  a  polygon  of  any  numher  of  sides  be  inscribed  in  a  circle,  and  if 
the  angles  which  the  sides  subtend  at  any  point  in  the  drcumferenoe  be 
denoted  by  ^u  ^1  ^,  &c.,  we  have  (§  117),   if  01  =  0,  as  =  0,  03  =  0, 

&c.,  be  the  standard  equations  of  its  sides,  2  — -^  a  0.    Hence,  redpro- 

eating  with  respect  to  any  point  in  the  circumference,  we  get  the  fdlowing 
theorem : — If  a  polygon  of  any  number  of  sides  eirettmseribo^  a  paraholOf  and 
if  hi  ^>  ^f  ^C'*  ^  ^^  angles  subtended  at  its  focus  by  the  sides  of  the 
polygon^  Ai,  Aa,  As,  #c.,  perpendiculars  from  the  vertices  on  any  tangent, 
pif  p2j  pit  ^c.f  the  distances  of  the  angular  points  from  the  focus,  then 

2  5?*lJL>  =  o.  (8M) 

Ai 
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3.  In  e<liiation  (339),  if  we  put  sin  ^^  sin  3,  sin  (7  for  a,  b,  e,  the  tan- 
gential equation  of  the  oiicumcircle  of  the  triangle  of  reference  may  he 
-written 

sin  A  V  A.I  +  sin  3  v^Xa  +  sin  (7  v^  A3  =  0. 

Hence,  by  the  foregoing  substitutions^  being  given  a  focus  and  three  tan- 
^nts,  the  equation  of  the  conic  is 


■*/;r 


*<l-hJ^*mt,l^.o.  (S8SI 


4.  If  the  focus  be  one  of  the  Brocard  points,  viz.  the  point  whose  co- 
ordinates are — 

e      a     b 
P    ?     a' 

then  the  angles  4^1,  i^,  r^  which  the  sides  subtend*  at  that  point,  are  the 
supplements  of  the  angles  C,  A,  Bj  respectively.  Hence  the  equation 
of  the  Brocard  ellipse,  that  is  the  inscribed  ellipse  whose  foci  are  the 
Brocard  points,  is — 


Jt-Jt-J7=»-  («»«) 


5.  If  the  angles  of  a  polygon  circumscribed  to  a  circle  be  denoted  by 
Ay  B,  Cy  &c.,  and  the  perpendiculars  from  its  angular  points  on  any 
tangent  to  the  circle  by  Ai,  A3,  &c.,  we  have 


(^)- 


Hence,  if  a  polygon  of  any  number  of  sides  be  inscribed  in  a  conic ;  and  if 
f  I,  X2i  xz,  &c.,  be  the  perpendiculars  from  one  of  its  foci  on  the  sides,  and 
4^1}  4^9  &c.,  the  angles  subtended  at  that  focus  by  the  sides,  we  have 

/a;itan^f 


(?lt!ty±')=0.  (887) 


Dbf.  I. — If  through  any  point  be  drawn  three  linea  (/,  m,  n)  parallel  to 
the  vectors  ADy  BD,   CD  of  a  quadrangle  ABCDy  and  A,  /a,  ir  parallel  io 
BCy  CAy  ABy   the  pencil  in  involution  (iX,  m/A,  nv)  ie  called  the  penck         \y^ 
of  the  quadrangle,  > 
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DBF.  n.—T¥fO  quadnmgU$  ABCD,  A'B'CTiy,  whiek  art  tuek  thai  thi 
normal  comcrdimaUM  of  L  with  re$peei  to  ABC  art  mverselif  propoHumal  to 
the  voetor*  from  If  to  tho  points  A\  B',  C,  are  oaid  to  be  tnetapoiar,  oiU 
the  points  2>,  1/  their  metapoles, 

6.  If  {ikj  MM,  «v)  be  the  pencil  of  a  quadimnc^  ABCJ)^  proye  that 
{kit  fjm,  pn)  la  the  pencil  of  a  metapolar  quadrangle. 

7.  If  two  quadxanglet  be  metapolar,  they  oan  be  placed  bo  that  eone- 
spending  trianglet  will  be  reciprooal  in  four  different  waya. 

8.  If  the  pointt  D,  If  he  iaogonal  conjugates  with  respect  to  the  triangle 
ABC,  and  if  D\D%]h  be  the  pedal  triangle  of  i>,  the  quadrangjles  DJh AX^ 
ITABC  are  metapolar. 

9.  If  ABCf  A'BC  be  two  triangles  on  the  same  base,  and  if  the  join  of 
Af  A*  meet  the  ciroiuncircles  of  ABC^  A'BC  again  in  D,  D*,  prove  that  the 
quadrangles  IfABC^  DA'BC  axe  metapolar. 

10.  Haoe  two  pencils  Imn,  A/ur  so  that  they  shall  be  in  inTdution. 

11.  Being  given  two  pencils  (/mm),  (Afir),  to  oonstruot  the  right  an^ 
which  correspond  in  the  pencils. 

12.  CoQitniot  the  rectangular  rays  of  a  pencil  associated  to  a  quadr&ngls. 
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EECENT  GEOMETRY. 
SscnoK  I. — Ok  a  Systeic  op  Thbee  Figubes  Dibectlt  Similar. 

312.  Let  Ay  B,  C  .  ,  ,  be  a  system  of  points  belonging  to 
a  figure  ^i ;  on  the  radii 
Tectores  drawn  from  a 
fixed  centre  0,  taking 
0A\  OB',  OC  .  .  .  snch 
tiiat  OA'IOA  =   OB'IOB 

being  given    lengths,  the 

'  points  ^',-ff',  C,  &c.,  make 
a  new  figure  ^i,  which  is 
komothetic  to  Fi  with  re- 
spect to  the  point  0.  Then, 

if  ^1  torn  round  the  point 
O  through  any  given  angle, 

denoting  by   -4",  ^',  C"   the   new  positions  of  the  points 

-4',  B'f  C'f  and  by  ^a,  the  figure  which  they  form,  ^i  and  F^ 

are  two  figures  directly  similar,  having  for  double  point  or  eetUre 

qfnrntlUude  the  point  0. 

The  doable  operation  by  m^ans  of  which  F^  is  transformed 

into  F^  is  called  a  rotation.   It  is  said  to  be  around  the  point  0^ 

having  for  its  measure  the  ratio  OA  :  OA", 

313.  Being  given  two  poly  gone  directly  similar,  it  is  required  to 
Jhsd  their  double  point. 
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Let  ABf  A*B*  be  two  homologous  sides  of  the  fignres, 
C  their  point  of  intersection. 
Through  the  two  triads  of  points 
AA'G,  BBC  describe  circles 
intersecting  in  0,  0  is  the  double 
point. 

For,  evidently,  the  triangles 
OABy  0-4'^  are  directly  similar. 

This  construction  fails  when 
the  homologous  sides  of  the  figures  ar^  two  consecutiye  sides 
BA^  AC  oia,  triangle.    In  this  case,  upon  the  lines  BA,  AC 
describe    two    segments    BOA, 
AOC,  touching  AC,  AB  respec- 
tively si  A.  Then  0,  their  second 
intersection,  is  the  double  point, 
for  it  is  evident  that  the  triangles 
BOA^AOC  are  directly  similar. 

Cor.  1. — 0  is  the  focus  of  a 
parabola  touching  AB,  AC  at 
the  points  B,  C. 

Cor,  2. — The  distances  of  the 
double  point  from  any  two  homologous  points  or  lines  are  in 
a  given  ratio. 

Cor.  3. — If  ^0  be  produced  to  meet  the  circumcirde  of  the 
triangle  ABC  again  in  B,  AO  equal  OJD. 

Cor,  4. — Either  Brocard  point  is  the  double  point  of  the  given 
triangle,  and  of  any  of  an  infinite  number  of  directly  similar 
inscribed  triangles. 

For,  let  O  be  a  Brocard  point.  Take  any  point  1)  m  BC, 
Describe  circles  about  the  triangles  BBO,  QCB  intersecting 
the  sides  BA,  AC  respectively  in  the  points  F,  E,  Thai 
the  triangle  FBHis  directly  similar  to  ABC, 

For  the  angle  BFtl  is  equal  to  BBQ  «  FAQ  and  FBQ  -- 


.FJM, 


Hence  the  triangle  BQA  is  directly  similar  to  IKlF.    Similarly, 
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the  pairs  of  triangles  FilE^  AQC;  MID,    CCIB  are  directly 
similar.     Hence  the  proposition  is  proved. 


These  Similab  Eigxtbes. 

314.  Notation. — Let  Fi,  /i,  F^  be  three  directly  similar 
figures,  lit  hi  h  three  corresponding  lengths,  a^  the  angle  of  ro- 
tation of  Fiy  F3,  oa,  03  the  angles  of  rotation  of  F^,  F^  and 
Fij  jPa  respectively,  jSi,  jSj,  8z  the  double  points  of  ^2,  ^3, 
^3,  Fi,  and  of  F^,  F^,  We  shall  also  denote  by  (0 .  AB)  the 
distance  from  the  point  0  to  the  Hue  AB.  The  triangle  81828^ 
formed  by  the  double  points  is  called  the  triangle  of  similitude 
of  the  figures,  and  its  circnmcircle  their  circle  of  similitude. 

In  every  system  of  three  figures  directly  similar  the  triangle 
formed  by  any  three  homologous  lines  is  in  perspective  with  the 
triangle  of  similitude^  and  the  locus  of  the  centre  of  perspective  is 
the  circle  of  similitude,  (Tabrt.) 

Dem. — Let  a^,  tfj,  03  be  three  homologous  lines  forming  the 
triangle  A^A^A^.     Then  we  have  (§  313,  Cor.  2) 

{S,.a,)k     {8,.a,)^k     (S,.ai)_h 
{Si. a,)     k'    {8,.ai)     h'    (^,.0,)      k' 
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Hence  it  follows  that  the  lines  SyAi,   S^%^   S^A^  cointenect 
in  a  point  L  whose  distances  from  the  lines  Oi,  a,,  O}  aie  propor- 


tional to  /,,  ^,  /,.  Again,  the  triangle  AiA^A^  being  formed  by 
three  corresponding  lines,  its  angles  are  supplements  of  ai,  c^,  os 
respectively.  Hence  the  angles  AiZAt,  A^LA^^  A^LAi  are 
given,  that  is,  the  angles  SiLS^,  S^S^,  S^LSi  are  given.  Hence 
the  point  Z  moves  on  three  circles  passing  through  Si  and  5t, 
Si  and  S^y  8^  and  Si  respectively,  that  is,  it  moves  on  the 
circumcircle  of  the  triangle  SiStS^. 

316.  In  wery  syaUm  of  three  similar  figwree  there  is  an  infinite 
number  of  triads  of  concurrent  homologous  lines;  these  turn  round 
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thru  fixed  poiwU  /i,  /„  I^  of  the  eirele  ofeimilitude,  and  the  locue 
of  their  point  of  concurrence  is  the  circle  of  similitude.      (Taert.  ) 

Bern. — Let  L  be  the  centre  of  perspective  of  the  triangle 
SiStStf  and  AxA^i  formed  by  three  homologous  lines. 
Through  L  draw  Z/i,  Z/i,  LI^  parallel  to  the  sides  of  AiA^A^^ 
respectively.    These  are  homologous  lines  for 

(Si  .  Z/,)/(S| .  Z/,)  -  (Si  .  a.)/(S| .  a.)  -  /,//,,  &c. 

Again,  the  point  1%  is  fixed ;  for  the  angle  S1Z/3  is  equal  to 
SiAiAij  which  is  given.  Hence  the  arc  S1/3  is  given,  and  /a  is 
a  given  point.     Similarly,  /,,  7i  are  given  points. 

Dep. — /|,  /„  /j  are  called  the  invariable  points,  and  Iililz  the 
invariable  triangle. 

Cor.  1. — The  invariable  triangle  is  inversely  similar  to  the 
triangle  formed  by  three  homologous  lines. 
For  the  angle  /a/3/1  =  /aZ/i  «  AiA^Ai,  &c. 

Cor.  2. — The  invariable  points  form  a  system  of  three  corre- 
sponding points. 

For  the  angle  /aSj/a  =  ai,  and  Sj/j :  S1/3 : :  ^ :  /,. 

Cor.  3. — The  lines  joining  /|,  /j,  I9  to  any  point  of  the  circle 
of  similitude  are  corresponding  lines  of  Fi,  /"a,  F^. 

For  they  pass  through  three  homologous  points,  and  make, 
with  each  other,  angles  equal  to  ai,  a,,  as,  respectively. 

Cor.  4. — ^The  triangle  formed  by  any  three  corresponding 
points  is  in  perspective  with  the  invariable  triangle  and  the 
locus  of  the  centre  of  perspective  is  the  circle  of  similitude. 

For  the  joins  of  corresponding  vertices  are  corresponding  lines 
through  the  invariable  points. 

Cor.  5. — ^The  invariable  triangle  and  the  triangle  of  simili- 
tude are  in  perspective.  For  we  have  1%:  h::  Sil^  i  Si/s :  : 
(S|./|/a):(S|./|/a). 

316.  Modular  Quadbakglb. — If  from  a  point  Q  we  draw  three 
lines  QQit  QQa,  QQ^  equal  to  h^  ky  h,  respectively ,  and  parallel 
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to  any  three  homologous  lines  of  Fi,  Ftj  F^^  the  figure  QQiQtQi  is 
called  the  modular  quadrangle.  (NBUBBRe.) 

It  is  evident  from  the  construction  that  the  angles  Q^QQn 
QiQQi,  QiQQ%  are  respectively  equal  to  ai,  os^  a,. 

Cor.  1. — The  figure  formed  hy  the  point  L  (Jig.y  §  314)  and 
Zi,  Z,,  Zj,  the  feet  of  perpendiculars  from  it  on  the  sides  of 
the  triangle  AiA^A^  is  similar  to  the  modular  quadrangle. 

Because  the  distances  of  Z  from  the  sides  of  the  triangle 
AxA%A^  are  proportional  to  /i,  /^,  ^,  and  the  angles  L%LLii 
ZjZZi,  Z1ZZ2  are  respectively  equal  to  ai,  oj,  a,. 

Cor.  2. — The  pedal  triangle  MiMtM^  of  Z  with  respect  to 
LxLJit^  is  easily  seen  to  be  inversely  similar  to  SiSiS^,  Hence 
the  pedal  triangle  of  Q  with  respect  to  QiQ%Qi  is  inversely  similar 
to  the  triangle  of  similitude. 

Cor.  3. — The  antipedal  triangle  of  Q  with  respect  to  QiQiQt 
is  similar  to  ths  triangle  formed  hy  any  three  corresponding 
lines  of  F,,  F^,  F^.   ' 

For  the  antipedal  of  Z  with  respect  to  ZjZjZs  is  the  triangle 
AiA2Az» 

317.  If  Pi,  Pt,  P3  he  a  triad  of  homologous  points  of  Fi,  Ft,  /i; 
Ml)  M3)  f^  the  areas  of  the  triangles  Q2QQ9,  ,Q%QQi,  QiQQz  of  the 
modular  quadrangle.  The  mean  centre  o/Pi,  Pt,  Pi  for  the  system 
of  multiples  /ai,  y^,  fi^is  a  fixed  point.  (Nkubeeo.) 

Dexn. — Let  Rx,  R^,  R^  be  another  triad  of  homologous  points, 
divide  P%Pi,  It%Rz  in  the  ratio  f^  :  fi,  in  the  points  P4,  ^4 ; 
draw  Pi  U,  P^  V  equal  and  parallel  to  P%Rt  and  PyR^  respec- 
tively. Join  R%U,  R3K  Now  we  have  RiU:  R^V  I'.fjLtifi^:: 
R%Ri :  R^R^.  Hence  the  line  UV  passes  through  R^,  Again, 
in  the  modular  quadrangle  we  can  suppose  QQi,  QQ^,  QQ,  to  be 
equal  and  parallel  to  P\R\,  PJtt,  P^Rt,  respectively.  Hence 
the  triangle  PilTFis  equal  in  every  respect  to  QQ^Q^.  Hence, 
if  we  produce  dQ  to  meet  Q^QtUi  Q4,  it  follows  that  PiR^  is 
equal  and  parallel  to  QQ^.  Therefore  PiRi  and  PiRi  are 
parallel,  and  the  lines  P,  A,  RiRi  intersect  in  a  point  J),  such 
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that  each  is  divided  in  J9  in  the  ratio  QQi  iQQi.    Hence  D  is 


the  mean  centre  of  the  triads  of  points  Pi,  Pj,  Pj ;  ^i,  P,,  R^ 
icfT  the  mnltiples  fii,  fisi  /as. 

Def. — ^2)  is  called  the  dibectob  paint, 

318.  Let  S\  he  the  point  of  Fi  which  corresponds  to  Si,  eon- 
sidered  as  a  point  in  Ft  and  F^ ;  iS',  the  point  of  P„  which  cor- 
responds  to  82  in  Ps  and  Fi  ;  and  5',,  the  point  of  F3  which 
corresponds  to  S^  in  Pi  and  F2.  Then  the  lines  8iS\,  ^jiS'j,  S^S'^ 
are  concurrent. 

In  fact  D  is  the  mean  centre  of  <S'i,  S^y  Si  for  the  multiples 
Mi>  M«»  /*3-  Therefore  2>  is  a  point  on  8iS\,  which  it  divides  in 
the  ratio  fii :  fta  +  fts*    Similarly,  it  is  a  point  on  8^8^  and  8^8^. 

Or  thus — By  hypothesis  the  three  points  8\y  81,  81  are  homo- 
logous points.  Hence  the  lines  8\Iif  81I2,  81!^  joining  them  to 
the  invariable  points  are  concurrent.  Hence  the  points  8\j  D,  81 
(fig.,  §  314)  are  collinear.  Similarly,  8^2,  -0,  ^3  are  collinear, 
and  iS'3,  i>,  8s  are  collinear. 

Dep. — The  points  8\,  S'^  8\  are  called  the  adjoint  points, 
and  the  triangles  8*1828^,  SiS^S^j  81828^  aukex  triangles. 
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319.  7%^  annex  tnanjUn  are  directly  eimUar  to  the  modulm' 
triangles.  (Nedbbro.) 

Dem.— The  points  S\,  8t,  8^  in  Fi  correspond  to  Si,  5',,  8^ 
in  Ft,  and  to  Su  8%,  S\  in  ^i.    Hence  the  triangles  5i5',4, 


SiSjS's  are  similar  to  QQs^.  Therefore  the  angle  SiS^D  is 
equal  to  SiS'^Dy  and  the  circumcircle  of  the  triangle  SiStS^t 
passes  through  2).  Similarly,  the  circumcircles  of  the  triangles 
S\SiSi,  SiS'iS^  passes  through  i>.  Let  -E;,  ^,,  -fii  be  the  cir- 
cumcentres  of  the  annex  triangles.  Then,  as  they  form  a  triad 
of  homologous  points,  the  triangles  SiF^F^y  StF^Eif  SzEiEa  are 
directly  similar  to  the  triangles  QQaQsi  QQ»Qu  QQiQ%f  hut  the 
lines  SiD,  S2D,  SiD  are  perpendicular  to  F^Fi,  F^Fi,  FiEt 
at  their  middle  points.  Hence  the  triangles  DFiFt,  DE^, 
DEyFt  are  inversely  similar  to  QQaQs,  QQ3Q1,  QGiQi.  There- 
fore the  triangle  F^F^F^  is  inversely  similar  to  S'lStS^.  Hence 
S'lStS^  is  directly  similar  to  QiQs^. 
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Cor.— The  lines  SiS'i,  828^2^  S^S'^  are  respectively  the  doubles 
id  the  altitudes  of  the  triangle  ^^,^3. 

Por  DS'i  is  bisected  by  the  perpendicular  from  ^i  on  it,  and 
81D  IB  bisected  by  -£'2^3- 

Det. — JTe  shall  call  the  eireumciroUs  of  the  annex  triangle$ 
Asrax  CiBCLES,  and  the  triangle  formed  hy  their  centres  Liokket's 
TsuireLB.  Compare  §  809,  Def.,  and  the  circumcircle  of 
Hotmefe  triangle  Lionnst^s  Cibclb. 

S20.  The  triangle  formed  hy  any  three  homologous  points  Pi, 
P%i  P3  is  orthologique  with  LUmnefs  triangle  ^lEgE^,   (NsuBBae. ) 

Dem. — ^Let  the  barycentric  co-ordinates  of  Pi  with  respect 
to  the  triangle  8^8289  be  Xi,  X,,  A3,  then  the  barycentric  co- 
oidinates  of  Ps  with  respect  to  818^282  and  of  Ps  with  respect  to 


SiS^S's  are  Xi,  At,  A«.    Again,  join  8'iPu  and  produce  to  meet 
S^S^  in  ir.    Join  Z7»i,  and  draw  PiP  parallel  to  8\8i  meeting 
ZTS^  in  P.    Then  it  is  easy  to  see  that  the  barycentric  co- 
ordinates of  P  with  respect  to  818282  are  Ai,  A.,  A..    Similarly, 

2i> 
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it  may  be  proved  that  the  parallel  through  P%  to  8>%8ti  and 
through  Ps  to  8^8%^  pass  through  the  point,  whose  barycentrie 
oo-ordinates  with  respect  to  8i8t8^  are  Xi,  X»,  X».  Hence  the  three 
parallels  are  concurrent,  but  these  parallels  are  perpendicular  to 
the  sides  of  ^jS'sJ^.    Hence  the  proposition  is  proyed. 

Cor,  1. — The  figures  ^i,  F^^  F^  are  projectively  related  to  a 
fourth  figure  F, 

For  when  Pi  describes  Pi,  P  will  describe  P,  which  will  be 
the  projection  of  each  of  the  figures  Pi,  Ps,  P9. 

Cor.  2. — ^The  invariable  triangle  is  the  reciprocal  of  Liomnsi's 
triangle. 

For  the  perpendiculars  from  D  on  the  sides  of  SiE^  are  the 
halves  of  the  lines  iSi2>,  iS^Z),  /SsZ),  respectively,  and  these  are 
proportional  to  the  reciprocals  of  2>/i,  2>/t,  Z)/,,  respectively. 

321.  The  triangle  formed  hy  any  three  corresponding  pomte  u 
eimiiar  to  the  pedal  triangle  of  <my  of  these  points  vfith  respect  ie 
the  corresponding  Annex  triangle. 

Dem. — ^Let  the  perpendicular  co-ordinates  of  Pi  with  respect 
to  iS'iiS^iS)  be  Xif  ffi,  %i ;  those  of  Ps  with  respect  to  8iS^t89, 
x%y  yti  Ssi  and  of  Ps  with  respect  to  SiStS't  be  ^,  ysi  *»•  ^0^ 
from  similar  triangles  we  have 

^'i^i:PiP::(^'i.^s^):2?i, 
but  8'i8i  «  2  (-^ .  JEUSi)  Cor.,  §  319. 

Hence  2  {Fi .  F^F^) :  {8\ .  8^8^) : :  PiP  :  Xi. 

Similarly,        2  (JSi .  F^Fj)  :  (iSf's .  8z8i)  : :  PsP  :  y,; 
but  from  similar  triangles, 

{8',.8,8{):{8,.8,8'0'.:ytiyi 
Hence  (Euc.  V.  xxu.), 

2{F,.F^0  :  {8,.8,8\)  iiPJPi  y,. 
But  since  the  triangles  FiFtF^,  8^18281  are  similar, 

{F, .  F^F,)  :  (.^'1 .  8^8^)  i :  (F^.F^li)  :  («i .  fi.^'i). 
Hence  PiP  :  «i : :  PsP :  yi,  and  similarly  as  PjP  :  %,  and  the 
proposition  is  proved. 
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Car. — The  ratios  P^P :  iCi,  P^P :  y^  P^P :  81  are  given.  For 
each  is  eqnal  to  the  ratio  of  any  side  of  EiE%Ei  to  half  the 
homologous  side  of  8\8%8i,  The  proposition  just  proved  afiords 
immediate  solution  of  a  large  numher  of  propositions.  The 
following  are  a  few  instances : — 

1^.  If  three  hmnologoue  poinU  he  oolUnear^  their  hci  are  the 
annex  eirclee. 

Tot  the  feet  of  the  perpendiculars  from  each  on  the  sides  of 
its  annex  triangle  are  coUinear. 

2^.  If  the  Procard  angle  of  the  triangle  formed  hy  three  homolo- 
gaue  points  he  given,  their  loci  are  Bchotttb  circles  of  the  corre- 
sponding Annex  triangles. 

3^.  Jffthe  area  of  the  triangle  formed  hy  three  homologous  points 
he  given,  the  locus  o/each  is  a  circle. 

For  the  area  of  the  pedal  triangle  of  each  point  with  respect 
to  its  annex  triangle  is  given. 

The  maximum  triangle  formed  hy  three  homologous  points  is 
Zionnefs  triangle  EiEtE^. 

4°.  If  the  angle  P%PiPz  of  the  triangle  formed  hy  three  homolo- 
gous points  he  given,  the  locus  of  Pi  is  a  circle  passing  through  the 
paints  82 .  8^. 

5^.  J^the  sum  of  the  squares  of  the  sides  of  the  triangle  formed 
hy  three  homologous  points  he  given,  the  locus  of  each  is  a  circle. 

In  each  of  the  foregoing  cases  the  locus  of  the  point  P  is  an 
ellipse. 

6®.  J^Pi,  Pi,  Pt  he  homologous  points,  P'l,  -Pj,  P',,  their  inverses 
with  respect  to  the  annex  circles,  the  triangles  PyP^^,  P'lP'jP',, 
are  inversely  similar.  D  is  their  double  point,  find  ifPiP'i  inter- 
sect its  Annex  circle  in  the  points  V,  V%  DV,  DV  are  their  double 
lines.  (M*Cat.) 

For  if  Pi,  P'l  be  inverse  points  with  respect  to  the  annex 
circle  8^828^,  their  pedal  triangles  are  inversely  similar. 
Hence  PiPjPj,  P'iP'%Fz  are  inversely  similar. 

2i>2 
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7°.  The  triangle  TxTtT^formei  ly  the  inverses  of  the  incariabU 
paints  with  respect  to  the  Annex  circles  is  directly  similar  to  the 
trianyle  formed  by  any  three  corresponding  lines.  {Ihid.) 

8°.  The  anticomplementary  o/T^i/'aA  «  «  triangle  {say  ABC) 
formed  hy  three  corresponding  lines,  and  the  middle  points  of  its 
sides  are  homologous  points  ofFiy  F^y  F^.  The  perpendiculars  to 
the  sides  of  ABC  at  Fi,  Ft,  Fz,  or  at  their  middle  points  are  con- 
current homologous  lines.  Hence  they  pass  through  the  invariable 
points,  and  intersect  on  the  circle  of  similitude.  Hence  the  ortho- 
centre  of  Fil'%Fz  is  a  point  on  the  circle  of  similitude.       {Ibid.) 

EXBBOISES.* 

1 .  The  invariable  triangle  is  orthologique  with  that  formed  by  any  three 
corresponding  lines. 

2.  If  corresponding  circles  of  F\,  Ft,  Ft  be  concentric  with  the  annex 
circles,  circles  cutting  them  orthogonally  form  a  coaxal  system,  of  irfaich 
the  director  point  is  a  limiting  point.  (M*Cat.) 

3.  If  the  figures  Fi,  Ft,  Ft  be  equal,  the  director  pcnnt  is  the  circnn- 
centre  of  Lionnet*s  triangle,  and  the  orthocentre  of  the  triangle  of  simili- 
tude. 

4.  In  the  same  case,  the  annex  triangles  are  the  sym^txiqnes  of  the 
triangle  of  similitude  with  respect  to  its  sides. 

5.  If  through  any  three  corresponding  points  lines  be  drawn  parallel  to 
the  sides  of  lionnet's  triangle,  they  form  a  triangle  of  constant  area. 

6-10.  If  the  director  point  be  on  the  circumference  of  Lionnef  s  circle^ 
then— 1"*.  The  double  points  are  collinear.  2''.  The  inyariable  points  are 
at  infinity.  3".  The  triangle  FiFtFt  coincides  with  LionmCt  triangle. 
4^  The  adjoint  points  are  the  sym^triques  of  D  with  respect  to  the  tri- 
angle ABC,  the  anticomplementary  of  Lionnet*s  triangle.  6^.  If  the  Hne 
SiSkSt  cut  the  sides  of  ABG  in  angles  A',  B',  G',  and  jB  be  the  circum- 
radius  of  ABC,  the  radii  of  the  annex  circles  are 

i^coB^',    J^cos^',    RcosC. 

•  These  Exercises  have  been  selected  chiefly  from  Nbvbbbo  **  Sur  le« 
projections  et  contra-projeotions."    Bruxelles,  1890. 
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11*17.  If  the  poixits  8u  Si,  S^  remain  fixed,  while  the  director  point 
D  IB  at  infinity  in  a  given  direction  9»  theo — 1^.  The  lines  through 
Si,  8t,  Si  parallel  to  9  out  the  circle  of  similitude  in  the  inyariable  points. 
2*.  ^1  +  /i3  +  /is  s  0.  3^.  Every  line  parallel  to  S  meets  the  sides  of  the 
triangle  of  similitude  in  three  corresponding  points.  4**.  The  triangle 
fanned  by  three  corresponding  lines  is  similar  to  the  triangle  of  similitude. 


6^.  It  is  inscribed  in  the  triangle  of  similitude.  6*.  The  adjoint  points 
are  the  intersections  of  the  side  of  SiStSi  with  the  parallels  Sili,  Siltf 
8%I%.     r.  The  annex  triangles  reduce  to  flat  triangles  S'lStSz,  SiS'tSt, 

IS— 23.  If  from  any  point  P  of  a  line  d  perpendiculars  be  drawn  to  the 
■ides  of  a  fixed  triangle  ZiZtZi,  their  feet  mark  three  homologous  rows  of 
points  which  may  be  regarded  as  making  parts  of  three  directly  similar 
fLgaxeiB  Fiy  /a,  Fz,  then — l"*.  The  feet  of  perpendiculars  from  the  summits 
of  Z\ZiZ%  on  the  line  (^  are  the  double  points  8\y  8%,  89  of  the  system. 
2".  The  triangle  ZiZiZg  is  similar  to  Lionnet*s  triangle.  8^.  The  invariable 
pointB  are  at  infinity  on  the  perpendiculars  of  Z\Z%Zz,  4.  The  director 
posnt  J)  is  the  point  common  to  perpendiculars  from  81,  82,  8%  on  the  sides 
c£  Zx2<y^    6^  If  d  intersect  the  drcumoirole  of  Z\Z^z  in  the  points 
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r,  V*y  the  Simson's  lines  of  F,  V*  with  respect  to  ZiZ%Zt  pass  through  D. 


6"*.  If  (^  be  a  diameter  of  the  oiroumcirole  of  ZiZ%Zt,  D  will  be  on  its 
nine-points  circle. 

24.  If  P|,  Pa  be  homologous  points  of  directly  similar  figures  F\^  Ft,  sn^ 
if  through  any  fixed  point  8  a  line  Sp  be  drawn  equal  and  parallel  to  PiPs* 
the  locus  of  1?  is  a  figure  similar  to  Pi,  F%, 

25.  If  PiQiBij  PiOtRz  be  two  triangles  directly  similar,  and  if  throogb 
any  point  Sy  be  drawn  lines  Sp^  Sg,  Sr,  respectively  equal,  and  parallel  to 
PiPsy  QiQi,  £iB%;  the  triangle i?^  is  similar  to  the  given  triangle. 

26.  Being  given  Lionnet's  triangle  of  three  similar  figures,  then  any 
triangle  PiPzPs  whose  summits  are  three  homologous  points,  is  only  altered 
in  position  by  the  change  of  position  of  the  director  point. 

27.  If  Pi,  P],  Pa  be  a  triad  of  homologous  points  of  three  similar  towt, 
and  if  upon  a  fixed  base  a  triangle  similar  to  PiPsPs  be  described,  the  loent 
of  the  free  summit  is  a  circle. 

Section  II. — Theobt  op  Hjikmovic  Chobds. 
322.  If  A'F  he  a  chord  of  gwen  length  imcribed  in  «  eirde  Z, 
S  a  given  point,  then  if  the  lines  A' 8,  B'S  intereeet  the  ekcU 
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4tgain  in  ABj  a  point  K {called  the  eymmedian  paint)    can  he 
Jbundy  such  that  the  ratio  {K.  AB)IAB  is  constant, 

Sol. — ^Let  AB^  A!B'  produced  meet  in  P,  and  intersect  in 


C,  C,  the  line  joining  &  to  the  centre  0.  Througli  P  draw 
FS>^  the  polar  of  8^  then  K^  the  harmonic  conjugate  of  0  with 
respect  to  8^  8\  is  the  point  required. 

Dem.— Since  the  pencils  P{SC8fC')y  P(8K8'0)  are  har- 
monic, 

2/88'  -  1/80+  II8C'  ^  1/6X+  1/80, 


{8K'  8C)I{8K.  8C)  =  {8C'  -  80)I{8C' .  80). 
KCI8C:0ai8C' : :  8E  8:  0. 


Hence 

Therefore 

{E.  AB)I{8  .AB):{0.  A'B^I{8 .  A'B) : :  8K\  80. 

{8 .  AB)  :  {8 .  A'B')  ::AB:  A'B'. 
{K,  AB)IAB  :{0.  A'B')IA'B' : :  8K:  80. 


But 
Hence 


But  the  three  last  terms  of  this  proportion  are  giyen,  therefore 
the  first  is  given. 
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Cor,  1. — ^If  the  points  A^  B\>q  joined  to  8^^  and  prodnoedto 
meet  Z  again  in  A"y  B'\  these  points  aie  the  symetiiqQes  of 
A',  B"  with  respect  to  SS\ 

Cor,  2. — If  the  chord  A'B*  take  different  positicms  in  the 
circle,  its  extremities  will  divide  the  circle  homographically. 
Hence  the  corresponding  positions  of  A^  B  will  be  homograpMc 
Hence  we  have  the  following  theorem : — 

If  the  extremities  of  a  chord  of  a  evrele  divide  it  homo^aphieaUf/t 
there  is  a  fixed  point  in  its  plane  such  that  its  perpendicular  dii- 
tancefrom  the  chord  hears  a  constant  ratio  to  its  length. 

Def. — The  points  8,  S'  are  called  the  centres  of  inversion. 

323.  fisooiBD  Ellipse. — Since  A'B*  is  a  chord  of  constant 


length,  its  envelope  is  a  circle  concentric  with  Z  Hence  the 
envelope  of  AB  is  an  ellipse,  called  the  Brocard  Ellipse ;  its  foci 
are  found  as  follows : — 

Let  JTbe  the  symmedian  point,  0  the  centre  of  Z,  npon  OK 
as  diameter  describe  a  circle.  (This  is  called  the  Brocard  (HreU.) 
Draw  OcT' perpendicular  to  AB,  cutting  the  Brocard  Circle  in  /. 
Join  AI,  BIf  cutting  the  Brocard  Circle  in  O,  ly ;  these  are 
given  points,  and  are  the  required  foci. 
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Dem. — Since  the  ratio  {K .  AB)/AB  is  given,  the  ratio 
//:  ABy  therefore  the  ratio  IJ:  JJB  is  given.  Hence  the  angles 
JIB,  IB  J  axe  given.  Hence  the  angle  OIQ  is  given.  Hence  O 
is  a  given  point.  From  O  draw  Oif  perpendicnlar  to  AB. 
Now,  since  the  triangle  (IBM  is  given  in  species,  and  B  moves 
on  a  given  circle,  the  point  M  describes  a  fixed  circle.  This 
will  be  the  pedal  circle  of  the  conic,  which  is  the  envelope  of 
AB.    Hence  O  is  a  focns.     Similarly,  O'  is  a  focus. 

Det. — O,  O'  are  called  the  Broeard  points  of  the  syetem^  and 
either  hose  angle  of  the  isoseeles  triangle  LAB  its  Broeard  angle. 

Cor.  1.— If  the  angle  which  A'B*  (fig.,  §  322)  subtends  at 
the  centre  be  denoted  by  2a,  the  distance  OK  by  S,  and  the 
Broeard  angle  by  co,  then 

tan»o).tan»a=rl -8»/^.  (888) 

Dem. — From  the  proof  of  §  822, 

(JT.  AB)IAB  '.{0.  A'B'yA'B' :  18^:80. 
But 

{K.AB)IAB  =  i  tan  o),    ( 0 .  A'B')IA'B'  =  i  cot  a. 
Hence 

tanw.tana^^JT/flfO. 

Again,  since  the  points  0,  ir(fig.,  §  822)  are  harmonic  con- 
jugates with  respect  to  8,  8\  and  8,  8^  axe  inverse  points  with 
re6X>ect  to  ^,  it  is  easy  to  see  that 

SK^I8(P  =  1  -  87^.    Hence  tan«  a> .  tan»  a  =  1  -  8»/.B». 

Cor.  2.--  8»  =  iP(l-tan«a.tan><«)).  (889) 

Cor.  3. — Since  the  locus  of  Jf  is  the  auxiliary  circle  of  the 
Broeard  ellipse,  the  radius  of  the  auxiliary  circle  is  ^  sin  <d, 
that  is,  the  transverse  axis  of  the  ellipse  is  2jS  sin  a>,  also  the 
distance  120'  between  the  foci  is  equal  to  8  sin  2<d,  that  is, 


i2  v^(l  -  tan'^a  .  tan'  a>)  sin*  2«. 
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Hence  the  equation  of  the  Biocard  ellipse  referred  to  its  axes  is 
«»sin'o)  +  y*cos'a  ■  iP  sin*a).  (890) 

Cor.  4. — 11  the  lines  00,  00'  meet  the  circle  Z  in  the  points 
V^  V\  the  chord  W*  is  equal  to  the  major  axis  of  the  ellipse. 
824.  If  0  be  the  circumcentre,  8^  Bx  the  centres  of  inyersioiif 
08  lOSii:  COB  (o>  -  o) :  cos  (<o  +  d).  (891) 


Dem. — Since  8,  8i  are  the  limiting  points  of  the  circles  Zf  X, 
the  radical  axis  bisects  88i  in  Q,  but  the  radical  axis  is  the 
inverse  of  X  with  respect  to  Z,  Hence  OQ=s  ^/S,  and  since 
8i  is  a  limiting  point  Q8i* »  OQ  -  B?.    Hence 

QSi^  =  ^  (^  -  8*)/8«  .-.  CSi  =  ^Man  a  tan  o/S. 
Hence 

OS  =  ^(1  +  tan  a  tan  a))/S,     08^  =  R*(\  -  tan  a  tan  «)/8. 

Therefore  OS :  08i : :  cos  («  -  a) :  cos(w  +  a). 

Cor.  1.— The  angle        8Sl8  -  2a.  (892) 

For,  join  00,  and  produce  it  to  meet  the  radical  axis  in  L 

Join  L8y  L8i.    Now, 

Q8i  =  jR^  tan  a .  tan  o>/S  »  OQ  tan  a  tan  o  =  QZ  tana. 
Again,  since  the  radical  axis  is  the  inyerse  of  X  with  respect 
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to  Z,  we  have  OCl .  0Z  =  Ii^=  08 .  08i.  Hence  the  pointB 
S,  Z,  Q,  8i  are  concydic.    Hence  the  angle  8iQ8  =  8iZ8  »  2a. 

Car.  2. — If  the  lines  8Q,  1^  meet  the  Brocard  circle  again 
in  the  points  F,  F',  the  angle  TOT  ^  2a. 

Chr,  8. — The  directrix  of  the  Brocard  ellipse  passes  through 
the  point  Z, 

Car,  4. — The  major  axis :  minor  \\0Z\  Z8. 

HABMOiao  PoLTOoiirs. 

825.  If  the  chord  A'B'  (§  822)  be  the  side  of  a  regnlar  polygon 
of  n  sides,  AB  will  he  a  side  of  a  cyclic  polygon  of  n  sides, 
haying  a  point  K  in  its  plane,  such  that  its  distances  from 
the  sides  are  proportional  to  the  sides,  such  a  polygon  is,  for 
reasons  that  will  appear  farther  on,  called  a  harmonio  polygon. 
Hence  we  have  the  following  theorem : — If  any  point  8  in  the 
plane  of  a  eireU  he  joined  to  the  summits  of  an  inserihed  regular 
polygon^  the  joining  Knee  mil  cut  the  drele  again  in  the  summits 
of  a  harmonic  polygon. 

From  §§  822-824,  it  is  seen. that  every  harmonic  polygon 
has  a  symmedian  point,  aBrocai:d  circle,  two  Brocard  points, 
a  Brocard  ellipse,  a  Brocard  aagle  and  two  centres  of  inversion, 
viz.  the  points  8,  8^  which  are  the  limiting  points  of  the  cir- 
cumcircle  and  Brocard  circle. 

826.  If  A^y  Ax.  .  .  A^.i  be  the  summits  of  a  harmonio  polygon 
ofn  sides f  the  chords  AiA^i .  A^A^^y  Sfc,  are  concurrent, 

Dem. — Let  JTbe  the  symmedian  point.  Join  AqK^,  and  pro- 
duce it  to  meet  the  drcumcircle  in  A'q.  Then,  since  the  perpen- 
diculars from  JTon  the  chords  A^A^i^  A^i  are  proportional  to 
the  chords,  the  points  A^^  A\  are  harmonic  conjugates  with 
respect  to  A^^i  ^i-  Hence  the  line  AiA^i  passes  through  the 
pole  of  A^\f  Similarly,  A%A,^  passes  through  the  pole  of 
A^'^  &c.     Hence  the  proposition  is  proved. 

827.  If  a^  p^yy  Sfc.y  he  the  equations  of  the  sides  of  the  harmonic 
jfolygon,  a,  hy  Cy  Sfc.y  their  lengths,  then  the  polar  line  of  K  with 
respect  to  the  polygon  is  2a/a  »  0* 

Digitized  by  LjOOQIC 


412   .  Recent  Oeomeiry. 

Dam. — Throngh  K  draw  any  line  catting  the  sides  of  tiie 


polygon  in  the  points  ^,  i2^ .  • .  and  on  it  take  a  point  R,  such 
that  njKR  »  IJKRi  +  IJER^  . . .     The  locus  of  i2  is  required. 

Let  K  be  taken  as  origin,  then  if  ^ ,  y,  y . . .  be  the  perpen- 
dicnlars  from  ^on  a,  )3,  y  .  • .  and  if  KR  make  an  ang^e 6  with 
the  axis  of  x^  we  have 

\IKRi  =  cos  {e  -  a)lp,  IjKRi  =  cos  («  -  /8)//,  &c. 

Now,  denoting  KR  by  p,  we  haye  by  hypothesis, 

x,/   1         1\     ^        ^/co8(^-a)      1\     ^ 


Hence 


2 


X  cos  a  +  y  sin  a  -  /; 


^-0,  thatisSa/p  =  0,• 


and  since  JT  is  the  symmedian  point,  p,  p%  p^'  are  proportional 
to  a,  hf  e.  .  ,  ,    Hence 

5a/a  =  0.  (893) 
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328.  The  polar  of  K  mth  respeet  to  the  evreumetreU  U  ako  the 
polar  of  K  with  respeet  to  the  harmonic  polygon. 

Dem.— Let  a  be  the  pole  of  the  chord  A^A^o  with  respect  to 
the  circle.  Then  a  is  a  point  on  2a/a  =  0.  For,  join  iTo,  and 
if  »  be  even,  the  sides  may  be  distributed  in  pairs,  such  that 
^and  a  are  harmonic  conjugates  with  respect  to  the  points  in 
which  each  pair  are  cut  by  Ka.  Hence  l/KRi  +  l/KR^  -  2/ira, 
l/EBt  +  IfKR^i «  2/J?a,  &c. ;  and  if  n  be  odd,  the  intercept 
made  by  one  of  the  sides  on  Ka  is  equal  to  Ka,  Hence 
2  {IjKRi)  =  n/iTo.  Hence  a  is  a  point  on  the  line  Sa/a  =  0. 
Similarly,  the  pole  with  respect  to  the  circle  of  the  line  joining 
the  point  IT  to  each  vertex  of  the  polygon  is  a  point  on 
2a/a  »  0.  Hence  JTis  the  pole  of  2a/a  s  0  with  respect  to  the 
circle. 

Cor.  1. — ^The  circle  is  the  polar  conic  of  JT  with  respect  to 
the  polygon. 

Cor.  2. — 11  a  radius  vector  through  JT  cut  the  sides  of  the 
pdygon  as  in  §  327,  and  a  point  be  taken  on  it,  such  that 


im-mT''' 


the  locus  of  E  contains  the  circumcircle  as  a  factor. 

It  may  be  proved,  as  in  §  327,  that  the  locus  of  jS  is  2a/o = 0. 
This,  which  is  a  curve  of  the  (n-l)  degree,  contains  the  circum- 
drcle  as  a  factor.    (See  §  117.) 

329.  If  through  the  eymmedian  point  of  a  harmonie  polygon  a 
parallel  he  drawn  to  the  tangent  at  any  of  its  vertices^  the  intercut 
on  it  between  the  symmedian  point  and  where  it  meets  either  side 
thnmgh  the  vertex  is  constant. 

I>em. — Let  AB  be  a  side  of  the  polygon,  AT  the  tangent, 
J8r27the  parallel,  produce  AK  to  meet  the  circle  in  A'.  Join 
A' By  and  draw  KX  perpendicular  to  AB.    Now,  we  have 
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KXIKU^  am  ^ KT-  sin  TAB  «  sin  AA'B  =  ABj^R,  Henoe 
KUjR  =  2KXIAB  -  tan  « ;  .•.  EU^  i2  tan  «.  Hence  EU  is 
oonBtant. 


C(9r. — ^11  the  polygon  be  one  of  n  sides,  there  will  be  2n  points 
corresponding  to  2/,  and  these  will  be  concydic. 

830.  If  the  symmedian  lines  of  a  harmonie  polygon  he  dkiM 
in  a  given  ratio  in  the  points  A"y  B"  ...j  and  through  these  points 


parallels  he  drawn  to  the  tangents  at  the  summits^  each  paraiki 
meeting  the  two  sides  passing  through  the  eorresponding  summit, 
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uU  the  points  of  intersection  are  eoncyelicj  and  taken  alternately 
form  the  summits  of  two  polygons  similar  to  the  original, 

Dem. — Let  the  ratio  be  / :  m.  Join  AOj  OK.  Draw  A"(y 
parallel  to  AO^  and  A"  XT  parallel  to  the  tangent  at  A.  Then 
we  have  (yA"=^l£/{l+m),  A"ir^mKUI{l^m)  ^mRtannilil-^m) 
(§  329).  But  0' C^  =  CyA"^  +  A"  V^  -  JP(^ + m» tan«cD)/(/+  mj. 
Hence  (yiT  \&  constant. 

Again,  if  ^'P  be  parallel  to  the  tangent  at  B^  the  triangle 
(yBf*  P  is  in  every  respect  equal  to  Of  A!*  XT.  Hence  the  angle 
voir  is  equal  to  AOB.  Hence  the  points  iT',  P ...  are  the 
summits  of  a  polygon  similar  to  that  formed  by  the  points 

A^B It  is  evident  that,  proceeding  in  the  opposite 

direction  from  A^  we  get  another  harmonic  polygon.  Hence 
the  proposition  is  proved. 

If  the  ratio  / :  m  vary,  the  point  0'  will  move  along  OK^  and 
to  each  position  of  it  will  correspond  a  circle  intersecting  the 
sides  of  the  polygon  ABO ...  in  points  which  form  the  sum- 
mits of  two  harmonic  inscribed  polygons.  This  system  of  circles 
is  called  the  Twskeifi^s  Oireles  of  the  Polygon, 

Cor.  1. — If  ^  be  an  angle  determined  by  the  relation  /  tan  ^ 
s  m  tan  (o,  the  corresponding  <'  Tucker's  Circle  "  intersects  the 
sides  of  the  polygon  at  angles  equal  to  {A^6)y{B-6\  {0-6) 
....  respectively. 

Por  tantf  =  m  tan«//  =  -4"Cr'/0'-4"-tanui"0'Cr'.  Hence 
$  ^AI'OfJT.  Again,  denoting  the  angles  subtended  by  the 
sides  AB^  BO  ....  of  the  polygon  at  any  point  of  its  circum- 
cirde  by  ul,  ^ . . . . ,  and  drawing  OR  perpendicular  to  AB^  we 
have  the  angle  A!*  OR  «  A"U'Aj  which  is  evidently  equal 
to  A^  Hence  XT*OU  a  ^  -  0,  and  the  circle  whose  centre  is 
O  and  radius  OTP  outs  AB  at  angle  equal  to  A  -  0. 

Oor.  2. — ^The  perpendiculars  from  the  centre  of  a  <*  Tucker 
Circle"  on  the  sides  are  proportional  to  cos  (ui  -  $),  cos  {B  -  0), 
&c.|  and  the  intercepts  they  make  on  the  sides  to  sin  (^  -  6\ 
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mi  (B  -$)... ,    In  the  special  case,  that  the  polygon  rednce 
to  a  triangle,  these  results  will  be  f  onnd  important. 

Cor.  3. — ^If  $  be  changed  to  90^  +  $,  the  perpendicnlars  are 
proportional  to  sin  (^  -  0),  sin  (^  -  0). . . . 

Car.  4.— If  ^0  denote  the  radins  of  "  Tucker's  Circle," 

j^  =£  sin  CD/sin  (0  +  tt).  (894) 

Cor.  6. — ^The  centres  of  similitude  of  the  original  polygon 
and  the  two  inscribed  polygons  are  the  Brocard  points  of  the 
polygon. 

331.  If  from  the  eircumeentre  of  a  harmonic  polygon  parpen- 
dicularB  he  drawn  to  iU  sides^  the  intersections  with  the  Brocard 
eirele  are  the  invariable  points  of  similar  figures  described  on  its 
sides. 

Dem. — JjeiABy  fig.,  §  323,  be  one  of  the  sides,  0  the  drcum- 
oentre,  0/the  perpendicular  intersecting  the  Brocard  circle  in  I^ 
I  is  one  of  the  invariable  points.  For  the  polygon  and  the 
figure  formed  by  the  /  points  are  doubly  in  perspectiye,  the 
centre  of  perspective  being  the  Brocard  points :  and  this  is  the 
property  of  the  invariable  points. 

332.  If  through  the  vertices  of  a  harmonic  polygon  Unes  be 
drawn  making  equal  angles  with  the  sides,  and  in  the  same  direc- 
tion of  rotation,  the  centre  of  similitude  of  the  original  polygon  and 
that  formed  by  these  lines  is  a  Brocard  point  of  each. 

Thus,  ilBFH,  fig.,  §  313,  Cor.  4  (for  simplicity  we  take 
triangles,  but  the  proof  is  general),  be  the  original  triangle, 
BAC  that  formed  by  lines  equally  inclined  to  the  sides, 
then  D  is  the  centre  of  similitude. 

333.  If  figures  directly  similar  be  described  on  the  sides  ef  a 
harmonic  polygon,  every  system  of  homologous  points  lies  on  the 
^st  pedal  of  a  conic. 
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Dem. — ^Let  BChe  one  of  the  sides  of  the  polygon,  A'  a  point 
of  the  system  which  helongs  to  the  figure  on  BC^  /the  corre- 
sponding invariable  point.  Now,  since  the  figure  formed  by  the 
system  of  points  corresponding  to  A'^  and  that  formed  by  the 
inyariable  points,  are  in  perspective,  and  have  their  centre  of 
perspective  on  the  Brocard  circle  of  the  polygon,  if  we  join  IA\ 
cutting  the  Brocard  circle  in  P,  all  the  lines  corresponding  to 
lA'  pass  through  P.    Join  A'B,  A'C,  and  draw  /Z,  PlTperpen- 


dicular  to  A'B,  Now,  the  quadrilateral  IBA'C  is  one  of  a 
system  of  similar  quadrilaterals.  Hence  the  ratio  of  IL  :  LA!, 
and  therefore  the  ratio  of  PM:  PA'  will  be  the  same  in  all. 
Again,  since  BA'  and  its  homologous  lines  are  equally  inclined 
to  the  sides  of  a  harmonic  polygon,  they  form  the  sides  of 
another  hsurmonic  polygon.  Hence  they  envelop  a  conic  (the 
Brocard  ellipse  of  the  polygon  they  form).  Therefore  M  and 
its  homologous  points  lie  on  the  pedal  of  an  ellipse.  Hence  A' 
and  its  homologous  points  lie  on  the  pedal  of  a  similar  ellipse. 

BXEBOISES. 

1.  If  J^i,  Ft,  Fi  be  three  similar  polygons,  each  formed  by  homologous 
lines  of  a  given  harmonic  polygon.  Then,  since  J^i,  J^s,  Fz  tmm  a  system  of 
three  similar  figures,  they  have  three  invariable  points,  and  since  they  are 
harmonic  polygons,  each  has  a  symmedian  point ;  prove  that  the  latter 
points  coincide  with  the  former. 

2b 
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2.  Prove  that  the  centres  of  similitude  of  figures  directlj  similar  described 
on  the  oonseoutive  sides  of  a  hannonio  polygon,  form  the  summits  of  ano- 
ther harmonic  polygon.  (Tarat.) 

3.  If  AA\  BB*^  CC  be  homologous  segments  of  three  similar  fignres, 
whose  extremities  A^  Bfy  B,  C,  C,  A  are  concycUc,  prove  that  the  Brianchon 
point  of  the  hexagon  formed  by  the  tangents  at  these  points  is  the  sym- 
median  point  of  the  three  chords. 

4.  In  the  same  case,  the  feet  of  the  perpendiculars  from  the  oircumoentre 
on  the  Brianchon  chords  are  the  double  points  of  the  three  similar  figures. 

6.  In  every  system  of  three  similar  figures,  ^i,  F%^  F%,  there  exists  an 
infinite  number  of  homologous  segments,  AA\  BB*,  CC\  whose  extremi- 
ties are  ooncyolic,  and  the  locus  of  the  ciroumcentre  of  the  extremities  is 
the  circle  of  similitude  of  Fi  ,^s,  F^. 

6.  In  the  same  case  the  envelopes  of  the  segments  AA\  BB*,  CC  are 
parabolflB,  whose  foci  are  coUinear,  and  whose  directrices  are  concurrent. 

7.  In  every  system  of  three  similar  figures  there  exists  an  infinite  number 
of  triads  of  corresponding  circles  which  have  the  same  radical  axis. 

8.  Prove  that  the  envelope  of  the  radical  axis  (in  Ex.  7)  is  a  parabola 
whose  focus  is  the  point  common  to  the  directrices  in  Ex.  6,  and  whoee 
directrix  is  the  line  of  collinearity  of  the  foci  in  Ex.  6. 


Section  III. — Tbb  Tbiangle. 

334.  Triangles  being  particular  cases  of  harmonic  polygons, 
their  geometry  may  be  inferred  from  that  of  the  polygon,  but, 
on  account  of  its  great  importance,  we  give  a  separate  discussion. 

The  paraUek  to  the  sides  of  a  triangle  through  its  symmediam 
point  meet  the  sides  in  six  concyclie  points.  (LsMonrE.) 

Dem.— Let  the  parallels  be  DE',  EF*,  Fiy ;  join  jEZ^,  LF', 
FE\  Now,  since  AFKE'  is  a  parallelogram,  -^JTbisects  FE'. 
Hence,  FE*  is  antiparaUel  to  ^(7;  similarly,  BF*  is  antiparallel 
\jo  AC.  Therefore  the  angles  AFE'^  BF'D  are  equal,  and 
E'F^  F*D.  In  like  manner  E'F^  BfE.  Again,  if  0  be  the 
circumcentre,  OA  is  perpendicular  to  E'F.  Hence  the  perpen- 
dicular to  FE*  at  its  middle  point  bisects  OJT,  and  it  is  easy  to 
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Bee  that  the  middle  point  of  0K\&  equally  distant  from  the  six 
points,  FE'ETyBV.    Hence  the  proposition  is  proved- 


Dkf. — The  eirele  through  the  pointeDF' . . .  w  caUed  the  LBMonrE 
CiRCLEy  and  the  hexagon  of  which  they  are  the  summits^  the 
LnconrB  Hexagon  of  the  triangle. 

Cor.  1. — If  lines  through  the  angles  of  a  triangle  ABC, 
and  through  a  Brocard  point,  meet  the  circumcircle  again  in 
A' J  jr,  C\  the  figure  ABCA'BC  is  a  Lemoine  hexagon. 

Cor,  2. — If  a  triangle  AyBiCi  he  homothetie  with  ABC,  the 
egmmedian  point  of  ABC  being  the  homothetie  centre,  and  if  the 
tidee  of  AiBiCi,  produced  if  necessary,  meet  those  of  ABC  in  the 
points  D,  E*\  E,  F*',F,  ly.     These  six  points  are  coney cUc, 

From  the  hypothesis  it  is  evident  that  the  lines  AK,  BK^  CK 
hisect  FE\  DF,  Ely.  Hence,  as  in  §  334,  the  six  points  are 
ooncyclic. 

Dbf. — The  circles  got,  as  in  this  Cor.,  when  the  triangle  AiBiCi 
varies,  are  called  the  Tvckbb's  Cibclis  of  the  triangle  ABC. 

2b2 
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The  Bbocabd  Ellipse. 
336.  To  find  the  trUinear  equation  of  the  Broeard  NUpse. 


Let  8  be  the  centre  of  inversion,  A'B'C  the  equilateral 
triangle  of  whose  summits  the  points  A^  B,  C  are  the  inyersea, 
jy  the  middle  point  of  A'C.  Join  SJ/  intersecting  ACinD. 
Then  (§  323)  I>  is  the  point  of  contact  of  AC  with  the  Brocaid 
Ellipse.  Now,  in  the  triangle  8A'C\  AC  is  antiparallel  to 
A'C%  and  SB^  is  the  median  of  8A'C'.  Hence,  SB  is  the 
symmedian  of  SAC  .-.  AB:BC::  SA* :  SC\  Again,  from 
the  pairs  of  similar  triangles,  SAB,  SFA',  SCB,  SB'C  we 
have  SAiAB:  :  SB" :  B'A' ;  SC :  CB  :  :  SB" :  B'C,  but 
B'A'  =  FC  Hence  SAiABiiSCz  CB.  Therefore  AB^ : 
BC*::AB:BC.    Hence  (i> .  AB)IAB  « (2> .  BC)/BC. 

Therefore,  if  a,  /3,  y  be  the  equations  of  the  sides  of  the  trU 
angle  ABC,  and  a,  b,  o  their  lengths,  the  equation  of  BB  ia 
ylo  -  ala  ^  0.     Hence  the  equation  of  the  Broeard  ellipse  ia 


v/a/a  +  y/p/b  -^^/y/o  «  0. 


(895) 
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Cor.  1. — ^The  reciprocal  of  the  Brocard  ellipse  with  respect  to 
the  conic  a*  +  jS*  +  y*  =  0  is  l/aa  +  1/^/8  +  Ijcy  -  0,  which  we 
shaU  see  is  the  Steiner  ellipse. 

Cor.  2. — The  directrices  of  the  Brocard  ellipse  are 
8in^cos(7.a-i-sin(7cosui.)3-<-Bin^.co8£.y«0,    (896) 
co8^Bin(7.a  +  cos(7.sin-4.)8+cos-48iii^.y  =  0.     (897) 

336.  Tojind  the  equation  of  the  Tucker' e  Circles. 

From  the  hypothesis,  it  is  erident  that  the  equations  of  the 
sides  of  the  homothetic  triangle  (§  334,  Cor.  2)  AiBiCi  are  o( 
the  forms 

a-ib-0,     /8-W  =  0,     y^hc^O. 

Hence  apy  -  (a  -  i<i)  (jS  -  hb)  (y  -  ib)  «  0, 

or  {apy -Ylya-k- cap) -h^aby-^hca-^  cap) -vVdbc^^^      (898) 

is  the  required  equation* 

Cor. — The  envelope  of  Tucker* e  Circle  is  the  Brocard  EUipse. 
For  the  discriminant  with  respect  to  £  of  the  equation  (898) 
is  an  equation  of  which  \/a/a  +  's/ Pjh  +  ^/yfc  -  0  is  the  norm. 

337.  Let  figures  directly  similar  ^i,  F^^  F^y  be  described  on 
the  sides  BC^  CA,  AB  of  the  triangle  ABC^  and  Sx  be  the 
double  point  of  ^a,-P,;  /Sj  of  ^s,  jPj  ;  and  S^  of  ^i,  ^a.  Then,  since 
ABC  is  a  triangle  formed  by  three  corresponding  lines,  and 
8S^8^  the  triangle  of  similitude,  ABC  and  8x&iBt  are  (§  315) 
in  perspective.  The  centre  of  perspective  K  is  such  that  its 
distances  from  the  sides  of  ABC  are  proportional  to  correspond- 
ing lines  of  F^^  F^,  ^„  and  therefore  proportional  to  the  sides 
of  ABC.  Hence  it  is  the  symmedian  point,  and  from  the 
demonstration  of  §  315  we  see  that  the  parallels  to  the  sides  of 
ABC^  drawn  through  iT,  meet  the  circle  of  similitude  8i8i8i 
in  the  invariable  points  /i,  1%^  1%. 
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Observatioxi. — The  special  case  of  three  similar  figures  here 
considered  being  that  which  was  first  studied,  the  circle  of 
similitude,  the  invariable  triangle,  and  the  triangle  of  similitude 
are  named,  respectively,  The  Broeard  Circle^  First  Broeard 
TriangU^  and  Seeond  Broeard  Triangle^  after  M.  H.  Broeard, 
who  first  investigated  their  properties. 


M: 


Cor.  1. — The  itwariahle  triangle  IiI%It  is  triply  in  perspective 
with  ABC. 

For,  since  jPj,  F^^  F^  are  described  on  the  sides  of  ABC^ 
Bf  Cf  A  are  homologous  points  of  these  figures.  Henoer  the 
lines  BIij  CI%,  AI^  (§  315)  are  concurrent,  and  meet  on  the 
circle  of  similitude.  Similarly,  CTl,  ^7,,  BI^  meet  on  the 
circle  of  similitude.     Again,  since  the  Lemoine  circle  (§  334) 
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and  the  Brocard  circle  are  coilceiitric,  and  tlie  line  KIi  inter- 
sects them,  the  intercept  jP/i  -  KJE,  Hence  the  lines  ^/i,  AK 
are  isotomic  conjugates  with  respect  to  -5(7.  Similarly,  .5ii,  BK 
are  isotomic  conjugates  with  respect  to  CA^  and  C7^,  CK  with 
respect  to  AB.    Hence  AIx,  BI^^  CI^  are  concurrent. 

Ccr.  2. — The  two  first  centres  of  perspective  are  the  Brocard 
points  of  ABC. 

Cor.  3. — The  barycentric  co-ordinates  of  the  three  centres  of 
perspective  are 

111        111111         .      . 
V'    ?'    ?'     ?'    a«'    y*     a^'    h^    ?'      ^^''''^ 

Cor,  4. — ^The  centre  of  perspective  of  the  triangle  formed  by 
any  three  corresponding  lines  of  Fu  -^a,  jP»,  and  Brocard's  second 
triangle,  is  the  symmedian  point  of  the  former. 

Sbction  IV. 

338.  Besides  the  Brocard  circle  and  ellipse,  Lemoine's  and 
Tucker's  circles,  &c.,  other  circles  and  conies  have  come  into 
prominence  in  connexion  with  recent  Geometry.  "We  shall  in 
this  section  give  some  account  of  the  most  interesting  of  these. 

NsUBBfio's  ClBCLES. 

Given  the  base  BC  of  a  triangle  ABC  and  its  Broeard  angle, 
to  find  the  loeus  of  the  vertex. 

Let  ^,  y'y  %f  be  the  perpendiculars  from  the  symmedian  point 
on  the  sides.  Then  tana)  =  2«'/a=-2y'/i  =  2«'/<?«4/8f/(a»  +  3»  +  d»), 
where  i8^  denotes  the  area  of  the  triangle;  .•-  cot<d=(a'+J'  +  <^)/45. 
I^ow,  let  Ai  be  the  middle  point  of  the  base,  and  taking  AiC 
and  the  perpendicular  through  Ai  as  axes,  if  a;,  ^  be  the 
co-ordinates  of  -4,  we  get  a»  +  3'  +  <^  «  2**  +  2^*  +  3ay2  and 
4/8  «  2ay.    Hence 

«*  4  y*  -  ay cotw  +  3a*/4  «  0  (900) 

is  the  locus  required.    It  is  called  the  Neuherg  eirele  of  the 
triangle,  from  the  name  of  the  distinguished  Oeometer  who  first 
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showed  its  importance.  We  shall  denote  its  centre  by  N^  In 
the  same  manner,  taking  the  sides  CA^  ABy  as  the  common 
bases  of  eqni-Brocardian  triangles,  we  get  two  other  Keuberg 
circles  N^^  N^  respectively. 


Car.  1. — Tangents  from  J  or  C  to  the  circle  N^  are  equal 
io  BC. 

Cw.  2. — The  equation  of  N^  in  barycentric  co-ordinates  is 
<^08  +  y)(a  +  )8  +  y)-(a«^y  +  ^a  +  c»o)ff)  =  0.       (901) 
For  in  the  general  equation  {la  +  mp  +  ny)  (a  +  )8  +  y)  -  {(^Pf 
+  ^^a  +  ^aP)  B  0,  /,  m,  n  are  equal  to  the  powers  of  the 
summits  of  the  triangle  with  respect  to  the  circle. 

Cor.  3. — ^The  angle  which  BC  subtends  at  the  point  iVi  is 
equal  to  2a>. 

For  the  co-ordinates  of  iV^  are  0,  ^acoto),  and  -4iC=j^«. 
Hence  tan  A^N^C  =  tan  id. 
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Cor.  4. — If  AiA  mest  the  Brocard  drele  again  in  A',  the  tri^ 

angles  ABC^  A'BC  are  median  reciproeah,  or  the  sides  of  one  are 

proportional  to  the  medians  of  the  other. 
For,  let  the  line  AAi  meet  the  circumcircle  again  in  A%f 

and  make  AiO  =^  AtA^.     Join  A^B,  BQ,   OC,   CA^,    Then 

A'Ai .  AAi  =  3a*/4  -  ZBA^  .A^C-^  SAA^ .  AiA^^SAA^ .  GAi. 

Hence  A'Ai  =  3  GAi ;  /.  O  is  the  centroid  of  the  triangle  A'BC. 

Again,  the  angle  ABC^  QA^C ^  A^OBy  wAACB^  QA^B. 

Hence  ABC  is  similar  to  AfOB,  that  is  to  a  triangle  whose 

aides  are  respectively  two-thirds  of  the  medians  of  A'BC 

Hence  the  proposition  is  proved. 
Cor.  6. — If  0  be  the  circmncentre  ONJ{^  a)  =  cot  ^  +  cot  C, 

Pot  ON^  =  A^N^  -  ^i  0,  and  ONJ{^  a)  =  cot «  -  cot  A. 
Cor.  e.-^ONja  +  ON^/b  +  ONJe  -  cot «.  (902) 

Cor.  1.—0N. .  ON, .  ON,  =  B?.  (903) 

839.  If  the  lines  joining  the  highest  and  the  lowest  points  J„  J\ 


B  ^  C 

of  the  Neuberg  eirele  N^  to  either  extremity  C  of  the  base  cut  the 
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eireU  again  in  the  points  T,  T^  then  the  Unes  ST,  BT'  joining 
thete  paints  to  the  other  extremity  are  tangents. 

Dem.— We haye  J^C.  CT^  CB*;  .-.  7.(7 :  CB::  CB:  CT. 
Hence  the  triangles  J^CB,  BCT  are  siniilar,  but  J^CB  is 
isosceles ;  .*.  BCT  Ib  isosceles.  Hence  BT  is  a  tangent 
Similarly,  BT*  is  a  tangent. 

Bemark — ^The  angles  of  a  triangle  eqni-Brocardian  wiihABC 
Tary  from  TBC,  which  is  a  minimum,  to  TBC,  which  is  a 
maximum.  The  former  is  called  Hiejirst  Steiner  angle^  and  the 
latter  the  second  Steiner  angle  of  the  triangle.  We  shall  denote 
them  by  2  Fi,  2  F2  respectively.  To  determine  these  angles  we 
have  BT^  a,  BN^  =  Ja  cosec  a>.  Hence  sin  BN„T  =  2  sin**. 
Again,  BN^T=^  BN^A^  +  A^N^T^  BNJL^  +  TBC  =  «  +  2rx. 
Hence  sin  («  +  2  Fi)  =  2  sin  «.  Similarly,  sin  (0)+ 2  r,)=«  2  sin  «•. 
Therefore  Fi,  V%  are  the  values  of  Fin  the  equation 

sin(crt  +  2r)  =  2  8mcrt.  (904) 

840.  If  upon  the  sides  of  a  triangle  ABC  be  described  three 
triangles  directly  similar 
BCAx,  CABy,  ABCi,  such 
that  AAi^  BBi,  CCi  are  paral- 
lel^ the  loci  of  Aif  Bif  Ci  are 
Ifeuberfs  circles. 

Taking  BC  and  a  perpendi- 
cular to  it  at  ^  as  axes.  Then, 
from  the  hypothesis,  the  angles 
CBAi,  ACBi  are  equal,  de- 
noting each  by  $,  and  BA^ 
CBi  by  p,  p'  respectively,  the 
co-ordinates  of  Ai  are 

p  cos  0,  p  sin  0, 
and  of  ^1, 

a-p' cos(C-fl),  p'8in((7-.tf). 
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Hence  the  equations  of  AAi^  BBi  are,  respectively, 

(p8in^-<?sin-ff)a:-(pco8tf-<?cos-ff)y+p<>8in(-ff-^)  =  0, 
p'sin(C-^)ic-  {a-p'cos(C-tf))y  =  0. 

Then,  forming  the  condition  of  parallelism,  patting  p'^bp/a, 

and  reducing,  we  get 

«*  +  y*-aa?-<iycotcrt  +  a*  =  0; 

which,  referred  to  the  middle  of  BC  as  origin,  is  the  Keuberg 

circle 

«*  +  y*  -  «y  cot «  +  3a74  =  0. 

Cor.  1. — If  Gaf  Oh}  Oc  be  the  centroids  of  the  triangles  ^C^i, 
CABi,  ABCiy  these  points  are  coUinear,  and  the  locus  of  each 
is  a  circle. 

For  if  (?  be  the  centroid  of  ABC,  it  is  evident  that  OG^ 
is  parallel  to  AAi,  GG^  to  BBxy  and  GG^  to  CCi\  but  AAi, 
BBiy  CCi  are  parallel ;  therefore  the  points  (?,  ^.,  Gi^  G^  are 
collinear. 

Again,  taking  the  middle  point  of  ^C  as  origin,  the  co-ordi- 
nates of  G^  are  respectively  one-third  of  those  of  Ai,  Hence 
the  locus  of  Ga  is 

a:'  +  y*  -  itf  cot  CD .  y  +  a^l\2  »  0.  (906) 

The  circles  which  are  the  loci  of  the  points  G„  G^j  G^  are  called 
It  Cay* s  eirclesj  after  Mr.  M^Cay,  p.i.c.n.,  who  published,  in 
tiie  TrariMetioM  of  the  Boyal  Irish  Academy,  Vol.  XXYIII., 
pp.  453-470,  a  full  discussion  of  their  properties. 

Car.  2. — ^M'Cay's  circles  are  special  cases  of  the  annex  circles 
(§  319),  viz.  when  the  figures  ^i.  Ft,  Fz  are  described  on  the 
sides  of  a  triangle. 

Car.  3. — The  vertices  of  Brocard's  first  triangle  are  respec- 
tively the  polars  of  the  aides  of  the  triangle  ABC. 

Cor.  4. — M'Cay's  circle  «*  +  y*  -  iay  cot  a>  +  fl«/12  »  0  is  the 
inverse  of  the  circle  N^  with  respect  to  the  circle  on  BC  as 
diameter. 
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ISOGOVAL  TfiAirSPOBMATIOir. 

841.  It  has  been  seen  (§  47),  that  the  points  a^y,  a'^ft-^^ 
are  isogonal  conjugates.  Now,  if  the  former  point  describe  any 
curve  P,  the  latter  will  describe  a  curve  Q,  called  the  isogonal 
transformation  of  P.  Thus  the  isogonal  transformation  of  any 
line  is  a  circumconio  of  the  triangle  of  reference.  For  if  the 
line  be  Za  +  m)8  +  ny  =  0,  its  transformation  is //a  +  m/^  +  n/y  =?  0. 

Conversely. — The  isogonal  transformation  of  any  circumconic 
*  of  the  triangle  of  teference  is  a  right  line.  In  particular,  the 
transformation  of  the  circumcirde  is  the  line  at  infinity. 

342.  The  ieogenal  transformation  of  any  line  cutting  the  eireum- 
circle  of  the  triangle  ie  a  hyperbola  whose  asymptotic  angle  is  equal 
to  the  angle  of  intersection  of  the  line  and  circle. 

Bern.— ^Let  ABC  be  the  triangle  of  reference,  and  let  the  line 
cut  the  circle  in  the  points  D,  £;  join  AD,  AE^  then  the 
isogonal  conjugates  of  D,  E  are  the  points  at  infinity  on  the 
8ym6triques  of  AD^  AJE  with  respect  to  the  bisector  of  the 
angle  BA  C.  Hence  the  curve  is  a  hyperbola  whose  asymptotes 
are  parallel  to  the  sym6triques  of  AD^  AE;  but  the  angle  be- 
tween the  sym6triques  of  AD^  AE  is  equal  to  DAE,  and  there- 
fore equal  to  the  angle  of  intersection  of  DE  with  the  circle. 

Cor.  1. — The  transformation  of  any  diameter  of  the  circum- 
cirde  is  an  equilateral  hyperbola.  Hence,  to  find  the  equation 
of  an  equilateral  hyperbola  circumscribing  the  triangle  of  refer- 
ence, and  passing  through  any  point  jP,  we  find  the  equation  of 
the  diameter  of  the  circle  which  passes  through  the  isogonal 
conjugate  of  P,  and  transform.  Thus,  the  equilateral  hyperbola 
which  circumscribes  the  triangle  of  reference,  and  passes  through 
its  incentre  is 

(oos^-cosC)/a+(cos  C-cos^)/)8  +  (cos^-co8^)/y=r0.  (906) 
The  centre  of  this  hyperbola  is  the  point  of  contact  of  the  nine- 
points  circle  with  the  incircle  of  the  triangle.  Corresponduig 
properties  hold  for  the  hyperbolae  through  the  excentres. 
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Cor.  2. — The  isogonal  transformation  of  any  tangent  to  the 
drcumcircle  is  a  parabola. 

Cor.  3. — The  transformation  of  any  line  which  does  not  meet 
the  circnmcircle  in  real  points  is  an  ellipse. 

Cor.  4. — ^The  transformation  of  all  lines  equally  distant  from 
the  centre  are  similar  conies. 

Cor.  5. — If  a  conic  and  a  line  be  isogonal  conjugates,  their 
poles,  with  respect  to  the  triangle,  are  isogonal  conjugates. 

For,  let  the  conic  and  line  be  ^^y  +  mya  +  naP  e  0,  and 
la  +  mp  +  ny  =  0,  their  poles  are  I,  m^  n,   1/^,  1/m,  l/». 

Nbttbebo's  HtPEBBOIuB. 

343.  The  ieogonal  trantformatum  of  the  directrieee  of  the 
Broeard  EUipee^  §  335,  Cor.  2,  are 

cosjB  sin  C/a  +  cos  C emA/fi  +  coBA  sini?/y=0,     (907) 

sin  JB  cos  C/a  +  sin  (7  cos  A/ ft  +  sin  ^  cos  JB/y  <=  0.     (908) 

I  hare  named  these  conies  after  II.  Neuberg,  who  first  studied 
their  properties.  I  reproduce  here  his  investigation  from 
MMeeUj  tome  vi,  pp.  5-7. 

*^  If  from  a  point  P  perpendiculars  be  drawn  to  the  sides  of  a 
tnBsn^e  ABCy  and  produced  so  that 

the  perpendicular  on  a  meets  a  in  Ai^  b  in  Az,  e  in  A^, 
„  h  meets  h  in  Bi^  c  in  B^^  a  in  B^, 

,,  e  meets  ^  in  Ci,  a  in  6,,  (in  C^. 

Than,  Ti,  T,,  T^  denoting  the  areas  of  the  triangles  AiBiCi, 
JL%Bt  Cj,  AiBz  Cj,  respectively.  The  loci  of  jP,  when  the  triangles 
T^  Tt  vanish,  are  the  hyperbolae"  (907),  (908). 
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Bern.— Ts  »  sum  of  the  triangles  PAtB^y   PB^C^,  PC^t 
^i{PA2 .  PB2  am  C-^PBt .  P(7,  sin ^  +  P(7, .  PA^  an  B) 

B  ^  (^y  sin  (7/(cos  (7  cos  ^)  +  ya  sin  A/{cob  AcobB) 

+  a^  sin  ^/(cos  ^  cos  C) ) 
e  |^yco8^sin(7+yacos(7sin-4 

•¥  op  Qo%A  sin^}/(2cos^  oos^cos  C). 

Hence  the  locus  of  P  when  the  points  A%^  B^,  C^  are  collinear  is 
the  hyperbola 

^y  cos  j&  sin  C+  ya  cos  ^  sin  ^  +  a^  cos  ^  sin  ^  B  0. 

Similarly,  the  locus  of  points  for  which  A^,  B^y  C^  are  collinear 
is        /9y  sin  j&  cos  (7  +  ya  sin  C  cos  ^  +  a)3  sin  ^  COB  ^  s  0. 

These  hyperbolsB  hare  been  named  Simson's  Conies  by  M.  Vigari^. 
It  would  be  difficult  to  conjecture  a  reason  for  this  nomendataie. 
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Whateyer  it  may  be,  there  would  be  a  stronger  for  caUing  the 
circumcircle  the  Simson  Circle,  and  no  one,  I  presume,  would 
think  of  doing  so.  The  name  I  have  given  has  the  merit  of 
honouring  a  mathematician  who  has  done  much  to  adyanoe 
recent  Geometry. 
Cor,  1. — ^The  locus  of  points  for  which  T^ «  Ts  is 
/5y8in(^-  C)  +  7aBin((7-^)  +  a^8in(^-^)-0.     (909) 

This  is  Kiepert's  Hyperbola. 

Cor,  2. — Ti :  Ts  +  Tf  in  a  constant  ratio. 

Cor,  3. — The  poles  with  respect  to  the  triangle  of  reference 
of  Neuberg's  hyperbolae,  Kiepert's  hyperbola  and  circumcircle 
are  collinear,  and  their  line  of  coUinearity  is  parallel  to 
acos^  +  ^  cos^  +  y  cos  CaO. 

Fvhbmanh's  Cibolbs. 

844.  JhsF.—If  ABC  be  the  fundamental    triangle,   H  the 

orthocenire,  iV,  iV«,  Ni^  N,  the  NageVe  points.    The  cirelee  whoee 

diametere  are  HN,  SN„  SNi,  SN.  are   ealled    Fuhrmann'e 

Cireles  of  the  triangle.     They  will  be  denoted  respectively  by 

If  through  Ny  NA^  be  drawn  parallel  to  BC,  meeting  the 
perpendicular  from  A  ouBCm  A^,  Then,  evidently,  AA^  «  2r, 
but  AS^  2B  COB  A,  Hence  AM .  AAq  »  4Br  cob  A,  or  the 
power  of  A  with  respect  to  ^  is  4JRr  cos  A.  Hence  the  equa- 
tion of  ^in  barycentric  co-ordinates  is 

4^(a+  ^  +  y)(acos^  +  ^  cos^  +  y  cos  (7) 

-  (a«)8y  +  b^a  +  (f'afi)  «  0.      (910) 
Similarly,  the  equations  of  F^^  F^,  F^  are 

4jRr.(a  +  ^  +  y)Q8  cos  ^  +  y  cos  (7-  a  cos-4) 

-(fl»i8y  +  ^a  +  o»o^)=:0,     (911) 
4i?r6  (a  +  ^  +  y)  (y  cos  C  +  a  cos  ^  -  ^  cos^) 

-  (a»i8y  +  ^a  +  t^afi)  -  0,     (912) 
4i?r,  (a  +  /8  +  y)  (a  cos  ^  +  iS  cos  j5  -  y  cos  C) 

-  (a»j9y  +  ^a  +  e'ap)  -  0.     (913) 
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Cor.  1. — If  on  the  altitudes  AH^,  ^-S*,  CS"^  of  the  triangle 
ABC^  segments  AA^^  BB^  CC^  be  cut  off  each  equal  to  2f, 


the  triangle  A^BqCq  is  inscribed  in  F,  and  is  inversely  similar 
to^^C. 

The  first  part  is  eyident  from  the  foregoing  demonstration; 
the  second  is  proved  thus  :  IfA^,  NB^  are  parallel,  respectiTcly, 
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to  BC,  CA.    The  angle  AJiJB^  is  equal  to  BCA.    Hence 
A^C^^  is  eqnal  to  BCA.    Hence,  &o. 

Cer.  2.— If  on  -ijff.,  BHi,,  CH„  we  cut  off  AA^  «  -  2r., 
i^^«  B  2ra,  (7^.  »  2r«,  the  triangle  A^^C^  is  inscribed  in 
the  circle  F^^  and  is  inversely  similar  to  ABC. 

345.  IfAx^  A^;  Biy  B^;  Ci,  Ci  he  the  paire  ofpainti  where 
the  intemal  and  external  hieeetore  of  the  angles  A,  B,  C  meet  the 
dreumeirele,  and  if  A\,  A%  be  the  eynUtriquee  of  Au  At  with 
respect  to  BC\  B'u  J^,  ofBi,  B^  with  respect  to  CA,  and  C\,  Ct 
of  Ci,  Cs  with  respect  to  AB^  then  the  triangle  A'iffiC\  is  in- 
scribedinFy  A\B\et  inF.,  A'^F^C't  inF^,  andA'tF^C'i inF^ 

Bern. — ^Let  A'^  B*,  C  be  the  middle  points  of  the  sides  of 
ABC.  Now,  AtA\  =  AtA'  -  A'A\  =  AE.  Hence  EA\  is 
parallel  to  AA%.  Again,  let  /  be  the  incentre  of  ABC^  and  since 
ilT  is  its  Nagel's  point  it  is  the  incentre  of  its  anticomplemen- 
tary triangle.  Hence  ^iVis  parallel  to  IA\  and  equal  to  2IA'. 
Hence  NA*  =  A%  and  by  hypothesis  A\A'  =  A'Ai,  Hence 
A\N  is  parallel  to  AAi^  and  it  has  been  proved  that  SA\  is 
parallel  to  AA^^  but  the  angle  AiAAt  is  right,  therefore  the 
angle  SA\N  is  right,  and  the  point  A\  is  on  the  circle  F. 
Hence  the  proposition  is  proved. 

Cw.  1.— The  triangles  A\B\C\,  A\B^tC\,  A^^C^y 
AJ^tC'i  are  each  inversely  similar  to  ABC. 

Cot.  2. — ^The  triangles  A^^C^  A\B\C\  are  in  perspective. 

From  /  let  fall  a  perpendicular  7)3  on  AC.  Then  AI\  7)3 
: :  BAx :  AxA\  but  Ifi  =  r,  and  BA^  =  lA^.  Hence  AI :  lA^ 
::2r  :  2AiA' :  :  AAo  :  AiA\.  Hence  the  triangles  AA^^ 
AiA'ilBie  similar,  therefore  the  points  Aq,  7,  A'l  are  coUinear. 
Similarly  Bq,  7,  B'l  are  coUinear,  and  Co,  7,  C\.  Hence  the 
triangles  AoB^Cq,  A\B'iC\  are  in  perspective. 

It  may  be  proved  in  like  manner  that  A^B^C^eaid  A'iB'tC't 
are  in  perspective. 

Cor.  3. — ^7  is  the  incentre  of  the  triangle  AoBqCq,  and  the 
(Mthocentre  of  A'iB'iC\.    From  the  similar  triangles  AJAq, 

2f 
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AJA\  we  liave  AD  :  lA^  :  :  AI .  lAi :  A^I .  lA'^  that  is, 
AJ} :  lA^ : :  power  of  /  with  respect  to  ciicomoirde  of  ABC 
:  power  of  /  with  respect  to  JFl  In  like  mannw  BP  :  IBf : 
power  of  /  with  respect  to  circmncircle  of  ABC :  power  of  1 
with  respect  to  F,  Hence  it  follows  that  AI\  BIi  CI: :  AJ[i 
BqIi  CqI.  Hence,  since  J  is  the  incentre  of  ABC^  it  is  the 
incentre  of  the  similar  triangle  A^^Co^  and  therefore  the  ortho- 
centre  of -4'x-8'iC'i. 

Cor.  4. — ^/ is  the  double  point  of  the  inyersely  similar  fignret 
ABC,  A^^Co. 

Cor.  5. — Properties  corresponding  to  those  of  Cor9,  3,  4  hold 
for  the  excentres  /«,  I^  J«  with  respect  to  the  triangles  A^^C^ 
A^^Ch  A^Bfi^ 

346.  IfT.,  r^  r.  he  the  eynUMqwe  ofI„  I^  I.  with  reeped 
to  BCf  CAf  AB,  reipeetivekff  the  eireumcirclee  of  the  trutn^lee 
BCr.,  CAF^  ABF^  and  the  Knee  AF^  BF^  CF.pau  ihr^mgk 
a  point  R, 

Bern. — ^The  circumcircles  of  the  triangles  BCI^^  CAI^  ABI^ 
pass  through  a  common  point  /•  Hence  their  sym6triques  the 
drcumoircles  of  the  triangles  BCF„  CAF^  ABF^  pass  through 
a  common  point  B,  the  twin  point  of  /with  respect  to  the  triangle 
ABC. 

Again,  from  the  cyclic  quadrilaterals  ABRF^  BCRF^  it  is 
easy  to  see  that  BA  coincides  in  direction  with  RF^  Henoe 
AF^  passes  through  R. 

Cor.  1. — ^The  circumcentres  of  the  triangles  BCF^  CAF^ 
ABF,  are  the  points  A\,  Bi,  C\. 

Cor.  2.-^The  sides  of  the  triangle  A\BiC\  bisect  peipendi- 
cularly  AR,  BR,  CR. 

Cor.  Z.—The  middle  point  of  IR  ie  the  point  ofeoniact  of  the 
nine-pointi  eirele  of  ABC  with  its  ineirele,  and  the  eomwMn  Umfent 
at  thii  point  eoineidee  with  the  axis  of  perspective  of  the  trim§1ee 
A,B,C,.  A\B,C,. 

Let  U^U^Uc^  the  points  of  iatersection  of  the  eorrespond- 
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ing  sides  of  the  triangles.  Then  /being  the  orthocentre  of  the 
triangles  AxBi  C?i,  A\B\  C\,  Bi  Ci  bisects  lA  perpendicolarly,  and 
B'l  C\  is  perpendicular  to  lAo  and  to  AB  (  Cor.  2)  at  their  middle 
points.  Hence  U^  their  point  of  intersection,  is  the  centre  of 
the  circle  passing  through  the  four  points  A^  J,  A^  22,  and  is 
COL  the  perpendicular  to  ZS  at  its  middle  point  Q.  Similarly 
this  perpendicular  passes  through  ITi  and  U^  Again,  the  figure 
AIA^  is  a  cyclic  trapezium ;  therefore  IR  «  AAo  »  2r,  /Q  »  r, 
and  Q  is  a  point  on  incircle.  But  since  /  and  R  are  twin  points, 
the  equilateral  hyperbola  whichj)asse8  through  the  points  A^  B, 
Cy  /also  passes  through  R^  and  /and  R  are  the  extremities  of  a 
diameter.  Hence  the  middle  point  Q  of  ZB  is  the  centre,  and 
therefore  is  a  point  on  the  nine-points  circle  of  ABC.  Con- 
sequently, Q  is  the  point  of  contact  of  the  nine-points  circle  of 
ABC  with  its  incircle,  and  the  line  UJIJI^  is  the  common 
tangent.  The  equation  of  the  hyperbola  ABCIR  is  given, 
S  342,   Cor.  1. 

Cor.  4.— The  Unea  A^\,  BoB'i,  CoC\  m$si  the  eidee  BC,  CA, 
AB  of  ABC  in  three  pointe  ettuated  on  the  common  tangent  oftn- 
eirele  and  nine-pointe  eirele. 

Dem. — Let  Q  be  the  middle  point  of  IRy  and  draw  /a  perpen- 
dicular to  BC.  Now,  in  the  cyclic  quadrilateral  RAIA^  since 
ARy  lA^  are  parallel,  the  angle  RIA^  <=  AAJ[^  AJLa.  That 
is,  if  F.  be  the  point  of  intersection  of  A^\  with  BC^  the 
angle  QJV.  =  alV^  and  QJ  ^  r  ^  la.  Hence  V.QJ  -  VjlL 
»  right  angle.  Therefore  V^  is  on  the  tangent  at  Q  to  the 
incircle. 


1.  The  radical  axes  of  the  ciicumeiTole  and  the  eirelea  J*,  Fm%  fh^  Ft  loim 
a  atandaxd  quadrilateral. 

2.  The  equationa  of  HA'x^  JO'i,  H0\  in  perpendicular  oo-ordinatee  are 

^ooei?.i9  +  0CO8(7.7-(6  +  0)co8^.a«O,  &o.  (914) 

This  ii  the  radical  aids  of  F  and  J'«. 

%.  The  orthdogique    centre  of  the  triangle  A\B\C\  with  respect  to 
JtiViCTi  it  a  point  8  on  the  drcumcirde  of  dBC^  and  the  points  0,  2f,  S 

arecdOinear. 

2f2 
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4.  The  orthologique  centre  of  ABC  with  respect  to  J^^C^  is  a  point  T 
on  the  circle  ^^(^diftmetricallj  opposite  to  8. 
6.  The  lines  A8,  B8,  C8  are  parallel  to  the  sides  of  AoBqC^ 

6.  The  oo-oxdinates  of  8  with  respect  to  ABC^re  (*-«)-',  («-«)*',  («-*)-*. 

7.  The  axis  of  perspeotiye  of  ABC,  AoBqCq  is  perpendicular  to  ST. 

8.  The  double  lines  of  the  inyerselj  similar  figures  ABC,  A^qCo  meet  AM, 
BE,  CE,  in  points  (Z«,  Xh,  Xt),  (X'm,  X\  X\),  such  that  AX^^BXh  »  CZe 
aJ2-S,  ^X«bBX»bCX«»J2+9,  where  Sb  radius  of  ^. 

9.  If  A'l  he. joined  to  the  centre  of  the  nine-points  circle,  and  produced 
to  meet  the  altitude  AE  in  Z,  then  AZ  «  B. 

10.  The  harycentric  co-ordinates  of  Q  with  respect  to  A'B'C  are  «/(&-#), 
*/(*-«)»«/(«-*) ;  and  the  equation  of  r«r6 is  a (4- c)«  +  i8 («-«)» +  7 (a- »)» 
s  0.  (di  Lokgcilucps). 

The  Obthocentboidal  Girclx. 
347.  Dxp. — The  circle  whose  diameter  ie  the  join  of  the  orthe- 


li A" 

centre  Sand  eentroid  G  of  a  triangle  ABC  ie  called  iti  orthocen- 
troidal  circle. 
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Its  equation  is  easily  found.  For,  substituting  the  co-ordi- 
nates of  ^  and  ^  for  a'jS'y',  a"fi'Y  ^  equation  (181),  we  get 

o«  sin  2-4  +  ^  sin  2^  +  y»  sin  2(7 
-  (aj8  sin  (7  +  ^y  sin-4  +  ya  sin  j5)  »  0,        (916) 

or,  denoting  the  nine-points  circle  of  ABC  by  iT,  and  its  oiroum- 
drde  by  8,  the  equation  of  its  orthocentroidal  circle  is 

ir+i8  =  0.  (916) 

348.  The  eixpointe  in  which  the  orthocentroidal  circle  meete  the 
dUtudes  and  the  mediam  of  the  triangle  ABC  form  the  swnmite  of 
a  harmonic  hexagon. 

Dem. — Let  the  points  in  which  the  symmedians  of  ABC  meet 
its  circumcircle  be  Ai^  Bi,  C^;  and  the  points  in  which  the 
orthocentroidal  circle  meets  the  altitudes  and  medians  of  ABC 
be  the  triads  of  points  (a,  ^,  c) ;  (oi,  ^,  <?i)>  respectively.  Then 
taking  any  two  summits  of  the  hexagon  which  they  form,  such 
as  01,  i,  the  angle  aiMh  subtended  by  the  chord  aih  at  the  point 
H  of  the  orthocentroidal  circle  is  easily  seen  to  be  equal  to 
the  angle  which  the  corresponding  summits  of  the  hexagon 
AiBCiABiC  subtends  at  A.  Hence  the  hexagon  aihciahiC, 
AiBCiABiC  are  similar,  but  the  latter  hexagon  is  harmonic. 
Hence  the  former  is  harmonic,  and  since  they  have  different 
orientations  they  are  inversely  similar. 

Cor.  1. — ^The  triangles  abc^  ABC  axe  inversely  similar,  and 
also  the  triangles  Oi^Ci,  AiBiCi. 

Cor.  2. — ^The  lines  aai^  Mi,  cci  are  the  symmedians  of  the 
triangles  ahc^  aihiCi, 

349.  Ifh^,  Aj,  hg  he  the  intersectione  of  correeponding  eidee  of 
ABC,  and  its  orthique  triangle  ff^H^^  the  lines  ffai,  Mb^  Sci 
pass,  respectively y  through  h„,  h^,  h^ 

Bern. — Consider  the  circumcircle  of  the  triangle  AJ^k^„ 
the  orthocentroidal  circle  i\r+  /8,  and  the  nine-points  circle  If. 
Kow,  since  iV+  8,  N  and  8  are  coaxal,  the  radical  axis  of 
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N  and  8  is  the  radical  axis  of  N-¥  8  and  JT.  Therefore  the 
radical  axis  otIf+  8  and  N  is  h,^^  Again,  the  radical  axis 
of  the  circle  AM^B^  and  J\r+  8  is  the  line  AijS*,  and  the 
radical  axis  of  JJI^R,  and  i^Tis  the  line  M^^ ;  but  these  three 
radical  axes  are  concurrent,  therefore  OgS  passes  through  k^ 

Otherwise :  The  line  h^j  the  polar  of  A  with  reepeet  to  the 
circle  CBJI^ff^,  is  perpendicular  to  the  diameter  AA'. 

350.  Th$  pointi  Oi,  hi,  Ci  are  the  eymitriquee  of  AiBiCi  with 
reepeet  to  the  eidee  of  the  triangle  ABC. 

'Dem. — Join  A'H^.  Then,  since  BE^C  is  a  right-angled  tri- 
angle and  ^C  is  bisected  in  A',  A'B  «  A'B^  Hence  the  ang^ 
BEfJf  »  A'BH^  »  WAW^  Therefore  A'E^  is  a  tangent 
to  the  circle  through  the  cyclic  points  jEToijS^.  Hence 
AA'.a^A'  -  A'Hi^  «  A'C\  Again,  let  AA'  meet  the  dr- 
cumcirde  in  A".  Join  AiO^,  A^A".  Now,  A  A .  A  A"  ^AC*, 
Hence  A* A"  »  OiA.  Therefore  the  three  lines  A'a^,  A'Ax^ 
A* A"  are  equal  to  one  another.  Hence  the  angle  OiAx  A"  is 
right,  and,  since  A^A"  is  parallel  \jq  BC,  a^Ax  is  perpendicular 
to  5(7,  and  is  evidently  bisected  by  it. 

Cwr. — The  Appolonian  circle  of  the  triangle  which  divides  5  C 
passes  through  Oi ;  for  since  AA' .  OxA'  ^  A*l^,  the  triangles 
AA'B,  BA'Ox  are  similar.  Hence  AB  i  OxB  :  :  AA' :  A'B; 
similarly,  AC  lOiCii  AA' :  A!C\  •••  AB  :  AC  \ :  OxB  :  OxC. 
And  the  proposition  is  proyed. 

35 1 .  The  eymmedum  points  of  thefiguree  axhcxobxC^  AxB  CxABx  C 
eoineide^  and  form  the  double  point  of  these  Jlgurei, 

Bern. — Since  axAx  is  perpendicular  to  BC  it  ia  parallel  to  Am, 
Hence  AAx  and  ooi,  which  are  corresponding  lines,  divide  each 
other  proportionally.  Therefore  their  point  of  intersection  is 
the  double  point  of  these  figures.  Similarly,  the  intersectioii 
of  BBxi  ^^1 ;  <^d  dso  the  intersection  of  CCx,  ^  is  the  double 
point.  Hence  the  three  pairs  of  lines  AAx^  aox  i  BBx,  Ui ; 
CCxi  ^Cx  have  a  common  point  of  intersection,  which  is,  there- 
fore, the  symmedian  poiat  of  each  hexagon. 
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862.  If  M,  N  he  the  extremities  of  the  diameter  SQ  of  the 
eireumoirele  AJBCy  the  double  lines  S,  8'  of  the  inversely  similar 
fyures  ajbeiohie,  AiBCiABiC  divide  the  altitudes  of  the  triangle 
ABC,  in  the  ratio  MN:  MN,  MN\  ME,  respectively. 

Dem. — Since  JT  is  the  doable  point,  the  angle  AEd,  BKby 
CKe  have  the  Bame  bisectors.  These  (§  206)  are  the  double 
lines  8,  V.  Let  8,  3  be  the  points  where  they  cut  AK.  Then 
we  haye,  R  being  the  circumradius,  AS :  8a::  A8' :  a8'  ::2R: 
GM. 

Since  Aa » iAJ^^.  These  proportions  can  be  transformed 
into  the  following : 

A8:  8Jff^ : :  2R  :R^\QE : :  MN: EN 
A8':8'E.::2R:R^\QE:iMN:ME. 
Cor. — ^The  double  lines  8,  S'  are  at  right  angles  to  each  other. 

Bbocabb's  Fababoub. 

353.  If  two  isogonai  lines  p  -  kyO,  ifi  -  ym  0  meet  the 
altitudes  (Jg,,  %  347)  BE^,  CE„  in  the  points  Q,  R,  the  envelope 
of  QR  is  a  parabola. 

I>em. — The  equation  of  QR  is 

a  COB  A  "  k  {P  COB  C  +  y  cobB)  -¥ 
Jl^{p  COS  ^+  y  cos  (7-  a  COB ^)  -  0.  (917) 

For  this  may  be  written  in  the  form 

0? -iby)  (cos -5 -ife  cos  (7) -  (a  cos  ^  -  j8  cos ^)  (it*  -  1)  -  0, 

showing  that  it  passes  through  the  intersection  of  /9  -  Ay  »  0, 
and  a  cos^  -  ^  cos^  »  0,  and  it  may  be  written  in  the  form 
{hfi  •-  y){k  cobB  "  COB  C)  +  (y  COB  C- a  cos^)(*»- 1)  «  0, 
showing  that  it  passes  through  the  intersection 

kp  ^yoOf    and  y  cos  C -  a  cos-4  «  0, 
and  its  discriminant  with  respect  to  it  is 

4a  COB  A  08co8^  +  y  cos  C-a  cos^)-Q8  cos  (7+ y  oos^)*  «0. 

(918) 
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Car.  1.— The  points  Q,  R  divide  the  lilies  ^JSTj,  CR,  ppopor- 
tionally.  For,  evidently,  the  triangles  ABQ,  ACR  axe  similar 
and 

RQ:  CRi'.ARiACizRR^:  CR^ 

Hence  RQiRRj,::  CR:  CR^ 

Car.  2. — ^By  giving  special  values  to  i&  we  get  special  posi- 
tions of  QR  in  each  of  which  it  will  be  a  tangent.  Thus,  if 
i  B  0  we  get  a  B  0  as  the  tangent,  if  i& »  oo , 

p  cobR  +  y  cos  (7-  a  cos -4  «  0, 

that  is,  the  line  R^Re  is  &  tangent,  and  by  making  i&  =  ±  1,  we 
see  that  the  internal  and  external  bisectors  of  the  angle  RA  C 
are  tangents, 

354.  If  P  be  the  point  which  divides  AR^  in  the  same  ratio 
as  R  divides  CR^^  the  envelopes  of  the  lines  RPf  FQ  will  be 
two  other  parabolse  whose  equations  are  obtained  from  (918)  by 
interchange  of  letters,  viz., 

4^  cos  ^  (y  cos  (74  a  cos  -4  -  )8  cos  ^)  =  (y  cos  -4  +  a  cos  Ry. 

(919) 
4y  cos  (7  (a  cos -4  +  j8  cos  ^  -y  cos  C)  «=  (a  cos^+  pew  Ay. 

(920) 
We  shall  denote  these  three  paraboIsB  by  ir„  ir>,  w^  respectively. 

855.  The  symmedian  lines  AR,  RRy  CRare  the  directricee  of 
the  three  parabola  ir„  ir^,  ir«,  and  thepainte  a^  ii,  Ci  are  ihe%r  foei. 

Bern. — If  the  ratio  in  which  the  points  Q,  R  divide  the  lines 
RRt,  CR,  be  equal  to  the  ratio  MN:  RN,  §  352,  QR  coincides 
with  8,  and  with  8'  if  equal  to  the  ratio  MR:  MR.  Hence  8,  V 
are  tangents  to  the  parabola  ir^,  and  since  they  are  at  right 
angles  to  each  other,  their  intersection,  the  point  JT,  is  on  the 
directrix.  And  since  the  internal  and  external  bisectors  of  the 
angle  RA  C  are  tangents  (§  353,  Car.  2),  and  are  at  right  an^es, 
the  point  A  is  on  the  directrix.    Hence  .4iris  the  directrix  of 
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«-«.     Similarlyy  BKy  CK  are  the  directrices  of  ir^  ir„  respec- 
tiyely. 

Again,  since  the  point  Oi  is  common  to  the  circnmcircles  of 
the  triangles  BSC^  E^H^  each  of  which  is  formed  by  three 
tangents  to  «-«,  Oi  is  its  focus.    Similariy,  3i,  ^i  are  the  foci  of 

Astzt's  Paeabols  (Second  Group). 

356.  These  touch  the  perpendicular  bisectors  of  two  sides  of 
the  triangle  of  reference,  and  the  internal  and  external  bisectors 
of  the  angle  formed  by  these  sides.     Their  equations  are 
{(/Ssin  C+y  sin -»)  cos-4 -a  8in^)*=  Bin»-4  sin (-5- (7)  (j8«-y»). 

(921) 
{(y8m^  +  asin(7)coB^-i88in-5}»=8in»-gsin(C-^)(y»-a«). 

(922) 
((oBin5+^  sin-i)  cos  (7-y  sin  C}»  =  sin'Csin  (^ --g) (a«- j8«). 

(923) 

The  subject  matter  of  §§  847-856,  are  chiefly  taken  from 
Brocard,  Memoirei  of  the  Academy  of  Mantpettier,  1886,  and  from 
Neuberg,  Mathesis,  vol  x.,  p.  166.  The  name  orthocentroidal 
18  due  to  Mr.  Tucker. 

BXBB0I8B8. 

1.  The  foci  of  the  Brocard's  parabol»  are  the  iBogonal  conjugatee  of  the 
summits  of  Bxocard't  second  triangle. 

The  pokra  of  orthooentre  JT  are  the  radii  OA,  OB,  OC  of  ciroumoircle. 

2.  The  foci  of  Artst's  parabolas  are  the  summits  of  Brocard's  second 
triangle. 

8.  The  equations  of  the  lines  aai,  bbi^  ^i  are 

2a  cos-4  sin  (J  -  C)  +  /B  8in(-4  -  J)  +  7  sin  (C-  -rf)  =  0,  (924) 

«  sin  (^  -  J)  +  2/8  cos  J  sin  ((7  -  -4)  +  7  sin  (J  -  (7)  =  0,  (926) 

asin(^-  (7)  +  iB8in  (O-A)  +  27  cos  C  sin  (-4  -  JJ)  =  0.  (926) 

4.  The  points  of  contact  of  the  parabola  ira,  ir»,  ir«  with  the  sides  of  ABC 
are  their  points  of  intersection  with  the  line 

asec^  +  /8seci?  +  7secCsO.  (927) 
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6.  Thedixeetxioesof  A]tJrt'tpttiabol»areth«med]aiiaof.^J(7. 

6.  The  side  ^^  of  the  triangle  o^^  is  a  tangent  to  the  parabola  v«. 

7.  The  co-ordinatef  of  the  point  ai  are    ^  tan  ^,  sin  C,  tin  i?,       (928) 

8.  The  oo-ordinatee  of  the  point «  are    ^  sec  (7,  see  3.      (939) 

9.  The  axis  of  perspeotiye  of  the  triangles  ASC,  PQS  (i  864)  is 

a/(cos^  -  i^  oos 3  cos  (7)  +  I^KfiOB  B  *  ifc  oosCcos^) 

+  7/(cos(7-i^cos^eosJ)»0,   (980) 
when  k  is  variable. 

10.  The  enyelope  of  the  axis  of  perspective  is  the  parabola 

4(a  oos^  +  i9  cos  J+7  cos C)  (a/cos ^  +  i9/oosi?  +  7/oM^ 
e  {a(oos^/cos (7+  cos C/oos ^)  +  /B (cos  C/oos^  +oos^/oos  C) 

+  7(cos^/oos^+cos3/oos^)}*.  (981) 

The  form  of  the  equation  shows  that  it  toodhesthe  orthiqn*  axis  audits 
isogonal  transverse. 

11-14.  Prove  that  the  conic  (931)  is  a  parabola;  (2^  that  h  is  inscribed 
in  the  triangle  ABO\  (3*)  that  it  touches  the  double  lines  8,  8*  ({  882) ; 
(4*)  that  its  directrix  is  the  join  of  the  orthocentre  and  symmedian  point 

16.  Prove  that  the  equations  of  the  lines  joining  the  summits  of  .^L2^Cwith 
the  points  of  contact  of  the  parabola  (931)  are 

a  sin  2^  sin  (^  *  C)  B  jB  sin  23  sin  ((7- ^)  B  7  sin  2(7  sin  (^  -  JO- 

(982) 

16.  The  equation  of  the  line  Ha\  is 

/B  cos/8 +  7  cos  (7- 2a  cos ^  bO.  (988) 

17.  The  axis  of  perspective  of  the  triangles  dbc^  ABCim 

a  (cos  .9  cos  C- cos  ^  cosir/8)  +  /3(cos  (7cos.^-cos3  oosv/8) 

+  7(cos^cosi?-cos(7cosv/8)B0.  (984) 

SjmPBBi's  Htpbbboia. 

857.  Upon  the  sides  of  a  triangle  ABC  are  described  three 
triangles  BCA',  CAB'^  ABC  directly  similar ;  it  is  required  to 
investigate  in  what  cases  ABC^  A'FC  are  in  perspectire. 


Digitized  byVjOOQlC 


Becent  Oeometry. 


443 


SoLTTTioK* — ^Let  a,  j3,  y  be  thd  normal  co-oidinates  of  the 
centre  of  per^ctiYe,  6^  V 
the    base    angles    of    the 
similar  triangles;  then  evi- 
dently 

::  Bmtf.sin(^-0O 
:  sin  ^.  sin  (^  -  6). 
Henoe  ^  ^C 

asin^cottf-j3  8inJ?cot0'-(acos^-j3co8J?)-O.    (1) 

And  eliminating  tf,  ff  from  this  and  two  similar  equations,  we  get 

asin^,    fismBj    acosA-  PcosBj 

panBf    ymC,     j3cos^-ycos  C, 

ysinC,     asin^,     ycosC-acos^ 

This  determinant  is  reduced  by  substituting  for  the  second 
column  the  difference  between  the  first  and  second,  and  then 
adding  the  second  and  third  rows  to  the  first,  and  we  get 

(asin^  +  jSsin^  +  ysin  C) 
{a^sin(-4--B)  +  )8ysin(-B-  (7) +  ya  8in(C--4))  -0; 

the  first  factor  of  which  denotes  the  line  at  infinity,  and  the 
second  Kiepert's  hyperbola  (P).  In  the  former  case  the  lines  AA\ 
BBf  CC  are  parallel,  and  the  loci  of  the  points  A*^  B^  C  are 
Neuberg's  circles  N^  N^  N^  In  the  latter  case,  the  triangles 
BCA\  CABy  ABC  are  isosceles.  For,  adding  equation  (1) 
and  two  similar  ones  got  by  interchanging  letters,  we  get  cottf 
«  cot  0^  and  tf  -  ^.    In  this  case  the  lines  AA\  BB,  CC,  are 

asin(^  -  tf)  -  )8sin(^  -  tf)  -  y  sin((7- tf). 

Hence  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
A'BC  (called  Kiepert's  triangle),  and  ABC  are  1/sin  {A  -  tf). 
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l/sin {B  -  $\  II An {C^O).  Since  these  are  functions  of  tf,  the 
point  they  denote  is  called  the  point  6  on  the  hyperbola  (P),  and 
their  inverses,  viz.  the  point  sin  (^  -  tf),  sin  (^  -  0),  sin  ( C-  0) 
is  the  point  on  the  line  OX  which  is  the  isogonal  conjugate  of  F. 

Cor.  1. — Every  Eiepert's  triangle  is  orthologique  with  ASC. 
For,  since  the  perpendiculars  from  A\  B^  C  on  the  sides  of 
ABC  meet  in  a  point,  the  perpendiculars  from  A^  B^  C  <m  the 
sides  of  A'B'C  meet  in  a  point  the  orthologique  centre  of 
A'B'C  with  respect  to  ABC. 

Car.  2. — If  the  vertices  of  a  Eiepert  triangle  A'B'C  be  points 
on  Neuberg's  circles  If^  JVi,  If„  the  lines  AA\  BB*,  CC  meet 
at  infinity,  and  are  therefore  parallel  to  the  asymptotes  of  V. 
Hence  the  lines  AJ^  AT^  (fig.,  §  338)  are  parallel  to  the 
asymptotes  of  P. 

Car.  Z.—IfAiBiCiy  A^BtCt  he  two  Kieperfe  trum^Iee  wAeee 
vertices  Au  At ;  i?i,  Bf ;  Ci,  (7,  are  irwerie  points  toith  respect  to 
Neuberg*s  circles  N„  iVj,  If„  respectively ,  then  the  corresponding 
points  Pi,  P^onV  are  the  extremities  of  a  diameter. 

For,  since  ^i,  At  are  inverse  points  with  respect  to  N^  (see 
fig.,  §  838),  the  lines  AJ^^  AJ*^  are  the  bisectors  of  the  angle 
AiAAtt  that  is,  of  the  angle  PiAPt ;  but  AJ^  AT^  are  parallel 
to  the  asymptotes  of  P.  Hence  F\B%  is  a  diameter.  As  a  parti- 
cular case,  if  Pi,  F%  be  the  points  whose  parametric  angles  are 
±  ir/3,  PiPa  is  a  diameter. 

358.  Any  two  points  on  P  whose  parametric  angles  differ  by  a 
right  angle  are  eollinear  with  the  centre  of  the  nine-poirUs  circle^ 
and  their  tangents  meet  on  OK. 

Dem.— Let  the  points  be  tf  and  ir/2  +  0;  then  (§  120,  Cor.  1) 
the  equation  of  their  join  is 

aBin2(^-tf)sin(P-  C)  +  i8sin2(^- tf)8in(C- -4) 

+  y  sin2((7- tf)  sin(-4  -  i?)  «  0; 

and  this  is  satisfied  by  cos  {B  ~  C),  cos (C ~  A)j  cos  (^  -  B\ 
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which  are  the  co-ordinates  of  the  centre  of  the  nine-points 
circle. 

Again,  the  tangents  to  P  at  the  points  0,  ir/2  +  0  are  (§  120, 
Cbr.  1), 

a  sin* (-4  -  tf)  8in(i?  -  C)  +  j8  Bin»(i?  -  ^  sin  (C-  ^) 

+  y  sin*((7- tf)  sm(ul  - -B)  =  0, 

acoe*(-4-tf)sin(i?-  (7)  +  jS cos* (i? - tf)  sin(C-^) 

+  y  C08»  ( (7  -  tf)  sin  (-4  -  ^)  -  0, 

which,  when  added,  give  the  equation  of  OK, 

Car.— The  pole  of  OK  with  reepeet  to  T  ie  the  centre  of  the 
nine-pointe  eirele. 

359.  Kiepert's  hyperbola  is  the  diametral  conic  of  the  triangle 
ABC  with  respect  to  the  line 

acos^ +  j3cos^  +  ycos  (7=  0.  . 

Dem. — ^Denoting  the  Hne  by  fa  + 1»)8  +  »y  «  0 ;  then,  if  a 
transrersal  parallel  to  fa  +  mfi  +  ny  a  0  meet  the  sides  of  ABC 
in  Bi,  Bty  Bt,  and  a  point  0  be  taken  on  it  such 

1/0^1  +  1/0^+1/0^  =  0, 

the  locus  of  0  is  required.    Let  the  co-ordinates  of  0  be  a', 
J8',y';then(§61) 

OBi  =  a'n/(m  sin  0  -  »  sin  i?), 

0^  «  iS'0/(n  sin  ^  -  /  sin  (7), 

OBi  «  yQKlauB  -  w  sin ^), 
where 

O  «  \//*  +  jn'  +  n*  -  2mncos^  -  2nlco8B  -  2lmcos  C, 

Hence,  substitnting,  &c.,  we  get  the  equation  of  F. 

Cor. — ^The  diameter  of  the  triangle  corresponding  to 

a  COS -4  +i8cosi?  +  ycos(7«0 
is 

o/sin(^  -  C)  +  plem{C''A)  +  y/sin(-4  -  ^)  =  0, 
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and  this  is  a  diameter  of  r.    Henoe  tlie  transversal  iaogonal  to 
OJTis  a  diameter  of  P. 

360.  If  any  transv&r»al  fn$$U  T  in  ihe  painti  0^  0^  and  OK 
in  ft,  then  ft  +  ft  +  ft  =  mr.  (M'Cat.) 

Dem.— The  join  of  the  points  ft,  ft  is  (§  120,  Car.  1) 

Sasin(^-ft)BinC^-ft)8in(i?-  C)  =  0, 
or 

Sa{cos(2ul  -  ft  -  ft)  -  cos(ft  -  ft))  8in(^  -  C)  »  0. 

Hence  substituting  the  co-ordinates  of  the  third  point,  and 
omitting  the  terms  containing  cos  (ft  -  ft)  which  yaniah,  we 

get 

Scos(2^  -  ft  -  ft)sin(-4  -  ft)  8in(i?  -  C), 
or 


S  sin  (8-4  -  ft  +  ft  +  ft)  sin  (i?  -  C) 

-SBin(^-ft+  ft -ft)  sin  (^-  C)-0. 

And  since  S  sin  3^  sin  (5  -  C)  =  0,  S  sin-^  sin (5  -  C)  «  0, 
2  C08-4  sin(-ff  -  C)  =  0,  this  reduces  to  sin(ft  +  ft  +  ft)  «  0. 
Hence  ft  +  ft  +  ft  -  nv,  (935.) 

The  following  are  the  parametric  angles  of  some  special  points 
of  r  and  OK:— 

1®.  6^,X;centroidonrandsymmedianpointonOJr,  tf-0. 

2®.  iV;i^';  Tarry*8  point  on  r,  and  infinity  on  OK,  ^=ir/2-«». 

3®.  Pi,  Ft ;  isogonal  centres  on  F,  ^a  ±  «r/3. 

4^.  ^,  0 ;  orthocentre  on  F,  circumcentre  on  OK,  0a«r/3. 

Car.  1.  If  01  +  ft  be  constant,  ft  is  constant.  Hence  a  chord 
PP'  joining  points  on  F,  the  sum  of  whose  parametric  angles  is 
constant,  passes  through  a  fixed  point  on  OK.  Hence  it  follows 
that  pairs  of  points  on  F,  the  sum  of  whose  parametric  angles  is 
given,  form  a  system  in  involution. 

Car,  2.  If  ft  +  ft  s  0,  ft  »  0  denotes  the  symmedian  point. 
Now  if  ft,  ft  denote  the  points  P,  P'  on  F,  and  if  Q,  Q"  be  the 
corresponding  points  on  OK,  it  is  easy  to  see  that  PQf,  P'Q  each 
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meet  r  in  zero.  Hence  if  any  chord  of  V  pastes  through  the 
Bjrmmedian  point,  the  diagonals  of  the  quadrilateral  formed  by 
the  points  P,  P^  and  their  correspondents  Q^  Q  on  OXinterseot 
in  the  centroid  of  the  triangle  ABC. 

Car.  3.  The  tangents  at  G  and  J7to  V  intersect  at  K. 

Cor.  4. — ^The  diameter  PiPt  passes  through  K^  and  bisects  OH. 

861.  IfAiBiCiy  A%BtCt  he  two  JSufperfi  triangUi  whoispara^ 
nutrie  angles  are  eomplemenUf  the  orthologique  centre  of  either 
and  ABC  ie  the  centre  of  perspective  of  ABC  and  the  other. 

(M*Cat.) 

Dem. — ^Let  the  parametric  angles  be  tf^,  Ot,  then  the  equations 


of  AiBi,  CCt  are 

a(8in Csin^ - sin-B  8in2tfi) +  i5(sin5sin C- Bin-4  sin2tf,) 

-ysin(C-2tf,)-0, 
osin(-4  -  tf,)  -  i8sin(-B  -  ft)  »  0, 
or  acos(-4  +  6i)  -ficos{B  +  ft)  »  0. 

And  these  are  perpendicular  to  each  other. 
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Car. — ^The  Eiepeit's  triangles  ^i^iCi,  AtBtCtf  and  £he  tri- 
angle ABCj  when  0x  +  tf,  e  ir/2,  have  a  common  axis  of  perapec- 
tive  which  is  perpendicular  to  the  line  PiPf 

From  §  860,  Cor.  1,  it  is  seen  that  the  centres  of  perspectiTe 
of  the  triangles  taken  two  by  two  are  collinear  points.  Hence 
{Sequelf  p.  77)  they  have  a  common  axis  of  perspective. 

Again,  let  Pi,  Pi  be  the  centres  of  perspective  of  ABC  with 
AiBiCi  and  A^BfCfy  respectively,  and  let  A^B^C^  be  the  common 
axis  of  perspective ;  with  A^,  i?s,  Ci  as  centres,  and  A^d,  B^B^ 
CiA  as  radii  describe  circles ;  then  the  radical  axis  of  the  circlet 
Ai,  Ci  is  the  perpendicular  from  A  on  the  line  BiCi^  and  there- 
fore passes  through  Pi  (§  348).  Similarly,  the  radical  axis  of 
the  circles  i?s,  Ci  passes  through  Pi.  Hence  Pi  is  on  the  radical 
axis  of  the  circles  ^„  ^9.  Siniilarly,  Pi  is  on  the  radical  axis 
of  Az,  Bi.    Hence  the  proposition  is  proved. 

Cor.  2. — ^The  circles  At^  B^,  C^  are  coaxal. 


Htpbbbola  r'. 

362.  Let  AiBiCi  h$  the  triangle  whois  itdst  touch  the  eireum- 
oirele  of  the  triangle  of  referetwe  ABC  at  ite  eunmite.  Then  if 
A%BtCt  he  homothetic  with  ABC  with  reepect  to  the  etreumemUre^ 
A%B^Ct  is  in  perspective  with  ABC^  and  the  locus  of  the  centre  of 
perspective  is  a  hyperbola^  the  inverse  of  Euler^s  Une  of  ABC. 

(Jbkabbk.) 

Dem.— ^1,  Btf  C,  divide  the  lines  O^i,  OPi,  OC^  m  the 
same  ratio.  Let  it  be  / :  m.  Now  it  is  easy  to  see  that  the  per- 
pendiculars from  At  on  the  lines  ACy  AB  due  (IB  tan  A  sm  B 
+  mB  cobB)I{1  +  m)  and  {IBtmA  sin  C  +  m^  cos  C)/{1  +  m). 
Hence  the  equation  of  AA^  is 

i8(/tan^sinC  +  f»cos(7)-y(/tan-i  sin ^  +  m cos ^)  -  0, 
or 

/(^sin  CBmA-y  sin-i  sin^)  -m(y  cos-4  cosB-^p  cos  (7oosui)-0, 
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which,  with  two  similar  equations  got,  interchanging  letters 
vanish  identically. 


Again,  eliminating  /,  m  hetween  any  two  of  these  equations, 
we  get 

r- )8y  sm2^ .  8in(^  -  C)  +  ya  8in2-ff  sin((7- ui) 

+  aP  sin2C7  8in(^  -  ^)  =  0,  (936) 

which  is  the  isogonal  transformation  of  Euler's  line. 


BXBBOISBS. 

1.  Tlie  most  general  equation  of  an  equilateral  hyperbola  oircumBcribed  to 
the  triangle  of  reference  is 

^O'oosC-7'cos  J)  +  7«(7'cos-4-a'cos(7)  +  a3(«'cosi^-  i3'co6^)s0. 

(937) 

This  is  the  isogonal  transformation  of  the  diameter  of  the  ciroumoirole 
passing  through  a ,  fi>\  y\  and  includes,  as  particular  cases,  Kiepert's, 
Jerabek's,  and  other  hyperbolas.  Thus,  if  afi'y*  denote  the  symmedian 
point,  it  is  Eiepert's  hyperbola ;  if  o!0y  be  the  incentre,  we  get  the  hyper- 
bola  of  i  342,  Cor,  1 ;  and,  if  the  orthooentre,  Jerabek's  hyperbola,  i  362. 

2e 
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2.  Prove  that  the  co-ordinates  of  any  point  of  the  hyperbola  (937)  maj  be 
denoted  by  l/(a'+ Atoob^),  l/(a' +  Arooei?),  1/(7'+ ArcoeC),  when  *  i» 
arbitrary.  (938) 

8.  Prove  that  the  locus  of  the  centre  of  the  oonic 


\/a{fi'-\^  Arcoe^)  +  Vi3(i3'+  *ooe^)  +  Vy(y  +  ArcosC)  =  0, 

when  k  varies  is 

o,     sin  ^,    i3'  sin  (7  +  7'  sin  ^, 

i8,    sin  J,    7'sin^  +  a  sinC,     =0.  (939) 

7,    sin  (7,    o'  sin  S  +  iS'  sin  A 

4.  When  k  varies,  prove  that 

Va(«'+itcosu<)  +  ViB(i8'  +  itcoeS)  +  N/7(y  +  *coe(7)  =  0 

touches  the  line 

a/(i8'cosC-7'oos^)  +  i3/(7'ooe-r<  -  a  cos  (7)  +  7/(0' cos  iT  -  iS' cos  ^)  =  0. 

(940) 
6.  If  a'ff*/  denote  the  symmedian  point,  the  conic  of  Ex.  3,  4  may  be 
written 


V«8in(^-«)  +  y/fita3i(B-$)  +  V7  8in(C-«)  =  0.  (941) 

6.  Prove  that,  when  0  ^  ±  60%  one  focus  of  (941)  is  a  point  00 
^iepert's  hyperbola. 

7.  If  ^1,  Bu  C\  be  the  points  of  contact  of  (921)  with  the  sides  of  ABC, 
prove  that  the  axis  of  perspective  of  ABC,  A\B\C\  is  paraUel  to 

acos^  +  iS  co6i?  +  7CosC«0. 

8.  If  Pbe  any  point  in  the  line  OK,  and  if  AP,  BP,  CP  meet  BC,  CA^ 
AB  respectively  in  A',  B',  C,  the  equation  of  a  conic  touching  the  sides 
at  A\  B',  C,  respectively,  is 

>/a/8in(u<-e)  +  Vi3/8in(-B-«)  +  y/ylBm{C  -  9)  -  0,         (942) 
when  9  is  the  parametric  angle  of  the  point. 

9.  The  locus  of  the  centre  of  (942)  in  baryoentrio  co-ordinates  is 

8in(J-g)        8in(C-^)        Bm{A^B)  ^ 
a(i3  +  7-a)''*(7  +  o-i8)''i»(a  +  i8-7)  ^     *' 
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10.  The  axis  of  penpeotiye  of  the  triangles  ABO,  ABfC*  in  Ex.  8  is 
«/8in  (u<  -  «)  +  iS/sin  (fl  -  6)  +  7/8m (C -  6)  =  0,  (944) 

and  its  envelope  is 


Va8in(^  -  (7)  +  Vi8  8in(C-  ^)  +  V7  sin  (u<  -  J)  =  0.      (946) 

11.  The  isogonal  transfonnation  of  the  diameter  of  the  circumcircle  which 
through  Tarry's  point  is 

/Sy  (sin  2^  -  sin 2«)  sin  (^  -  C)  +  7a (sin 2S  -  sin 2«)  sin  (C-  .^) 

+  a3  (sin2C7~  sin2«)  sin(ul  -  .9)  «  0.  (946) 

Steiheb's  Ellipse. 

363.  We  have  already  given  the  equation  (852)  of  Steiner's 
ellipse.  Here  we  shall  give  some  of  its  most  important  pro- 
perties, in  particular  its  connexion  with  Kiepert's  hyperbola. 
Let  ABC  be  the  fundamental  triangle ;  Q^  0,  JT*,  K 
the  centroid,  circumcentre,  orthocentre,  symmedian  point ; 
A'B'C'i  A"B"C"  the  complementary  and  anticomplementary 
triangles  ;  E^  E*  the  circumscribed  and  inscribed  ellipses, 
whose  centres  coincide  with  G)  OX,  ^F  their  axes.  E  is 
called  the  Steiner  ellipse  of  the  triangle,  and  GX,  GT  its 
Steiner  axes.  Let  A,,  B„  C^  be  the  sym6triques  of  A,  B,  C 
with  respect  to  G.  These  are  points  on  E.  Now,  if  jS  be  the 
fourth  point  common  to  E  and  the  circumcircle,  the  chords  AB, 
CR  are  antiparallel  with  respect  to  GX\  but  AB  is  parallel  to 
A^^  Hence  the  circumcircle  of  the  triangle  AJBfi  passes 
through  R\  therefore  R  can  be  constructed,  and  hence  the 
lines  GX,  GY. 

Cor,  1. — ^The  circumcircles  of  the  triangles  ABC,  Afifi, 
AJiCg,  ABfi^  have  jS  as  a  common  point. 

Cor.  2. — ^The  circles  osculating  E  at  the  points  A,  B,  C  pass 
through  R, 

Cor.  3. — If  the  same  reasoning  be  applied  to  the  ellipse  E* 
it  will  be  seen  that  the  nine-points  circles  of  the  triangles 
ABC,  GBC,  GCA,  GAB  pass  through  Q,  the  complementary 

2o2 
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of  R\    and  since  these  circles  are  the  centres  of  equilateral 


hyperbolas  circumscribed  to  the  corresponding  triangles,  Q  is 
the  centre  of  the  Kiepert's  hyperbola  of  ABC. 

Cor,  4. — R  is  the  centre  of  the  Kiepert's  hyperbola  of 
A"B"C". 

Cor.  6.— If  SQ  be  produced  to  iV  until  QN^  SQ,  the  point 
N^  which  evidently  is  on  F,  must  also  be  on  the  circumcircle, 
since  Rv&  the  centre  of  similitude  of  the  nine-points  circle  of 
ABC,  and  the  circumcircle,  and  Q  is  on  the  nine-points  circle. 

Dep.— iV^w  called  Tabby's  Ponrr  (§  360,  2°). 

Cor,  6. — ^i^is  diametrically  opposite  to  jR  on  the  circumcircle. 

Cor.  7. — Tarry's  point  is  the  centre  of  perspective  of  the 
triangle  formed  by  the  centres  of  Neuberg's  circles  iV.,  N^,  K^ 
and  the  triangle  ABC. 

364.  Steiner^t  axes  are  parallel  to  the  asymptotes  of  Efeperft 
hyperbola. 
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Bern. — The  AppoUonian  hyperbola  of  any  point  in  the  plane 
of  a  conic  passes  through  the  feet  of  the  normals  from  that 
point,  and  has  its  asymptotes  parallel  to  the  axes  of  the  conic. 
Bnt  evidently  the  AppoUonian  hyperbola  of  the  point  JSTwith 
respect  to  Steiner's  ellipse  is  Eiepert's  hyperbola.  Hence  the 
proposition  is  proved. 

Car. — If  R  be  the  point  where  the  fourth  normal  from  H 
meets  Steiner's  ellipse,  RBf  is  a  diameter  of  Steiner's  ellipse, 
and  GR  of  P. 

365.  If  the  line  OK  intersect  the  eireumeircle  in  P,  P',  the 
8im$<m*s  lines  ofP,  P'  are  the  asymptotes  o/Kieperfs  hyperbola. 

Bern. — P,  P'  are  the  isogonal  conjugates  of  the  points  at 
infinity  on  V.  Hence  if  PQ,  P'C  be  parallel  toBC,  the  asymp. 
totes  of  r  are  parallel  to  AQ,  AQf.  Now,  if  P«,  P*  be  the  pro- 
jections of  PonBC,  CA,  it  is  easy  to  see  that  the  Simson's  line 


A^K 


P.P»  is  perpendicular  to  AQ,  Hence  the  lines  P^P^y  P'„P\  are 
parallel  to  the  asymptotes.  And  since  PP'.  =  CP„  and  AP^ 
«  CP'*,  they  must  be  the  asymptotes. 
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Cor,  1. — Steiner's  axes  are  parallel  to  the  Simson's  lines  of 
the  points  P,  P'. 

Cor.  2. — Since  M'Cay's  circles  are  the  loci  of  the  centroids  of 
equibrocardian  triangles  described  on  the  sides  of  ABC  (§  340, 
Cor,  1),  it  follows  that  if  through  tiie  centroid  of  ABC  lines  be 
drawn  parallel  to  AJ„  AJ',  (fig.,  §  338),  they  will  meet  the 
perpendicular  to  BC  nt  its  middle  point  in  the  highest  and 
lowest  points  of  one  of  li*Cay*s  circles.  Hence  the  lines  from 
the  centroid  to  the^  highest  and  the  lowest  point  of  one  of 
M' Cay's  circles  are  Steiner's  axes. 

366.  Since,  if  a  chord  of  a  hyperbola  be  the  diagonal  of  a 
parallelogram  whose  sides  are  parallel  to  the  asymptotes,  the 
other  diagonal  will  pass  through  the  centre.  Hence,  applying 
this  to  the  chord  GJffoi  T,  we  get  the  following  proposition : — 


If  the  orthocsntre  Sofa  triangle  ABC  he  projected  on  the  axei  ^ 
SieineTj  the  join  of  the  projections  passeg  through  the  points  Q,  IT, 
Ply  P^.  Conversely,  if  upon  OH  as  diameter  a  circle  he  descrihed, 
the  lines  joining  O  to  its  points  of  intersection  with  the  join  of  Kto 
the  middle  of  GH  are  the  axes  of  Steiner, 

367.  If  AiBiCi  and  iV«iVfci\r^  be  respectively  the  first  Brocard 
triangle  and  that  formed  by  Neuberg's  centres,  the  parametric 
angles  of  these  are  complementary.    Hence  the  corresponding 
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points  R  and  i^Tare  collinear  with  0.  N  is  the  centre  ortho- 
logiqne  of  AiBiCi  with  respect  to  ABC.  Hence  it  follows  that 
the  lines  AR,  BR,  CR  are  parallel  to  the  sides  of  AiBiCi. 
JBimee  the  homologous  sides  of  the  triangles  ABC,  AiBiCi  are 
antiparallel  with  respect  to  the  axes  of  Steiner.  Again,  if  Mi, 
J9!i,  -flTj  be  the  orthocentres  of  the  triangles  NBC,  NCA,  NAB, 
the  quadrangles  ABCN,  HiH^HzRoxe  (fig.,  §  363)  symetriques 
with  respect  to  Q.  Therefore  OAy  Offi  are  supplemental 
chords  of  V,  and  hence  are  antiparalld  with  respect  to  QX ; 
therefore  GAi  passes  through  H^,  and  hence  through  the  middle 
point  of  AR. 

368.  The  Foci  op  Steinee. 

Dep. — Thefoei  of  Steiner  of  a  triangle  are  thefoei  of  an  ellipse 

A 


wUeh  touches  the  sides  of  the  triangle  at  their  middle  points. 
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Let  ABO  be  the  triangle,  A'B'C  the  ellipse  touching  the 
sides  in  the  points  -4',  ^,  C" ;  JT,  Jf  the  f od.  The  perpen- 
diculars from  K^  K*  on  the  sides  of  ^^Cmeet  them  in  their 
points  of  intersection  with  the  circle  on  the  major  axis  of  the 
ellipse.  Let  K^^  JT,,  K^  be  the  feet  of  the  perpendiculars 
from  JT,  and  let  these  perpendiculars  meet  the  circle  again  in 
A\y  Bif  Ci. 

Kow,  it  is  evident  that  taking  E  as  the  centre  of  reciproca- 
tion, and  the  power  of  JST  with  respect  to  the  circle  as  modulus, 
the  ellipse  will  reciprocate  into  the  circle,  and  the  triangle 
ABC  into  AiBiCi.  I  9ay  that  K  %$  th$  symmedian  poini  of 
AiBiC, 

Bern. — Draw  tangents  to  the  auxiliary  at  the  points^i,  ^i,  Ci, 
forming  a  triangle  AtBtC%.  Now,  from  the  principles  of  reci- 
procation, these  tangents  are  the  polars  of  A',  ffy  C,  Hence 
the  points  -4„  j5„  (7,  are  the  poles  of  WC^  CA\  A'B'.  Again, 
since  the  lines  BC,  B'C  are  parallel,  their  poles  Ai^  Atj  and 
the  centre  of  reciprocation  JT  are  collinear.  Similarly,  Bi,  B^ 
JTare  collinear,  and  also  Ci,  C^,  K. 

Hence  JTis  the  Gergonne  point  of  A^BtC^j  and  therefore  the 
symmedian  point  of  AiBiCi,  (Q.  E.  D.) 

Car,  1. — The  joins  of  the  summits  of  a  triangle  ABC  to  a, 
Steiner  focus  are  inversely  proportioned  to  the  sines  of  the 
angles  subtended  at  the  focus  by  the  opposite  sides.  The  quad- 
rangles KABCy  KAiBiCi  are  metapolar.  Hence  KA^  KB,  KC 
are  inversely  proportional  to  the  normal  co-ordinates  of  K  with 
respect  to  the  triangle  AiBx  Cx ;  but  these  are  proportional  to 
sin  ^1,  sin  Bi^  sin  Cx ;  and  the  angles  BKC^  CKA,  AKB  are 
the  supplements  of  -4i,  Bx^  Cx. 

Cor.  2. — If  O  be  the  centroid  of  a  triangle  ABCy  and  il  AG^ 
BOf  CG  meet  the  circumcirde  again  in  Gxj  G^y  (?s,  (r  is  a 
Steiner  focus  of  GiG^G^. 

For  GxGy  G%G,  GiG  aie  inversely  proportional  to  AG,  BGy 
CGy  and  therefore  to  the  sines  of  the  angles  BGCy  CGA,  AG  By 
that  is,  to  the  sines  of  G^GG^y  G^GGx,  GxGGt. 
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Cor.  3.— The  Steiner  foci  JT,  K'  of  the  triangle  ABC  are  the 
sjmmedian  points  of  their  pedal  triangles,  and  the  pedal  triangles 
are  median  reciprocals. 

For  the  triangles  KiK^K^  and  AiBiCi  are  median  reciprocals, 
and  K^xK'JS^^  is  eqnal  in  every  respect  to  AiBiCi, 

Car,  4. — The  symmedian  point  of  a  triangle  is  a  Steiner  focus 
of  its  antipodal  triangle ;    for  JT  is  the  symmedian  point  of 

Car,  5. — ^The  centroid  O  of  the  triangle  AiB^Ci  is  a  Steiner 
focns  of  its  pedal  triangle  0,^0 i,G^, 

For,  since  G  and  ^are  isogonal  conjugates  with  respect  to 
AiBid,  the  lines  OG^,  GGj,,  GG^  are  inversely  proportional  to 
the  normal  co-ordinates  of  iT with  respect  to  AiBiCi,  that  is,  to 
sin^i,  sin^i,  sin  C7i ;  or  to  sin  G,,GGc  sin  GfiGa^  sin  G^GG^,, 

Cor.  6. — If  JSThe  the  orthocentre  ot  ABC,  and  on  SA^  -ffiff, 
HC  lengths  RA\  RB\  RC  he  taken  equal  to  the  correspond- 
ing altitudes,  ^  is  a  Steiner  focus  of  the  triangle  AB*  C. 

Cor,  7. — If  O  be  a  Brocard  point  such  that  angle  QAB 
=  QBC  =  QCAy  and  if  lines  OJ9,  Oj;  ^F  be  parallel  to  the 
sides  BCj  CA,  AB,  and  terminated  in  J9,  ^,  i^  by  CAy  AB, 
BCy  respectively,  O  is  a  Steiner  focus  of  DEF.  Easily  inferred 
from  Cor.  1. 

Car.  8. — The  centroid  of  a  triangle  ABC  is  a  Steiner  focus 
of  its  second  Brocard  triangle  A^^C^.  In  fact  G  is  the 
centroid  of  the  first  Brocard  triangle  AiBiCiy  and  AiBiC^ 
AjBiCi  are  inscribed  in  the  same  circle,  and  have  (?  as  a 
centre  of  perspective. 

Cor.  9.— If  through  the  points  B,  C  (fig.,  §  355)  lines  be 
drawn  parallel  to  AK,  through  C,  A  lines  parallel  to  BK,  and 
through  Aj  B  parallel  to  CK,  these  six  lines  touch  an  ellipse 
of  which  JTis  a  focus ;  the  ellipse  is  the  reciprocal  of  Lemoine's 
first  circle. 

Digitized  by  LjOOQIC 


458  Recent  Oeometry. 

Cor,  10.— If  through  the  points^,  C  parallels  be  drawn  to 
the  median  of  the  triangle  BKC,  through  (7,  A  parallels  to  the 
median  of  CJSTA,  and  through  A,  B  parallels  to  the  median  of 
AKBy  these  six  parallels  touch  a  ^drde  which  is  the  inTerse  (^ 
Lemoine's  second  circle. 

Cor.  11.  If  ^  be  the  symmedian  point  of  a  triangle  ABC^ 
and  0,  Oa,  Oj,  0^  the  circumcentres  of  ABC,  KBC^  KCA, 
KABy  the  points  0,  K  are  the  Steiner  foci  of  the  triangle 
O^ObOej  for  the  quadrangles  Zl^^C,.  00, O^Oe  are  metapokr, 
and  0,  JTare  isogonal  conjugates  in  0,0^0^, 

Cor.  12. — If  JT,,  A'  be  the  points  of  intersection  of  the 
symmedian  AK  with  the  circumcircles  of  ABC,  KBC,  Ki  b 
a  Steiner  focus  of  A'BC. 

The  quadrangle  K^A'BC  is  inversely  similar  to  00^0^0^*^ 

BXEB0ISB8. 

1.  If  m«,  mt,  iNc  denote  the  medians  of  the  triangle  ABC,  A  its  area,  pnm 
that  the  parameters  of  the  three  parabolae  which  can  be  described  each  toueb- 
ing  two  sides,  and  having  the  third  as  chord  of  contact  (called  Aitzt^s  fiist 
group  of  parabolsB)  are,  respectiyely, 

2A«/ma»,     2A«/m»5,     2AVm.'.  (947) 

2.  Prove  that  the  envelopes  of  the  sides  of  Kiepert's  triangles  (}  867)  are 

{«a-(^  +  ri9)cos^}«-sin»^(62-tf»)(iB»-y»)  =  0,  &c    (948) 
This  is  called  Artzt's  second  group  of  parabolffi  ({  356). 
The  polars  of  the  circumcentre  0  are  the  altitudes  AR,  BE,  CR. 

3.  Prove  that  the  parameters  of  Artzt's  second  group  are,  respectively, 

A(A'-c')/(2m.»),     A(c»-a»)/(2m4»),     A  («»  -  *»)/(2»i^») ;     (949) 
and  that  their  foci  are  the  summits  of  Brocard's  second  triangle. 

4.  Prove  that  the  envelope  of  the  axis  of  perspective  of  the  tnan^  ABC 
and  Kiepert's  triangle  is  Eiepert*s  parabola 


\^(*«-«2)a  +  V(fl»  -  tf»)i8  +  V(a»  -  A»)y  =  0,  (960) 

and  that  the  co-ordinates  of  its  focus  are 

l/sin(5-(7),     l/8in((7-^),     l/sin(^-i?),  (961) 

*  The  subject-matter  of  Arts.  363-368  are  chiefly  taken  ftom  Kiranc 
KT  Gob,  Sur  les  ax4$  et  Utfoyert  tk  SUiner  (Congrfes  de  Paris). 
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5.  If  P,  Q  be  any  two  isogonal  conjugate  points  in  the  plane  of  a  triangle 
ABCf  prove  that  the  diameters  through  A,  B,  Coi  the  circuniciroles  of  the 
triangles  J.FQ,  BPQ,  CFQ,  respectively,  are  concurrent. 

6.  Prove  that  the  Brocard  angle  (»)  satisfies  the  equation 

sin^co6(^  +  ^)  +  sin^cos(^  +  ^)  +  8in (7 cos (C  +  ^)  «  0. 

(Neubbko.)     (952) 

7.  Prove  that  the  Steiner  angles  Vu  Vt  (}  339)  are  the  roots  of  the 
equation 

sin  ^  sec  (^  +  ^)  +  Bin^seo(^  +  ^)  +  sin  C7  sec  ((7+  ^)  =  0. 

(M«Cay.)     (963) 

8.  If  «  be  the  Brocard  angle,  Fi,  V%  the  Steiner  angles,  prove 

•  +  Ti  +  ^2  =  »/2.  (964) 

9-12.  If  P,  P'  be  the  Steiner  foci  of  the  triangle  ABC,  o,  i3,  7,  o',  fi\  y' 
the  points  of  intersection  of  AF^  BF,  CF,  AF*,  BF*,  CF'  with  the  oircum- 
circle,  A\,  Biy  d,  A'l,  B'l,  C\  the  points  of  intersection  of  the  same  lines, 
respectively,  with  circumcircles  of  the  triangles  BFC,  CFA,  AFB,  BFC^ 
CF'A,  AFB,  then 

P.  P  is  the  centroid  of  o^y,  F  that  of  ^ffy  ; 

2**.  a  is  the  symmedian  point  of  A\BC,  fi  that  of  ABiC,  &c ; 

a"*.  The  Brocard  angle  of  the  triangles  AiBOy  A'lBC.  .  .  is  equal  to  the 
first  Steiner  angle  of  ABC; 

4^  AF, AF'  =iAB.AC,  (Nbubbro  akd  Gob.) 

13.  The  orthocentre  of  the  triangle  formed  by  the  tangents  to  Kiepert's 
hyperbola  at  the  points  A,  B,  C  is  the  centre  of  the  nine-points  circle 
(Brocajld),  and  the  summits  of  that  triangle  are  points  on  Neuberg's  circles. 

14.  If  two  planes  be  inclined  at  a  given  angle,  the  Brocard  angle  of  the 
orthogonal  projection  of  any  equilateral  triangle  on  one  of  them  made  on  the 
other  is  constant. 

16.  Being  given  the  symmediansof  a  triangle,  find  the  directi(ms  of  its  sides. 

16.  Being  the  second  triangle  of  Brocard  AiB2Ct  of  ABC,  construct  ABC. 

17.  Prove  that  the  foci  of  the  Lemoine  ellipse 

v^i/m?  +  ^film^  +  y/ylm^''  0 
are  the  centroid  and  symmedian  points. 

18.  If  TaThTg  be  the  triangle  formed  by  the  tangents  to  Jerabek's  hyper- 
bola (§  362)  at  the  points  A,  B,  C,  the  axis  of  perspective  of  TmTbT^  and  ABC 
is  the  inverse  transversal  of  the  Euler  line  HO^' 
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19.  If  iT  be  the  fourth  point  of  intenectioii  of  T  with  the  Gurcumcircley 
EN*  10  a  diameter  of  T. 

20.  If  0  be  the  droumcentre  ol  the  triangle  ABCy  prove  that  the  triangle 
formed  by  the  circumoentiee  of  OBC^  OCA,  OAB  is  in  perapectiye  with 
ABC,  and  that  the  centre  of  perspective  is  the  isogonal  conjugate  of  the 
centre  of  the  nine-points  circle.  (Nbubebo.) 

21.  If  the  normals  at  ^,  ^,  (7  to  a  drcumconic  of  the  triangle  ABC  he 
concurrent,  the  locus  of  the  centre  is  the  cubic 

a{0^-r^la  +  fi  (7«  -  ««)/*  +  7  (a»  -  /8«)/c  =  0. 
Lbmma. — If  the  normals  meet,  and  if  0,  ^,  «f  be  the  angles  made  by  BC, 
CA,  AB  with  the  lines  from  centre  to  middle  points,  cottf  -l-  cot  f  +  cotifrs  0. 
For,  let  a,  iS,  7  be  the  eccentric  angles  of  A,  B,  C,  then  the  equatkm 
of  ^Cis 

«cos  J  0  +  7)/a  +  y  sin  I  0  +  7)/*  =  cos  J(i8  -  7) ; 

and  if  0  be  the  centre,  and  I)  tbe  middle  point  of  BC,  the  equation  of  OD  is 

a:sin  J  0  +  y)la  -  y oosj  (/8  +  7)/*  =  0. 
Hence  for  the  angle  ODB, 

cot «  =  (a»  -  **)  sin  0  +  7)/2a*. 
Similarly, 

cot^  =  (a«  -  4»)  sin  (7  +  a)/2a4,     coti^  =  (a»  -  *»)  sin  (a  +  fi)l2ab. 
But  since  the  normals  are  concurrent, 

sin(i3  +  7)  +  sin  (7  +  a)  +  sin  (a  +  3)  =  0. 
Hence  cot  0  +  cot  ^  +  cot  ifr  =  0. 

Now,  to  apply  this  to  the  question.  Let  a ,  fi',  y  be  the  co-ordinatee  of 
the  centre  of  the  circumconic ;  and  the  co-ordiuates  of  the  middle  point  of 
BCfoe  Of  sin  C,  sin  B.  Hence  the  equation  of  the  line  joining  the  centjne  to 
tbe  middle  point  is 

o  (iS'  sin  ^  -  7'  sin  C)  -  /3a'  sin  ^  +  7a'  sin  C7  =  0, 
and  the  equation  of  BC  is  a  «>  0.    Hence 

cot«=  (iB'sini?-7'sin(7+o'sin(-B-  C}}/2a'8inir  sinC; 
therefore 

2  cot 0  s  fi'la'  sin  (7-  77a'  sin ^  +  cot  C -  cot  i?, 

which,  added  to  two  similar  equations,  gives,  after  omitting  accents, 

a[0^  -  7«)/a  +  i8(7«  -  a»)/A  +  y(a*  -  fi*)le  =  0.  (9W) 

This  IB  called  the  seventeen-point  cubic.  It  passes  through  the  summita 
of  the  triangle  of  reference,  the  middle  points  of  the  sides,  the  middle  points 
of  the  altitudes,  the  centres  of  the  inscribed  and  escribed  circles,  the  cireum- 
centre,  orthocentre,  centroid,  and  symmedian  point. 


Digitized  by  LjOOQIC 


Recent  Oeometry.  461 

22.  Prore  that  the  laogonal  transfonnation  of  the  line  joining  the  circum- 
centre  to  the  incentre  passes  through  NageFs  point  and  through  the  Gergonne 
point. 

23.  If  the  peipendiculars  from  the  incentre  on  the  sides  of  the  triangle 
ABC  meet  any  circle  concentric  with  the  incirde  in  a,  iS,  7,  the  locus  of  the 
centre  of  perspective  of  the  triangles  ABC,  afiy  is  the  isogonal  transforma- 
tion of  the  join  of  circumcentre  and  incentre. 

24.  Artzt's  parabolffi  of  first  group  cut  each  other  in  the  centroids  A\  Bf, 
C  of  the  triangles  BCO,  CAO,  ABO,  Prove  that  the  areas  AB'C\  CA'B\ 
BA'C  hounded  hy  the  three  paraholae  - 1 7A/81 ;  that  the  areas  A  CB,  BA'C, 
CB'A  hounded  hy  a  side  and  two  paraholsB  =  5 A/81,     (db  Lonochamps.) 

26.  If  on  the  sides  BA,  CA  of  the  triangle  ABC  we  cut  equal  segments 
BB",  CC,  the  envelope  of  the  line  B'C  is,  in  hary centric  co-ordinates,  the 
parahola 

V(6-c)a  +  VA^  +  V;^  =  0 . 

This  curve  touches  BC,  CA,  AB ;  the  focus  is  the  middle  point  of  the  arc 
BACot  circumcircle ;  the  axis  is  the  external  hisector  of  the  angle  BAC; 
the  parameter  =  2{b-e)  cos^  }  Ajan  |  A .  (Manoa&t.) 

26.  On  the  sides  BC,  CA,  AB  of  the  triangle  ABC  are  desciihed  three 
segments  of  circles  containing  the  angles  A  +  ^,  B-^-^,  C+<fk,  where  ^  is 
variable.    The  locus  of  the  radical  centre  is  Kiepert's  hyperbola.    (Tbbch.) 

27.  Each  line  X  contains  two  isogonal  conjugate  points  M,  M\  When 
the  line  L  turns  about  a  fixed  point  P,  the  points  If,  M'  move  upon  a  cubic 
passing  through  P.  The  seventeen-point  cubic  (Ex.  21)  corresponds  to  the 
centroid  taken  for  the  fixed  point  P. 

28.  In  Ex.  21  find  the  locus  of  the  intersection  of  the  normals  at  A,  B,  C. 

29.  If  the  normals  at  the  points  of  contact  of  the  sides  of  the  triangle 
ABC  with  any  inconic  be  concurrent,  find  the  locus  of  the  centre,  abo  of 
the  point  of  intersection  of  the  three  normals. 

Ans,  The  cubics  in  Exs.  21  and  28. 

30.  Let  x\y\Z\,  X2y2t2  be  two  points  M\,  M%  of  the  line  L  sfx  +  ^y  4  As  s  0. 
If  the  join  of  the  isogonal  conjugate  points  of  Mi,  M%  cut  X  in  the  point 
Mt  (4?ay823)i  prove  that  /ria^s  +  ffyit/m  "•■  A«i«8«8  =  0.  (Nbubbro). 

31.  In  Ex. '30,  if  the  co-ordinates  of  the  two  fixed  points  of  X  be  denoted 
by  afiy,  afi'y',  and  the  co-ordinates  of  M\,  M%,  Mi  by  (a-\-kia, ....), 
(a  +  hta,  ....),  (a  +  k^a,  ....),  prove  the  relation 

mkik^hi  +  n  (Arj^s  +  *8*i  +  ^1*2)  +  p(A?i  +  *i  +  ^j)  +  ^  =  0, 
where  m,  n,  p  and  q  are  constant.  (Nbvbxbo.) 
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CHAPTER  XV. 

INVAKIANT  THEORY  OF  CONICS. 

Prbliminaby  Pbopobitions  akd  Dbfikitiohs. 

869.  Def.  I.— If  ABC^  A*FO  be  two  triangles,  the  equa- 
tions of  whose  sides  are 

a  =  0,    )8  =  0,    y-0;     a' =  0,    jS' =  0,    /  -  0, 

respectively ;  then  (§  66),  a,  ^,  y  can  be  expressed  linearly  in 
terms  of  a',^,  /,  say 

a- V  +  /Aij8'  +  Vi/;     iS-Aja'  +  ft^+Va/; 
y  a  Xja'  +  /ij^  +  v,/. 

Then,  if  by  these  substitutions  the  equation  of  any  curve  be 
transferred  from  ABC  as  triangle  of  reference  to  A'B'Cy  the 
determinant  (Xi/as^s)  formed  by  the  coefficients  of  substitution 
is  called  the  determinant  of  transformation  (Clebsch,  p.  167)« 

Dep.  n. — ^Any  function  of  the  coefficients  of  the  equation  of  a 
curve  is  called  an  invakiaut,  if  when  linearly  transformed  the 
same  function  of  the  new  coefficients  is  equal  to  the  old  function 
multiplied  by  some  power  of  the  determinant  of  transformation. 

Def.  hi. — A  covariant  is  a  function  of  both  coefficients  and 
variables,  which  remains  unaltered  by  transformation,  except  a 
factor  which  is  some  power  of  the  determinant  of  transformation. 

Def.  IV. — If  the  equation  to  be  transformed  be  in  line  co- 
ordinates, the  functions  which  remain  unaltered  by  transforma- 
tion are  called  contravariants. 
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Def.  y. — A  function  which  contains  hoth  point  and  line  co-ordi- 
nates is  called  a  mixed  concomitant  (German  Zwischenformen.) 

Dep.  VI. — If  Sly  St  he  two  fixed  conies,  then  the  system 
Si-k-kSt  where!;  is  variahle  is  e-alled  a  pencil  of  conies.  A 
system  A^i  +  kSt  +  hS^  consisting  of  three  fixed  conies  which 
are  not  of  the  same  pencil  with  variable  multiples  hi  ht  h  ^ 
called  a  net  of  conics.  The  corresponding  systems  in  line  co- 
ordinates, viz.  Si  +  i^Sa,  and  /^Si  +  ^Sa  +  k^  are  called,  respec- 
tively, a  tangential  pencil  and  a  tangential  net  of  conics. 

In  this  chapter  the  angles  of  the  triangle  of  reference  will  be 
denoted  by  A^  ^„  A^,  respectively,  and  its  sides  by  Oi,  Ot,  a,. 

370.  If  iSi  «  a,'  =  0,  /S,  ■  J,»  =  0  be  the  equations  of  two 
conics,  and  if  by  linear  transformation  they  become  S^  S^,  it 
is  evident  that  the  pencil  8i  +  k8%  -  0  will,  by  the  same  trans- 
formation, become  8i  +  kS^ »  0.  Hence,  il  khe  determined  so 
as  to  make  8i  +  kS^  a  0  fulfil  some  special  condition,  such  for 
instance  as  to  represent  an  equilateral  hyperbola,  to  touch  a 
given  line,  &c.,  the  same  value  of  k  will  make  Si  +  kSt  =^  0 
fulfil  the  same  condition.  Now,  if  in  any  function  of  the 
coefficients  of  8i  representing  a  property  of  8i  we  substitute 
^1  +  ^11  for  Oil,  On  +  i^^22  for  (ha  &c.,  the  resulting  equation 
in  k  will  represent  the  same  property  for  8i  +  kS^.  And  since 
the  value  of  k  remains  unaltered  by  transformation,  the  new 
equation  in  k  can  differ  from  the  old  only  by  a  factor.  (This  in 
all  cases  is  some  power  of  the  determinant  of  transformation.) 
Senee  the  ooeffieimts  of  the  several  powers  ofk  will  he  invariants, 

371.  Given 

Si  ■  OiiX^  +  Ot^  +  a^  =  0,     ^2  B  x^  +  x^  +  x^  =  0, 

ii  is  required  to  find  the  polar  reciprocal  of  Si  with  respect  to  5,, 
and  of  S2  with  respect  to  Si. 

Let  ir'i,  «'„  ir'j  be  the  co-ordinates  of  the  pole  of  a  tangent  to 
8\  with  respect  to  St*    Then  the  equation  of  the  tangent  must 

be 

iTjo/i  +  x^t  +  x^t  «  0 ; 

Digitized  by  LjOOQIC 


464  Invariant  Theory  of  Conies, 

and  if  the  point  of  contact  be  ^'i,  ^'s,  x'^y  it  must  also  be 

anx"iXi  +  Ojaar'Va  +  a^'iHh  =  0. 
Hence,  comparing  coefficients, 

and  since  a^\,  2f\^  scf'^  are  the  co-ordinates  of  a  point  on  8i,  sub- 
stituting their  values,  and  omitting  accents,  we  get 


(hiOz^^  +  ajjOii^a*  +  (hi<h^  =  0, 


(956) 


which  is  the  polar  reciprocal  of  8i  with  respect  to  8%. 
Similarly,  the  polar  reciprocal  of  8^  with  respect  to  8i  is 


tfiiV  +  <hiW  +  «mV  =  0. 


(957) 


Lamp's  Equation. 

372.  Three  conies  of  the  pencil  8i  -  k8t «  0   represent  line 
pairs, 

Dem. — Let  8i  »  a^  ^  0,  8%^  h^  =  0,  then  the  discriminant 
of  8i  -  k8t  is 

or, 

A,  -  ifc0,  +  J6»0,  -  Jl?Ag  =  0, 

where  Ai,  A,  are  the  discriminants  of  a,',  h^,  respectivdj, 

01 »  ^j«,     ®a  =  ^/. 

Hence  the  condition  that  8i  -  k82  =  0  may  denote  a  line  is 

Ai  -  i®i  +  ;fc»0,  -  it>A,  =  0,  (958) 

which,  giving  three  values  of  k^  proves  the  proposition. 
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The  line  pairs  are  the  three  pairs  of  opposite  sides  of  the 
quadrangle  whose  summits  are  the  points  of  intersection  of  Si^ 
8t>  Their  equation  is  formed  bj  eliminating  k  between  (958) 
and  8i  -  kSt »  0.    Thus  we  get 

AiS,'  -  ei«,*i8i  +  e,«ai8i«  -  AaiSi'  -  0.  (959) 

If  i9s  a  0  denote  a  line  pair,  At  yanishes,  being  the  discrimi- 
nant, and  equation  (958)  reduces  to  the  quadratic 

A|  -  il0i  +  i^  »  0,  (960) 

showing  that  through  the  points  of  intersection  of  a  conic  8i 

and  a  line  pair  8^  can  be  drawn  two  other  line  pairs,  their 

equation  is  found,  bj  eliminating  k  between  (960)  and  Si  -  k8%^ 

to  be 

AiSa*  -  ^8t8i  +  0,Si»  -  0.  (961) 

If  i9i  =  0  be  the  square  of  a  line,  say  (A«)',  then  not  only  does 
At  Tanish  identically,  but  also  @|,  and  0i  becomes  A>?  or  2i ; 
then  the  equation  (958)  reduces  to  Ai  -  ^Si  »  0,  and  only  one 
line  pair  can  be  drawn,  viz., 

Ai(X.)*-2ii»i  =  0,  (962) 

which  will  OTidently  be  the  tangent  pair  to  8i  at  the  points 
where  it  meets  A«.  This  will  give  the  equation  of  the  asymp- 
totes if  X«  »  0  be  the  line  at  infinity. 

The  equation  (958)  is  the  fundamental  one  in  the  invariant 
theory  of  conies.  It  was  first  given  by  Lam6,  in  his  Mcamen 
dee  Difdrentes  MHhodee.  See  Fiedleb's  Translatjion  of  Salmok's 
Conic  SectionB.    I  shall  call  it  Lamp's  E<iuatiok. 


BZBBOISBS. 

I.  Find  the  equation  of  the  bisectors  of  the  angles  of  the  line  pair 

«r»  +  %hxy  +  ^'  «  0, 
the  axes  being  oblique* 

2h 
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Tlie  equation 

^•  +  jf*  +  2«yco«*-  f*  =  0 

l^reaents  a  circle.    Hence  the  quadratic  in  k,  which  is  the  djacriminant  at 

tufi  +  2hxy  +  V-*(«'  +  y'  +  ^co««»-»*)  =  0; 

(a  -  k)^  +  (»  -  k)^  +  2(A  -  i(cos»)«y  +  if*  «  0, 

will  giye  two  line  pain  which,  from  the  property  of  the  circle,  wiU  be  aach 
that  each  pair  will  consist  of  parallel  lines,  and  also  such  that  one  pair  will 
be  perpendicular  to  the  other.  Now,  if  we  make  r  •  0  in  the  equation  of 
the  circle,  each  line  pair  will  become  a  perfect  square ;  but,  if  r  »  0,  the 
discriminant  is 

(a -  k)(h^h)  -  (A -  i(oos»)>« 0, 

and,  AHmwAfang  Ir,  we  get  the  square  of  the  pair  ol  biseetota 

{(aooe*  -  A)«>  +  («  -  6)«y  +  (A -  »  coe<i»)y>}>  -  0.      (963) 

2.  Find  the  locus  of  the  interaection  ol  normals  to  an  ellipee  at  the 
extremities  of  a  chord  which  passes  through  a  giyen  point  a3. 
Let  the  ellipee  be 

then,  if  the  normals  meet  in  x'y\  their  feet  are  the  pcHnts  common  to 

•»/<^  +  y«/A»  -1-0 
with  the  Apollonian  hyperbola 

2  (tf**y  +  *V'*  -  «**>)  ■  ^ 
of  the  point  ^y*.    Hence  taking  these  conies  for  8\,  ^s,  respectiyely,  we 
get 

and  forming  the  equation  of  the  three  line  pairs  (069),  substituting  a,  i9  lor 
«y,  and  remoying  accents,  we  get,  after  a  slight  reduction, 

4a»*«  {a^fix  -  *»  ay  -  tf»o3)»  +  ^(a^lil^  +  <^/9»  -  t^Vf 
+  (aV  +  i»|^  -  <^)(€^Bx  -  h^ay  -  i?afi)(a^l^  +  «V  -  a^lPf  -  0.     (964) 

This  denotes  a  curre  of  the  third  order ;  but  if  a  «  0,  or  /S  «  0,  that  is,  if 
the  point  be  on  either  axis,  it  is  a  conic,  the  axis  itself  being  in  this  case  apart 
of  the  locus.  The  locus  also  reduces  to  a  conic  if  the  point  a3  be  at  infinity, 
that  is,  the  locus  of  the  intersection  of  normals  at  the  extremities  of  p^T^iM 
chords  of  a  conic  is  a  oonio— a  proposition  which  may  be  infened  from 
equation  (647). 
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ClLCULATIOlf  OF  lunTASIAVTB. 

373.  1^.  Calculate  the  inyariants  for  the  coniQs 

As*  1.    Hence  Lamp's  equation  is 

(*  -  «ii)(^  -  an){k  -  Os,)  ^  0.  (965) 

2^.  Form  Lamp's  equation  for 

ui#w.  Ai-A<^u+^M+^»)  +  ^(<»ii+«2t  +  a»)-*'-0.    (966) 
30.  Form  Lamp's  equation  for  the  ellipse 

and  the  circle 

(ar-a?')'  +  (y-y')'-r»  =  0. 

^iM.  a:^/(a«-.;fe)+y'>/(5»-;fc)+r»/ife- 1  =0.  (967) 

Hence 

Ai— .l/(^i»),    0i-(a^4j^-a»-^«-.r»)/(fl?a»), 

0,-a?^/a«+y'«/i»-l-r»(a*+P)/(a*i»),  A,  =  -r«. 

4°.  Calculate  the  inyariants  for  the  parabola 

y*  -  4ax  a  0, 
and  the  circle 

(a?-«')«+(y-y')»-r»-0. 

Ai»-4a»,  ei=-4a(a  +  «'),  ©,=y^-4aa?'-r»,  A,«-r». 
5^.  Calculate  the  invariants  for  two  conies,  respectively, 
inaeribed  and  circumscribed  to  the  triangle  of  reference. 

81  ■  biW  +  hW  +  V«8*  -  2hJftZA  -  2b^hiX^i  -  2bihi^xXt  a  0. 

I?,  ■  2  (OwJPaa^  +  fla«V?i  +  tfw*i«i)  -  0  ; 

then 

Ai  =-  4 VW,  ^  «  4^iftA  (<»29^i  +  «8i^a  +  «ijA), 
^-•(tf^i  +  aa*a+fliA)%  A,»2^,a„<i,i.  (968) 

2h2 
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From  these  values  it  follows  that  the  condition  that  two  conies 
are  so  related  that  a  triangle  may  be  inscribed  in  one,  and 
ciroomsciibed  to  the  other,  is 

4Ai0j|=0i*.     (Catlet.)  (969) 

In  connexion  with  this  may  be  stated  the  following  theorem : 
— If  two  given  conic*  he  eueh  that  a  variable  triangle  eon  he 
inserihed  in  one^  and  eircumeorthed  to  the  other^  there  ie  given 
another  conic  to  which  the  triangle  ie  antipolar. 

For  if  

8im^/hiXi  +  ^/h^  +  A/i»a%  =  0, 
S;  ■  2  (<hia:,fl!^  +  «ni»V;i  +  «Mai«j)  «  0, 
then  the  conic 

J^»^W^W_0  (970) 

«a        <»8i        ^1 
reciprocates  8i  into  8t,  and  is  therefore  given. 

Or,  more  generally^  the  three  special  relations  whidi  a 
triangle  can  have  with  respect  to  a  conic  are  to  be  ineoriied, 
ciroufMcrihed^  or  antipolar,  then  the  theorem  is  true,  that  if  a 
variable  triangle  be  connected  with  given  conies  by  any  two  of 
these  relations,  it  is  connected  with  a  third  conic  given  by  the 
remaining  relation.    For  example,  the  Brocard  ellipse  is 

\/^  +  V^/i  +  v/«j/a, «  0, 
and  Kiepert's  hyperbola  is 

x^  sin  (-4a  --^s)  +  «^i  sin  (A^-Ai)  +  XiX^  sin  (-4i--4,)  =  0, 
and  the  conic 

is  antipolar,  and  reciprocates  one  into  the  other. 

6^.  Calculate  the  invariants  for  the  Brocard  ellipse,  and  the 
Brocard  circle 

aic^  (a?i*  +  «,»  +  ar,')  -  (ai*x^  +  Oa'av^i  +  (h%'t)  =  0. 
Ane.        Ai  =  -  4/(ai*fl,V),  ©i »  -  (^i*  +  «.'  +  a^*)l(haifl^ 
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In  terms  of  these,  and  of  the  oircomradins,  can  be  expressed 
sereial  metrical  relations  in  the  recent  Geometry  of  the  triangle. 
Thus,  if  p,  p'  denote  the  radii  of  the  Lemoine  and  Brocard 
circles,  respeetiyelyy 

p,»— A»A,/0|*.  (972) 

Tact  LrTAitiAirT  of  two  Conics. 

374.  If  the  four  points  common  to  two  conies  Si^  8%\iO 
Aj  B^  (7,  2>,  and  ^i,  h^,  h^  the  roots  of  Lamp's  eqnidion ;  then 
the  three  line  pairs 

Si-iiStf     Si-k^Stt.    8i-hSt,. 

are  AB .  CD^  £C.AJ>,  CA.BB,  respectively;  but  if  any 
two  of  the  points  A^  By  (7,  J)  coincide,  say  Af  B,  two  of 
the  line  pairs  will  coincide,  viz.  BC.AJD^  and  CA.BDy 
each  of  which  will  become  A  0  •  AD,  Hence  if  8i  touch  8%  there 
will  be  only  two  distinct  line  pairs.  Hence  Lamp's  equation 
will  have  a  pair  of  equal  roots.  Therefore  the  condition  of 
contact  of  8i  and  8%  called  their  Tctot  invariant  is  the  vanishing 
of  the  discriminant  of  Lam6's  equation,  viz., 

4  (8A A  -  0i')(3AA  -  ®k')  -  (9AiAa  -  ^Stf  «  0 ; 
or 

ei«  V  +  9AiAi  (2®!©,  -  3AiA,)  -  4  (Ai0a» + A  A')  -  0.   (978) 

Car.  1. — ^If  01  ■=  0  the  tact  invariant  is 

27AiAa»+40,»-O.  (974) 

(kr.  2. — ^If  As  »  0,  the  tact  invariant  is 

0i»  =  4Ai0i.  (976) 

When  Aa^O  i8,  denotes  a  line  pair,  and  the  equation  (975) 
is  the  condition  that  8i  should  touch  one  of  these  lines. 
We  have  met  this  equation,  §  373,  4^,  as  the  condition  that  a 
triangle  can  be  described  about  8i^  having  its  summits  on  8%^  of 
whidi,  it  is  easy  to  see,  the  present  is  a  particular  case. 
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1.  Find  the  Uct  inyariuit  of  the  ellipse 

and  the  Apononian  hyperbola 

2(«»«y+*V'«-«Vy)«0. 

Since  the  Apollonian  hyperbola  pasaes  through  the  feet  of  nonnala  from 
j^y*  to  the  ellipse,  its  contact  with  the  ellipse  denotes  that  two  of  die 
nonnals  ooincide,  and  therefore  that  xY  ia  the  corresponding  centre  of 
cnrratnre.  Hence,  fonning  the  tact  inrariant,  and  omitting  aecents,  ve 
haye  die  evolute  ol  the  eUipee,  yix^ 

(«««»+  *V*  -  ^)'+  27a**V*4PV-0.  (976) 

2.  Find  the  taot  xnTaxiant  of 

and 

(«-*')»+(y-y')»-f*-0. 

It  is  erident  that  the  centre  of  the  circle  is  at  the  distance  r  from  the 
ellipse.  Hence,  if  we  form  the  tact  inyariant,  and  omit  accents,  we  get 
the  parallel  to  the  ellipse  at  the  distance  r,  via. 

(aV  + *V»  +  r«a«- W*»-aV) 

Oor, — In  the  preceding  equation ;  arranged  according  to  the  powers  of  f*, 
the  coefficient  of  the  second  term  contains  the  factor 

(a*-2*«)«»+(2««-62)y»+(<^+J«)A  (978) 

Hence  this  equated  to  a  constant  is  the  locus  of  points,  the  aom  of  the 
squares  of  whose  normal  distances  to  the  curve  is  giyeui  which  istherefoie 
a  conic. 

8.  What  is  the  tact  inrariant  of  the  inscribed  oonie 

v/Mi  +  V^*i«a  +  \/5n  «=  0, 

and  the  circumscribed 

anXi^  +  aziXiXi  ■¥  aiiri«»  «  0. 

Am.  («M*i)*  +  (auh)^  +  (««*»)*-  0. 
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Osculation  op  two  Cohics. 

875.  U  the  conies  8x8%  osculatey  Lamp's  equation  will  have 
three  equal  roots.    Hence 

8Ai,  01,  8b>  SA,  are  in  QP\ 
therefore 

8Ai0,-0i»,     8Ai0i«0^»,     9AiAa-0i0,.         (979) 

BXBB0ISB8. 

The  eentree  of  the  six  circles  which  can  be  desozibed  through  any  point  to 
oaculate  a  giyen  conic  lie  on  a  conic.  (Malbt.) 

Taking  the  giyen  point  as  origin,  and  the  axes  of  oo-ordinates  parallel  to 
those  of  th0  eonic,  the  equations  of  the  conic  and  circle  may  be  written 
tfii**  +  ansf^  +  2aiss  +  Tany  +  «»«■"  0, 

«•  +  y'-  lri«-  2yiy  «  0. 
Hence 

A] «  aiiosiaai  -  auots'  -  o>nfivi\ 
Oi  =  otson  -  a»'  +  flisaii  -  flji*  +  2ana8i*i  +  ^uausfi^ 
et—  (•tt«i*  +  «iiyi*  -  2a%\xi  -  2aMyi  -  «83), 
A»»-(«i«  +  Jfi*). 

These  Tables  substituted  in  3Aies  -  ei*  =  0  gire 

8  (anouflu  -  «ii«tt*  -  ««««*)  («»*i« + anyi*  -  2031^  -  2tfttyi  -  ois) 
+  (2ax^\xi  +  2aiiassyi  +  onoss  -  «»'  +  ff83«ii  -  flti*)*  -  0.      (080) 
(V.  l.^If  the  centre  be  origin  and  the  conic  a  rectangular  hyperbola, 
An  s  0,  a«|  s  0,  and  a\\  +  osa^s  0,  and  the  conic  (980)  coincides  with  the 
given  one.    Hence  the  centres  of  the  osculating  circles  of  an  equilateral 
hyperbola  which  pass  through  its  centre  lie  on  the  hyperbola.         (Ibid.) 

Cor.  2. — If  either  an  or  osa  vanish,  that  is,  if  the  given  conic  be  a  parabola, 
the  conic  of  centres  will  be  a  parabola. 

ImrABiAirr  Anolbs  o7  two  Gonics. 

876.  The  roots  of  Lamp's  equation  are  connected  with  three 
angles  in  terms  of  which  some  of  the  invariants  and  covariants 
can  be  expressed.  In  order  to  show  this,  let  the  conies  /Si,  8% 
be  referred  to  their  common  antipolar  triangle.      Thus,  let 
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and  let  $i,  ^,  0^  denote  the  angles  (§  45,  Ex.  6)  of  the  anhannoiiic 
ratios  of  the  three  quartets  of  points  in  which  the  sides  of  the 
antipolar  triangle  are  intersected  bj  the  two  conies.  Then  to 
determine  ^  we  most  find  the  anharmonic  ratio  of  the  points  in 
which  the  side  Xi  is  intersected  by  8i  and  8f  For  that  purpose 
we  have  the  pencil  formed  bj  the  line  pairs 

Thus  we  get 

coii»*^i  =  (aa4  +  a„»)V4a„W. 
Hence 

sin«^i  =  -  (Ob  -  fl„)V4flafl„. 

Now  denoting  the  roots  of  Lamp's  equation  byi^y  is*  ^i  thaie 
&^  (§  373,  1^)  Oil,  On,  On,  respectively.    Henoe, 

ednV|=-(ili-*,)»/44A,  BinV,.-(ili-*i)V4iA, 

Hence  the  discriminant  of  Lamp's  equation  is 

-  64Ai*(8in»^x .  sin*^, .  sin«^,)/V  «  0, 

or  omitting  the  multiplier  -  64AiVAt'  which  is  numerical,  the 
discriminant  is 

sin*^i .  sin*^3 .  sin'0,  »  0, 

and  as  each  sin*0  is  the  product  of  two  anharmonic  ratbs^  we 
have  the  following  theorem : — 

The  tact  invariant  of  two  conies  ie  the  product  ofeix  anharmonic 
ratioSf  and  the  vanishing  of  some  one  of  these  ratios  is  a  neeeuaty 
condition  of  the  contact  of  the  conies. 

Cor,  1. — From  the  values  of  the  invariant  angles  we  get 

Hence 

*i+^t  +  *3-»tr.  (981) 

That  is  the  sum  of  the  three  invariant  angles  of  two  conies  is 
some  multiple  of  v. 
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Car.  2. — ^H  9  be  the  reciprocal  of  5,  with  respect  to  5i,  and 
if  we  fOTm  the  inyariant  angles  for  5„  fif',  we  get  20u  2tf„  2$^ 
Similarly,  if  5"  be  the  reciprocal  of  Si  with  respect  to  8'  the 
invariant  angles  for  8"  and  8t  are  SOi,  SOtt  d^s>  &c.  Again,  if 
8r  denote  the  conic  which  reciprocates  8i  into  8%,  the  inyariant 
angles  of  /SU  /9t  are  ^01,  i^,  ^0„  &c. 

CW*.  8. — ^The  envelope  of  the  line  A,  =  0,  cut  harmonically  by 
-Si,  «.,  is 

(costfi/)6|*)Xi»  +  (costf,/ifeai)V+  (costf,/itii)V-0.     (982) 
This  is  easily  inferred  from  equation  (862),  page  371. 

Cor.  4. — The  locns  of  points  whence  tangents  to  8ij  8%  form 
a  harmonic  pencil  is 

(JtihcoaOi)xi^-^{kt  costf3)«i»  +  (Mcos^,)«i»  =  0.    (983) 

377.  To  find  the  mharmonie  ratio  of  the  pencil  of  lines  drawn 
from  any  point  of  the  conic  8i  -  k82  ^0  to  the  four  points  common 
to  8i,  8%.  (Gh7in)ELFiirGER.) 

Let  the  points  be  A^  B,  C,  D.  If  Ti,  T,  denote  the  tangents 
to  iSt,  i%  at  one  of  these  points,  say  A^  then  Tx  -  kTt  ^  0  will 
be  the  tangent  to  iSi  -  ^iS^  •  0  at  ^,  and  ^i,  k^  k^  being  the 
roots  of  Lam6's  equation, 

wiU  be  the  equations  of  the  lines  AB,  A  C,  AB,  respectively. 
Hence  the  anharmonic  ratio  of  the  pencil  drawn  from  a  point 
consecutive  to  ^  on  8i-  k8^  to  the  four  points  A,  B^  C,  2>,  is 

(A  -  hr){k,  -  ^) :  (A  -  k,){h  -  ^),  (984) 

and  therefore  this  will  be  the  anharmonic  ratio  of  the  pencil  from 
any  point  of  8i  -  k8t  to  the  four  common  points. 

Oundelfinger's  solution  is  given  in  Fiedler's  translation  of 
Salmon's  Conic  Sections^  vol.  ii.,  p.  668. 

378.  Find  the  locus  of  the  centres  of  all  the  conies  of  the  pencil 
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Let  x^i,  x'tf  aifz  be  the  centre ;  then  the  line  at  infinity  will  be 
the  polar  of  x^ixf^^*    Hence  we  get,  if  X  be  some  constant^ 

(flji  -  V)^\  «  X  sin  -4i,     [fln  -  *)«'t  =  X  sin  -4t, 
(on  -  i&)d/9  a  X  sin  A^, 

Hence,  eliminating  h  and  X,  and  omitting  accents,  we  get,  after 
replacing  Ou,  a^  a^  by  the  roots  of  Lam6's  equation 

(^-^)sin^i     (^-^)sin^t  ^  (^-^)sin^> 

d?l  ^  *»  . 

Or,  in  terms  of  the  invariant  angles  of  §  376, 

sin^i.sin^i      sin^fSin^      flon^s.sin^ 

Jlh^.Xi  ^.^'^  ^^'^ 

(985) 
DsF. — ^The  anharmonio  ratio  of  four  conies  of  a  pencil  is  the 
anharmonic  ratio  of  the  tangents  at  a  common  point. 

Cor.  1. — The  anharmonic  ratio  of  any  four  conies 
8i'V8t^  0,     8i  "  V'St  -  0,  &c., 

is  (*'  -  ife^X^"  -  *^)/(*'  -  ^'0(*"  -  **)•  (^86) 

It  is  equal  to  the  anharmonic  ratio  of  the  corresponding 
points  on  the  conic  (985), 

Cor.  2. — The  reciprocal  of  (985)  with  respect  to  (983)  is 


0. 


v^sin^i.8in20i.;i^  +  y^sin  ^i .  sin  26^ .  ji^ 


+  v^sin  ^, .  sin  2^, .  «i  -  0,  (987; 

and  its  reciprocal  with  respect  to  (982)  is 

\/sinu4i  tan  01.^1  +  ^/^n  AttanOt.Xt  +  y/^AztanOfX^  =  0. 

(988) 

Cor.  3. — The  fourth  common  tangent  of  the  ocmics  (987), 
(988)  is 

sin^itan^i.4?i      sin  ^3  tan  0i .  «t     sin^tan^.-a^ 
COS  2ft  -  cos  2$z  '^  cos  2^8  -  cos  2^^      cos  2^^  -  cos  2^  " 
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COHIC8  HaBMOITICALLT  IirSCBIBED  AJTD   ClBClTXSCRIBSD. 

379.  Def. — A  conic  i$  said  to  he  harmonically  intcribcd  in  or 
circumscrtbcd  to  another  when  it  ie  inscribed  or  circumscribed  to 
a  triangle  antipolar  with  respect  to  the  other.  (See  Smuh,  Pro- 
coedings  of  the  London  Mathematical  Society,  vol.  ii.,  p.  87.) 

880.  If  the  inoariani  0i  vanish,  the  conic  8%  is  harmonically 
circumscribed  to  81^  and  81  is  harmonically  inscribed  in  8%. 

Dem.— Let        81  -  a.»  =  0,     fl;  -  >.»  =  0  ; 
then 

^1  -^»»«  (<iaa»-  <i„«)^i  +  (ostOi,  -  fl8i')^  +  (oxiO,!-  fli2«)>tt 

+  2  (OmOm  -  Oijfla)  ^  +  2  (fl»tfai  -  ajjOu)  ^i  +  2  (ai,fl„  -  Oatfa)  ^1,. 

Hence  0i  vanishes,  if  an,  a^  an,  bn,  bm  b^  each  separately 
vanish ;  that  is,  if  the  equations  of  81,  8%  be  of  the  forms 

au»i*-^at^*  +  a^^O,    2  ( J»iCia^  +  Jaav^i  +  >ua?i«^)  »  0 ; 

or,  when  8%  is  harmonically  circumscribed  to  81. 
Again,  Bi  vanishes,  if 

each  separately  vanish,  which  will  happen,  if  81,  8%  can  be 
written  in  the  forms 

and  in  this  ease  81  is  harmonically  inscribed  in  8%. 

Cor.  1. — ^If  a  conic  8%  harmonically  circumscribe  ^1,  then  81 
is  harmonically  inscribed  in  8^. 

Cor.  2. — If  each  of  two  conies,  81,  82  be  harmonically  circum- 
scribed to  a  third  conic  8,  every  conic  of  the  pencil'  81  -  k8t  is 
harmonically  circumscribed  to  8. 

Cor.  8. — If  each  of  three  conies  8u  8^,  8t  be  harmonically 
circumscribed  to  8,  every  conic  of  the  net  I181  +  l%8t  +  l%8t  is 
harmonically  circumscribed  to  iS.  ^^    ^-i  ,-- 


476  IntHtriani  Theoiy  qf  Coma. 

Car.  4. — If  2  ■  aX'  e  Oy  iS  ■  a,* «  0  be  two  conies  in  point 
and  line  co-ordinates,  respectively,  then,  if  2  be  barmonicallj 
inscribed  in  JS,  a^r^  0.  For,  the  coefficients  Otfiu-^y  Ac., 
in  01  are  the  coefficients  of  the  tangential  eqnaticm  of  8i, 

Cor.  5. — If  Sly  82,  8z  be  three  conies  given  by  their  trOinear 
equations,  and  Si,  Ss,  2s  conies  in  tangential  equations;  and 
if  each  of  the  latter  be  harmonically  inscribed  in  each  of  the 
former,  tiien  each  conic  of  the  tangential  net 

is  harmonically  inscribed  in  each  conic  of  the  tiilinear  net 


BXBBOI8B8. 

1.  Find  the  condition  that  the  circle  {9  -  af)*  +  (y  -  y*)*  -  r*  «  0  maj  be 
hannonically  ciroumforibed  to  the  oonio 

The  invariant  Oi  a  0  gives 

In  this  result,  if  we  lemove  accents,  we  get 

(7(««  +  yt)-2(?i--lLFy+^  +  ^-C^»0,  (989) 

which  becomes  the  orthoptio  circle  when  r  yaniahes. 

Cwr, — ^A  circle  circumscribed  hannonically  to  a  conic  cuts  its  orthoptic 
eirde  at  right  angles. 

2.  Find  the  condition  that  («-jO'  +  (y-/)'-f*«0  may  be  iliioAbed 
harmonically  in 

ax»  +  *y»  +  2  A«y  +  ?y«  +  lyV  +  *  =  0 . 

The  tangential  equation  of  the  circle  ia 

(«'A  +  yV  +  1)«  -  f»(A«  +  m')  «  0. 
Hence,  forming  the  invariant,  we  find  the  required  condition 

^o-(«  +  *)r»-0, 
where  ^  is  the  power  of  the  point  af'y'  with  Tespect  to  the  oooie.   Hease,  If 
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the  ladiiis  of  the  circle  be  given,  the  locus  of  its  centre  is  a  conic  concentric, 
and  homothetic  with  the  given  conic. 

3.  Find  the  locus  of  points  whence  tangents  to  the  conies  ««*  =  0,  h^  »  0 
fonn  a  hannonic  pencil.    (Compare  }  286.) 

The  tangent  pair  from  a  point  y\y^%  to  the  conic  h^  s  0  is,  equation  (400), 

-I-  lt(B%\y\y2  +  Biijftyx  -  Btay?  -  Bnyiy^x^Kt  =  0. 

Now,  by  the  conditions  of  the  question,  these  form  a  line  pair  harmonically 
circumscribed  to  a^.  Hence  the  invariant  Oi  of  a^  s  0,  and  this  line  pair 
must  vanish.  Hence,  forming  the  invariant,  and  writing  xu  ^  «s  for  yi 
y»,  yi,  we  get  the  required  locus,  vis., 

^(AnBn  +  AnBn  -  2u4tiB23)«i* 

+  23(^11^11  +  AzxBn  -  AnBn  -  AtiBn)x^  -  0.      (990) 

This  equatbn  was  first  given  by  Staudt,  in  the  Niimberger  ProgEamm 
for  1834.  Its  importance  as  a  covariant  was  first  pointed  out  by  Salmon  in 
the  OombridgB  ttnd  DubUn  MvthemaHealJoumdl,  vol.  ix.,  p.  80.  He  denoted 
it^. 

4.  Form  the  covariant  Pf6r  Brocard*s  ellipse  and  Kiepert's  hyperbola. 
Am.        {sin  (A^  -  -4,)/ai  +  sin  (-4i  -  -4i)/a»  +  sin  (^i  -  At)lat) 

{faji(Ai~At)x\Xt'¥taii(A%~Az)x^f%-\'taxL(A%-A\)x^i} 
-  sin  (^1  -  At)  sin  (A%  -  At)  sin  {At  -  Ai) 


sin(-4i--4t)} 


\aiaik{Ai  —  At)     a%wi(At-At)     atsin( 

6.  If  four  equilateral  homothetic  hyperbolas  have  a  common  point,  and  be 
harmonically  circumscribed  to  the  same  conic,  the  poinis  of  intersection  of 
any  pair,  and  those  of  the  remaining  pair  lie  on  an  equilateral  hyperbola. 

(Pbofbssok  Cuutis,  8.J.) 

For,  taking  the  common  point  as  origin  of  coHMrdinates,  and  the  four 
hyperi)ol»  as  ^i,  8%,  St,  S4,  where 

^1  ■  ai  («»  -  y»)  +  2Aiay  +  ^1*  +  JJ/iy  =  0, 

-^■aa(«»-y*)  +  &C., 

we  have,  from  the  given  conditions,  £our  equations  of  the  form 

mi{A'B)-¥  2hiS-^  2yiG-^  TfiF^  0. 
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cO. 


:0. 


«1»       *l»       /ll     flf 

^  ^f  9t»  fh 
•»f  *»i  99*  fu 
«4,     A4.    9ii    fi 

Henoe,  multiplying  the  first  column  bj  s*  -  y*,  the  seoond  by  2j|r,  tiie 
third  by  2d7,  the  fourth  by  2y,  and  adding  the  second,  third,  and  fourth 
columns  to  the  first,  we  get 

^i»  *u  9u  /it 
St,  hi^  9%9  /if 
Stt  At,  g^  /», 
^4,  *4#  /«»  fi 
Or,  as  it  may  be  written, 

l\Si  -  Wt  +  ^^  -  4iS4 « 

Hence  the  equilateral  hyperbola  hSv  —  l%8%  s  0  passing  thxoa|^  the  inter* 
section  of  ^1,  iSt  is  identical  with  l%8z  -  kSi  passing  through  the  intersection 
of  iSs  and  84. 

6.  If  two  conies  Si,  St  he  homothetio,  and  harmonically  droumscribed  to 
a  given  conic  S^,  their  common  chord  passes  through  the  centre  of  S^, 

(Pkofbssob  Cu&tib,  SJ.) 
From  the  hypothesis  we  have 

ai/ot  =  A|/At  =  *i/*t, 

aW  +  2Ai  J'  +  ^B*  +  2fiF*  +  2^i6r  +  eiC  «  0, 

#t^'  +  2htH'  +  W  +  y»F  +  ^fl^'  +  i^C  -  0. 
Therefore 

2(/iai  -ftai)F'IC'  +  2(^i«a  -  yj«i)  ^/C  +  *i«a  -  <>>ai  ■  0. 

But  ^7^>  -^Z^'  A^  ^®  oo-ordinates  of  the  centie  of  8',  Heooe  the  pio- 
position  is  proved. 

7.  If  a  variable  conic  be  harmonically  inscribed  in  four  conies,  the  locus 
of  its  centre  is  a  right  line. 

From  the  hypothesiB  we  have  foiir  relations  of  the  form 

^a,/(7+  Bbi}C^  2milC-¥  iFfijC-^-  lOgijC i- ex  «  0; 
and,  eliminating  ^/C,  BjC,  E\C,  we  get  a  linear  relation  between  OjCnsA 
FlC.   This  includes  Newton's  theorem  as  a  particular  caee  that  the  centre  of 
a  conic  inscribed  in  a  given  quadrilateral  moves  on  a  right  line. 


and 
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Otheb  Fbopebiies  07  HAiuioiao  Cokics. 

881.  If  a  eonic  8^  «  \^^  +  h^^^  +  h^iX^i  =  0,  circumscribe 
harmonically  the  conic  8i  »  a/  =  0,  the  eentr$  of  perspective  of 
any  eonic  inscribed  in  8^,  and  its  polar  reciprocal  with  respect  to 
8i  is  a  point  on  St.  (Salmon.) 

Taking  the  triangle  of  reference  as  the  one  inscribed  in  8t, 
the  sides  of  its  polar  reciprocal  with  respect  to  /Sj,  are,  re- 
spectively, 

and  the  co-ordinates  of  the  centre  of  perspectiye  of  the  triangle 
of  reference,  and  that  formed  by  these  lines  are  l/-4a8,  V-^su 
l/Aa;  and  these  substituted  in  8^  satisfy  it  in  virtue  of  the 
relation 

01  =  Aiihu  +  -4»Jn  +  Anhi  =  0. 
Again,  if  the  tangential  equation  of  Si  be 

-4»AtX8  +  -4„A,X,  +  AiJiiXt  =  0, 
and 

then  the  axis  of  perspective  of  the  triangle  of  reference  and  its 
polar  reciprocal  with  respect  to  i^t  is 

and  the  condition  that  this  should  touch  8i  is 

Afihn  +  -4,i>,i  +  -4ii^i3  =  0,  or  0i  =  0. 

ITence  the  envelope  of  the  axis  of  perepective  of  any  triangle  cir- 
eumsorihei  to  5i,  and  its  polar  reciprocal  vnth  respect  to  St,  is  the 
conie  8i. 

Cor. — ^From  the  foregoing  demonstration  we  infer  that  if  two 
triangles  he  polar  reciprocals  with  respect  to  a  conic,  and  if  one  of 
them  be  the  triangle  of  reference,  the  co-ordinates  of  the  axis  of 
perepective  are  the  inverses  of  the  coefficients  of  the  rectangles  x^. 
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x^iy  ^^  in  the  equation  of  the  eonie^  and  the  eo-orHnatei  of  the 
eentre  of  perspective  are  the  eoefficiente  of  the  rectanglee  A«A,,  X,Xi, 
AiXs  i*^  ite  tangential  equation. 

382.  i/*  01 «  0,  the  eovariant  FofSi  and  B^ie  the  polar  reei- 
proeal  of  8i  teith  reepect  to  8^. 

Dem.— Let 
then  Bi  -  a^On  +  a»4»  +  flw»iii 

+  («w»ii  +  «»««)«»'  «=  0. 
But  the  polar  reciprocal  of  8i  with  respect  to  S||  is  (§  371) 

Hence  in  general  the  polar  reciprocal  of  8i  with  respect  to  ^  is 

eiSa-^«0,  (991) 

which  reduces  to  jP^  0,  when  0i  as  0. 

Cor. — If  01 «  0,  any  tangent  to  iSi  is  cut  harmonically  by  8% 
andF. 

383.  ^0,^0,  the  harmonic  envelope  ^  of  8i  and  8t{8eel 286) 
ie  the  reciprocal  polar  of  8%  unth  reepect  to  8i, 

The  tangential  equation  of  ^  is  (eq.  862) 

(a»  +  a„)Xi»  +  (Oa  +  On)  V  +  («ii  +  «»)  V  =  0. 
Hence  its  trilinear  equation  is 

(«»  +  <hi)(flii  +  «ai)^i*  +  (Oil  +  OnXon  +  a^W 
+  (««  +  <i»)(<i»  +  «ii)«»*  =  0. 
Kow,  the  polar  reciprocal  of  8%  with  respect  to  8i  is 
OiiW  +  «aW  +  aii*«j* «  0,    or    *  -  (flu  +  ff«t  +  «•)  5|  -  0. 

Digitized  by  LjOOQIC 


Invariant  Theory  of  Conies.  481 

Hence  in  general  the  polar  reciprocal  of  8%  with  respect  to  jSi  is 
*  -  %t8i  =  0,  (992) 

lo^hich  reduces  to  ^  »  0,  when  %%  yanishes. 

Car.  If  ^  8  0,  the  pencil  of  tangents  is  harmonic,  which  can 
be  drawn  from  any  point  of  iS^  to  iS^  and  ^. 

BZEBCISBS. 

V 

1 .  ProTB  that  the  Brocard  ellipee  is  harmoaioally  inscribed  in  the  Jerabek 
hyperbola. 

2.  Prore  that  the  conic 


Vsi8in(^i-9)  +  Vss8in(^3-9)  +  Vl^rinpT^  «  0 

is  faannoDicany  insmibed  in  Eiepert's  hyperbola. 

8.  Constract  a  conic  0*  passing  through  three  given  pomts  A,  B,  0,  and 
hanttOoieaUy  dreumsoribed  to  two  giyen  conies  Si,  8%,  (Smith.) 

OoNST&uonoM. — ^Let  Xi,  Xt  be  the  centres  of  perspeotiTe  of  the  triangle 
ALBOf  and  its  reciproeals  with  respect  to  ^1,  ^ ;  tiien  o*  passes  through  the 
t¥e  points  J.,  B,  0,  Xu  X^ 

4.  Find  the  discriminants  of  ^  and  ♦• 

Ah$.^  AiAtCeiBi-AiAa)  and   6161 -AiAa.  (998) 

6.  Determine  a  conic  o*  passing  through  two  pointa^  and  harmonically 
circumscribed  to  three  gi?en  conies.  (Smith.) 

6.  Determine  a  conic  o*  passing  through  a  given  point,  and  harmonically 
dieumscribed  to  four  given  conies.  (Ibid.) 

7.  Determine  a  conic  harmonically  oiroumscribed  to  five  given  conies. 

(Ihid.) 

8.  Detennine  a  ccoio  which  divides  five  given  segments  harmonically. 

(Jonquib&bs.) 

9.  Prove  that  the  ^of  the  Brocard  ellipse,  and  the  oonio 

«iV(«»*  -  ^J*)  +  «*•/(«»*  -  ai*)  +  sp^Kai*  -«»•)-  0 

is  Kiepert's  hyperbola. 

2i 
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CONICS  FOB  WHICH  Bi  Aim  0|  TAHIBH. 

384.  If  we  form  Lamp's  equation  for  the  conies 

8i  m  oiixf  +  2at^K^  a  0|     8t^  ht^  -f  2h^x^i  «  0, 
we  get 

Hence,  for  these  conies,  Qi  <>  0,  @^  «  0.  Conversely,  if  two 
conies  he  connected  hy  the  relations  @i  ^  0,  ^  «  0,  their 
equations  can  he  written  in  the  forms 

Si  m  oux^  +  2a»jp,jP8  a  0,     5a  ■  ht^  +  2hnX^  «  0. 

Hence  we  have  the  following  theorem: — ^If  a  conic  8i  touch 
two  sides  AB^  AC  oi  b,  triangle  ABC  at  the  points  By  C,  and 
a  conic  8%  touch  the  sides  BC^  BA  at  the  points  C,  A,  then^ 
1^.  An  infinite  nwnher  of  triangles  eon  he  inscribed  in  either  and 
eircumseribed  to  the  other  {equation  969).  2^.  An  infinite  mtmier 
of  triangles  eon  be  inscribed  or  circumscribed  to  either  thai  will  be 
antipolar  with  respect  to  the  other.  3^.  The  reciprocal  of  8i  with 
respect  to  iSa,  the  reciprocal  of  8^  with  respect  to  8i,  the  conic 
which  reciprocates  8%  into  8%,  and  the  covariants  Fand^  are  aO 
identical. 

385.  The  three  conies 

aiiXi^  +  2at^CtXj  a  0,     bf^Xt^  4  23^a^i  =  0,     c^^*  +  2ci:^Xt »  0 

are  such  that  any  of  them  is  the  polar  reciprocal  of  another  with 
respect  to  the  third,  if 

OiibnCji  =  OnbnCix,  (994). 

This  is  easily  verified. 

DsF. — A  system  of  conies  satisfying  the  relation  (994)  is  called 
a  harmonic  system,  and  the  invariant  (994)  their  harmonic  in- 
variant. 

Cor. — Any  two  conies  jS'i,  82,  whose  invariants  6|,  B^  vanish, 
form  with  their  oovoriant  F  a  harmonic  system. 
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886.  The  inyariants  Oi,  %%  for  the  Brocard  ellipse 
y/xi/oi  +  Vxtla%  +  y/xtja^  «  0, 

V 

and  the  Jerabek  hyperbola 

Bin  2Ai  sin  {A%  -  A^^  +  sin  2A%  sin  {A%  -  A{)x^x 
+  sin  2u^8  sill  ('^i  -^  ^t)^^t  =  0 
are  all  to  a  factor 

C06-4i  sin  {At-A^  +  cos -4a  sin  (-4,  -  Ai)  +  cos -4,  sin  (-4i  --4,) 
and  its  square,  each  of  which  is  eqnal  to  zero.    Hence  the 

V 

Brocard  ellipse,  the  Jerabek  hyperbola,  and  their  coyariant  F 
form  a  harmonic  system. 
The  coyariant  ^is 

x^  xf  xf 

(a,»-a,*)sin2^i  "•"  {a}'a^)Wi2A^  "^  {a^-af)  sin2^,  " 

(995) 

BXBBCISE8. 

1.  Find  the  conic  which  forms  a  hannonic  system  with  any  two  of  Artzt's 
paiabobe,  whose  equations  in  haiycentrio  co-ordinates  are 

x^^^x^et^    «8*a4a;9«i,    9^^^x\9%\ 

and  proye  that  it  is  a  hyperbola. 

2.  The  oonie 

>Jxxfasi{4x^9)  +  V*i8in(-4i-«)+  >/*|8in(-48-«)  a  0, 

Kiepert's  hyperbola,  and 

iri»  sin  (-4 1  -  •)  sin  (-4*  -  uli)  +  *»•  sin  (-4t  -  «)  sin  (-4i  -  ^i) 
+  «i»sin(^8-«)nn(-4i--4a)  =  0 
form  a  harmonic  system. 

3.  The  inoirde,  the  hyperbola,  which  is  the  isogonal  transformation  of 
the  right  line  passing  through  the  incentre  and  cireumcentre,  and  the 
pexabola 

«i*i*/(«a  -  «»)  +  «a*8V(«»  -  «i)  +  «i*8V(«i  -  «i)  -  0 
fonn  a  harmonic  system. 

2i2 
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4.  II  Sif  8%,  Sb  foxm  a  bannonio  system  of  eonioi^  and  if  ai^n  l»  s 
triangle  inscribed  in  ^i  whose  sides  touch  ^  in  the  points  oi,  ft*  ^  the 
sides  of  the  triangle  ot^  toaeh  JSt  ia  H^  h,  fi$,  and  the  sides  of  ss^ 
touoh  ^1  in  ai,  bi,  ei ;  then  the  lines 

osos,  hthf  e^  are  concorrenty  and  meet  on  ^i ; 
utai,  h^f  Cffii  ff  yy  »,        8t; 

ai«t,  *iftii  «i^  Y»  »i  ♦»        ^»- 

(Kobhiar's  ExerciMi) 

Poiicblet'b  Thsobbx. 

387.  To  find  the  condition  that  a  triangle  may  l)e  inscribed  in 
8tf  whose  sides  touch  the  conies  8i  +  kiSty  8i  +  i^/St,  8i  +  k8r 
Let 

8t  B  2a»2et^  +  20^x^1  +  2aua;i4:t "  0. 
Then  it  is  evident  the  line  :ri  •  0  is  touched  by  the  conic 

for,  it  we  put  «i  »  0  in  £^i  +  liSt »  0,  we  get  a  perfect  square. 
Similarly,  ^  «  0  is  touched  by  8i  +  kt82  =  0,  and  x^  by 

^1  +  h8t  =  0. 

Kow,  forming  the  invariants  for  8i  +  k8i  a  0,  we  get 

Ai «  -  (2  +  iiOn  +  ^1  +  ^Ob)*  -  2^ib^i<itt%«tti 

Oi  -  2  (0,1  +  0,1  +  <iu)(2  +  ^lOjt  +  ^s«u  +  iliiaa) 

+  2a»ibi«»(^*i  +  W«  +  Wi)i 

^  --(<%  +  flii  +  «it)'  -  2(*i  +  t  +  t)tf»an«u, 

As  a  2<iaaaitfit. 

Hence  the  required  condition  is 

-4{Ax  +  *iilAAaJ{0,  +  (itj  +  i,  +  ii)At).       (996) 
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€7or.  1. — If  a  Tariable  triangle  be  inscribed  in  a  giren  eonio  iS^, 
and  two  of  its  sides  be  touched  by  two  conies  of  the  pencil  jS|  +  hS^t 
then  the  envelope  of  the  third  side  may  be  either  of  two  conies 
of  the  pencil.  For,  i{  A^  i^  in  equation  (996)  be  given,  we  have 
a  quadratic  to  determine  ^. 

Cor.  2.— If  i^»0,  it-0,  and  i^aJb,  we  get,  from  (996)  the 
condition  that  a  triangle  inscribed  in  8%^  two  of  whose  sides 
touch  iSiy  may  have  its  third  side  tangential  to  ^i  +  kS^y  viz., 

Hence,  eliminating  h,  the  envelope  of  the  third  side  is 

4AiAti»i  +  (0»»  -  4Ai^)  S;  -  0.  (997) 

888.  The  condition  that  a  variable  triangle  may  be  circnm- 
aoribed  to  a  conic  Sa,  and  have  its  three  summits  on  the  conies 

is  fonnd,  as  in  §  387,  to  be 

{tfi-?.(*i*.  +  W,  +  ^)J» 
»  4  {8i  +  hMM  {*t  +  (*!  +  *.  +  *.)?»),        (998) 

where  Si,  0i,  02,  i%  are  the  coefficients  of  Lamp's  equations  ior 
the  tangential  pencil  2i  +  h^  «>  0. 

Chr.  1. — If  *i  «  0,  ^  -  0,  kzmhj  we  have  the  condition  that 
a  triangle  circumscribed  to  2s,  and  having  two  summits  on  2i, 
may  have  its  third  sommit  on  Si  +  iSs »  0,  vis., 

*i»-48i*s-4A8iai.  (999) 

Car.  2. — ^If  iSi,  5|  be  the  trilinear  equations  of  2i,  Ss,  we  get 

easily 

*i  =  AA,    8i-AiS    tf,-A,0i,    ?i«V. 

Hence,  from  (999),  we  get 

^*  *  4A,0i  -  4ifcA,^ 
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and|  eliminating  i  between  this  and  the  trilinear  equation  of 
Si  +  kXi,  viz., 

we  get 

16Aa»AiSi  +  4A,  (©,«  -  4A,0i)  J?'+  (^»  -  4A»®i)»  S,  =  0, 

(1000) 
which  is  the  locus  of  the  third  snmmit  of  a  triangle  cireom- 
Bcribed  to  8%^  two  of  whose  summits  moye  on  8i, 

EQUATIONS  OF  COMMOK  ElBMEKTS. 

389.  Def. — ^If  Xio?!  ±  XiZt  ±  \^  B  0  he  the  equations  ofthefowr 
sides  of  a  standard  quadrilateral^  the  sum  of  the  squares  of  these 
sides  equated  to  nero  is  the  equation  of  a  eonio  eaUed  the  fourteen- 
point  eonie  of  the  quadrilateral.    "We  shall  denote  it  by  Z. 

Let  hob'c^  be  the  quadrilateral,  ABC  its  diagonal  triangle  is 
the   triangle    of   reference; 
then  if  its  sides  e' 

XiXi-X^'X^^  0, 
X^-X^-XiXi'^  0, 

X^-XlXi-^X^x:^  0, 

Xi«i  +  X^  +  A^,  e  0 

be  for  shortness  denoted  by  ^ 

«i  A  y>  *>  respectively,  we 

have  a  +  )8  +  y  +  8»0.     Hence  o*  +  j8*  +  y*  +  8»«0  may  be 

written  in  the  form 

a^  +  )8y  +  ya  +  oS  +  )88  +  yS  =  0, 

since  we  can  subtract  (a  +  )9  +  y  +  8)'  a  0 ;  or,  in  the  form 

i8y  +  a8  +  (iS  +  y)(a  +  8)  =  0. 

Or,  since  a  +  8  =  -  Qff  +  y),  in  the  form 

08y  +  a8)-08  +  y)«oO. 

Hence  Z  has  double  contact  with  )9y  +  oS  a  0,  the  chord  of 
contact  being  ^  +  y  «  0 ;  that  is,  has  double  contact  with  a 
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conic  passmg  through  the  extremities  5,  I/y  c^  (f  of  two  diagonals 
of  the  quadrilateral,  the  third  diagonal  being  the  chord  of  con- 
tact; hut  a  conic  passing  through  two  pairs  of  opposite  summits 
of  a  complete  quadrilateral  has  the  third  pair  as  harmonic  con- 
jugates. Hence  we  infer  that  each  pair  of  opposite  summits  of 
the  quadrilateral  are  harmonic  conjugates  with  respect  to  Z. 
Again,  forming  the  sums  of  the  squares  of 

Xia?i  ±  \^  t  XjiCj  =  0, 
we  get 

XiV  +  AaV  +  W-0. 

Hence  the  triangle  ABC  is  antipolar  with  respect  to  Z^  and 
therefore  each  side  is  cut  harmonically.  Hence  we  have  the 
following  theorem: — The  fourteen-point  eanic  ouU  the  diagendU 
of  the  quadrilateral  in  the  double  point*  of  the  three  involutione 
aii,BC\  W,  CA;  ed.AB. 

390.  If  we  eliminate  S  from  o'+)8'  +  'y"  +  8'  =  0  by  means  of 
a+)3+y  +  SaO,  the  equation  of  ^becomes 

o*  +  )8»  +  >»  +  o^  +  iSy  +  ya  =  0. 

Hence  ^  meets  y  where  it  meets 

a»  +  )8»  +  o)8  =  0. 

Again,  the  product  of  the  three  lines  da^  ed^  (fb  is  afi{a  +  j3), 
say  ^(a,  j3)  »  0 ;  and,  forming  the  Hessian  of  this  (see  Salmon's 
Algthra^  4th  edition,  p.  183),  that  is, 

rf»^   d^4^        ^^ 

we  get 

o*  +  )8»  +  a^. 

Hence,  if  Z,  if  be  the  points  in  which  ^meets  the  side  y  of 
the  quadrilateral,  the  anharmonic  ratios  {VafcL),  {VafcM)  are 
the  imaginary  cube  roots  of  unity,  and  simiLsff  properties  hold 
for  each  of  the  remaining  sides  of  the  quadrilateral.  Hence  we 
see  that  Z  passes  through  fourteen  remarkable  pointi^  namely, 
two  on  each  side,  and  two  on  each  diagonal. 
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391.  It  M  reqmr$d  to  find  the  equation  of  ike  fimr  common 
Utngente  of  the  eomee 

Let  Sly  St  be  the  tangential  eqnationB  of  S^  8^;  then  two 
conies  of  the  pencil  Si  +  i^  can  be  described  to  pass  throng 
any  given  point.  For,  if  Ai,  At  be  the  discriminants  at  a.%  K\ 
the  trilinear  equation  of  Si  +  kl^  is 

Since  this  is  a  quadratic  in  i(,  we  see  that  two  conies  of  the 
pencil  Si  +  kl^  can  be  described  to  pass  through  any  given 
point;  but  it  the  given  point  be  on  any  of  the  four  common 
tangents  of  8i  and  8%,  these  conies  will  coincide.  Hence  the 
quadratic  in  k  will  be  a  perfect  square.  Hence  the  equation 
of  the  four  common  tangents  is 

F*  -  4AiA,a.»J.»  =  0.  (1001 ) 

Cor. — Since  the  equation  (1001)  is  of  the  form  jS*  -  ZM=  0, 
it  represents  a  locus  touching  the  conies  a/ « 0,  b*mO  in  the 
points  where  they  meet  F,  Hence  ^passes  through  the  eight 
points  of  contact  of  the  conies  with  their  common  tangents. 

392.  If  the  conies  8^  8^  of  §  391  be  referred  to  their  comfflon 
antipolar  triangle,  their  equations  will  be  of  the  forms 

8i  -  aiia?i»  +  Ot^*  +  fl,8a?,»  =  0, 

S,  ■  »i*  +  «»•  +  «t' «  0, 
and  then 

^«  <hi  («»  + «»)a?i»  +  «»(«35  +  «ii)«i' +  «»(«ii +  ««)«»•  =  0. 

These  substituted  in  equation  (1001),  the  equations  of  the  lour 
common  tangents  of  8i  and  8%  will  be  found  to  be  the  product  of 
the  four  lines 


«i  v/«ii(tf»  -«»)*««  y/an{a»  -  Oil)  ±  «i  ^a^{aii  -  a«)  «  0. 
Hence  the  quadrilateral  formed  by  the  four  tangents  is  a  standard 
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qnacbilateTal,  and  the  equation  otits  fottiteen-point  coniOy  wMoh 
ve  shall  call  the  toorteen-point  conic  of  the  two  given  conies, 

«ii(fl«-<^)«i'  +  <i»(<^-tfii)«»Ha»(aii-.<i«)V=0. 

(1002) 
Cor.  1. — The  touiteen-point  conic  of  two  given  conies  is  har- 
monicallj  circumscribed  to  each. 
Cor.  2. — ^If  the  conies  8i,  8^  be  given  in  the  foxms 

«iia?i»  +  a^  +  (h^*  =  0,     Ju^i'  +  >it«a'  +  *i»«3"  =  0, 

their  fourteen-point  conic  will  be 

Sauiu(aaia3  -  <hfin)x^  »  0.  (1008) 

Cor.  3. — ^The  fourteen-point  conic  of  5i,  St  in  terms  of  5i,  5^, 
and  ^,  is 

2A,(0|»-SAx0,)iSi+2A,(V-8A^i)i8,+(9AiA,-^^)^=O. 

(1004) 
393.  To  find  ih$  taitgential  oqmtum  of  th$fom  paMi  common 
iotheeondeo 

The  condition  that  the  line  \,  *>  0  shall  toudh  «.* »  0,  is 

•lu     <h»>     (h»f     ^ 
<Hi>     ^hh     ^1     ^» 

^l»       <*»>       <»35>       Ky 

^ii     ^>     ^1     0 


=  0. 


If  in  this  we  substitute  On  -¥  ibuy  Oa  +  i^oj  &c.y  for  «ii, 
«]t»  ftc,  we  get  the  conditkm  that  A,  shall  touch  8i  +  k8t  a  0, 
viz., 

Si  +  **  +  i6»2,  =  0, 

where  Su  2i,  and  ^  are,  respectively,  the  tangential  equations 
of  iSi,  Ss,  and  the  envelope  of  the  line  which  cuts  them  harmo- 
nically.   Now,  since  this  equation  is  a  quadratic  in  k^  two  conies 
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of  the  pencil  Si  +  kS^ «  0,  can  be  described  to  tonch  A.  *>  0 ; 
but  if  A.  passes  through  one  of  the  four  points  common  to  Si 
and  Stf  it  is  evident  that  these  two  conies  will  coincide.  Hence 
the  equation  of  the  four  common  points  is  the  discriminant  of 

Si  +  4*  +  *% 
equated  to  jseroi  tix.i 

«*  -  42|2i  -  0.  (1005) 

394.  If 
Si  •  Oii^i*  +  Ot^*  +  a^  «  0,    S,  ■  Xi^  +  «i»  +  a^*  «  0, 
we  have 
Si  -  OttOwXx*  +  <i»auV  +  «iifl«»A8'=  0,    2,  -  Xx»  +  V  +  V=»  0, 

*-(««  +  a»)Xx»  +  (a»  +  Oil)  V  +  («ii  +  «»)  V «  0; 

andy  substituting  in  equation  (1005),  we  find  the  four  common 
tangents  to  be 

Xi^On-antXtyon'Oii  lAf^/  -  0. 

(1006) 
If  we  form  the  sum  of  the  squares  of  these  equations,  we  get 

{On  -  an)Xi*  +  (a»  -  On)  V  +  («ii  -  «»)  V  «  0. 

(1007) 
Or,  in  point  co-ordinates, 

(«ii  -  «ti)(<hi  -  On)  x^  +  (<!«-  <?»)(««  -  <»ii)  «t* 

+  (a»  -  «u)(«»  ''au)x^^  0. 
(1008) 
This  is  the  f ourteen-line  conic  of  the  giren  conies. 

Cor,  1. — The  eight  tangents  to  two  conies  at  their  points  of 
intersection  envelope  another  conic  ^.    See  equation  (1005). 

Cor.  2. — ^The  fourteen-line  conic  of  two  conies  is  hannonicallj 
inscribed  in  each. 

Cbr.  3. — ^The  fourteen-line  conic  of  two  conies  Si^  8%  in  terms 
of  Sij  Stf  and^is 

©,Si  +  SiSt  -  3^-  0. 

(GumxLFiKcaR.)    (1009) 
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BXBBOISBS. 
1.  Find  the  equatkm  of  the  fourth  common  tangent  to  the  conios 
y/xitanAi  +  >/xt  AnA%  +  >Jx%9mAz^  0, 


y/xiC(MAi  +  ^/x2COsA%  +  y/xicosAt «  0. 

An$.  Slim  {At  -  ^)  +  »%lm  {Az  -  ^i)  +  xtjan  {Ai  -  At) »  0.    (1010) 

2.  The  coYariant  F  of  the  two  conici  of  EzeroiBe  1  is  the  nine-point 
circle. 

8.  The  oontTETariant  *  of  the  nme  conies  is 

Xi«  sin»  (At  -  At)  +  Xa»  sin'  {At  -  Ai)  +  X,'  sin*  (^i  -  ^t) 

+  2As\9  sin  ^a  sin  ^9  +  2X9X1  sin  u^  sin  ^1  +  2XiXssin^isin^ss  0. 

(1011) 
4.  Find  the  equation  of  the  four  tangents  to  81,  where  St  intersects  it. 
Let  the  pomts  of  intersection  be  A,  B,  C,  D,  and  let  Sft  be  the  polar  red- 
prooal  of  St  with  respect  to  81 ;  then  the  tangents  to  Si  at  A,  B,  C,  D  will 
be  ocmunon  tangents  to  i9i  and  S'f    Thus  we  fiod,  if 

^1  a  «u«i»  +  aaa»t'  +  «»«l'  =  0,    /8j  ■  «i»  +  «»»  +  J^«  -  0, 

the  four  common  tangents  to  be 


an  V(aM-.fltj)afi  ±  on  V(flti  - «ii) «»  ±  fl»  V(aii  - an)«l «  0. 

(1012) 
The  product  of  the  four  tangents  in  terms  of  ^i,  Stt  and  Pis 

(ei-^  -  Ai5»)«  -  4Ax5i  (et^i  -  20  =  0.  (1013) 

6.  State  the  special  lines  which  the  fourteen-line  conic  of  a  quadrangle 
touches. 

Anhpolab  Tbiahgu. 

395.  Let  Sif  8t  he  two  eonici  given  by  their  general  equations. 
It  i$  required  to  reduce  them  to  the  forme 

respectively. 
SoLunoK. — Since 
Bi  m  a,iXi»+  OnXf^OnX^  «  0,    iS,  »  Xi»  +  3;»  +  j;»  -  0, 
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the  diacriminant  of  8i  -  kSt  is  equal  to  the  dLBcrimiiiaiit  of 

=  (tfii  -  *)(«»  -  *)(«»  -  i). 

Hence  0ii>  ^9  ^  &^  the  roots  of  Lamp's  equation,  and  are 
therefore  given.    Again,  sinee 

i8i-a„Xi»  +  aaX,»  +  fl„X,«,     fi;»Xi»+X,»+2,», 
the  coyariant  ^of  81  and  8% 

«  Oil  (Oa  +  a»)  Xx»  +  On  (i^  +  On)  X,»  +  fl»  (Ou  +  ^)  Jp. 
Hence  we  have  the  three  equations 

OiiXi'  +  OaXa*  +  flssX,'  =  «!, 

Xi»+X,«  +  J&»-fli, 

«u(«ti  +  «»)Xx»  +  OttCeiM  +  Oil)  Xa«  +  a»(aii  +  <!„)  X^"  b  J". 

Hence      (tfii  -  fl«)(aii  -  «»)  Xi«  =  au^Sfi  +  <i«a«i^  -  ^,    (1014) 

(^-^)(tfa-«ii)X,»»«a5x  +  i^«axx«t--?;     (1015) 

{(h»'(hi){a^-(hi)X^«a„8,  +  aiiihiSt-F.    (1016) 

Hence  the  squares  of  the  sides  of  the  antipolar  triangle  ci  8i,8t 
are  covariants. 

Car. — ^By  adding  the  equation  1014-1016,  we  gd;  the  equation 
of  the  f  ourteen-line  conic  of 

Si,  82  m  0,Sx  +  0iiS,  -  SF^  0. 

396.  Since  the  sides  of  the  antipolar  triangle  are  expressed  is 
terms  of  8iy  8^,  and  Fy  it  follows  that  all  the  coTariants  of  iSu 
8%  can  be  so  expressed,  but  all  cannot  be  expressed  rationally  in 
terms  of  these.  For  example,  the  conies  (985),  (987),  (988). 
Again,  the  conic  which  reciprocates  81  into  8%  may  be  any  one 
of  the  four 

either  of  which  cannot  be  expressed  rati<mally  in  terms  of  8\y 
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8%y  F;  bat  from  equation  1014-1016,  we  see  that  their  product 
can,  712.,  this  is 

0,  ^  022,  (hiSi  +  th^hiSt-Fy 

«»,  0,  Oil,         (hiSi  +  a„fhiS%-F, 

«»>  (hu  ^9  (hkSi  +  aii(hiSt-Ff 

OiiSi-^^hifluS^^F,  OnSi+anfliiSfF,  anSi+aiianSfFj  0 

(1017) 

Mutual  Power  ov  two  Cokiob. 

S97.  H  i»-.ii  =  0,  iSi-Zj^O  (where  iSr»«,«  + V+^'-O, 
and  Xi,  Xs  are  lines)  be  two  conies  having  double  contact  with 
the  same  coniOi  or,  for  shortness,  say  inscribed  in  8 ;  then 

iS»-Zi  +  ;fe(«l-2:,)  =  0 

denotes  a  conic  passing  through  the  two  points  in  which  the 
common  chord  Zi  -  Z| »  0  meets  them,  and  forming  the  discri- 
minant of 

i»-Zi  +  ife(5i-Z,)«0 

after  clearing  of  radicals,  we  get 

(1  -  fia)it«  +  2(1  -  B^)k  +  1  -  5i  =  0,       (1018) 

where  Si,  8^  denote  the  powers  of  the  poles  of  Zi,  Zs  with 

respect  to  8,  and  iZu  the  power  of  the  pole  of  Zi  with  respect 

to  Z%.    Now,  since  the  equation  (1018)  is  of  the  second  degree 

in  i,  two  line  pairs  can  be  drawn  through  the  intersection  of  the 

conies 

iS-Zi»  =  0,    s-.z,««o 

with  their  common  chord  Zi -  Z^a  0,  each  having  double  con- 
tact with  8.  It  is  evident  these  line  pairs  will  coincide,  if 
Zi-Zt  meet  8-L^  in  consecutive  points;  in  other  words,  if 
S^ItfmO  t<mch  S-Zi^mO.  Hence  the  condition  of  contact 
of  iS-Zi*  and  <S-Z|*  is  tiie  discriminant  of  (1018)  wiUi 
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respect  to  i.     Therefore  the  tact  inTariant  of  8-Li*^0, 
S.Z,»  =  Oifl 

(1  -  EuY  -  (1  -  Si)  (1  -  fli)  -  0.  (1019) 

We  shotild  hare  got  the  same  result  if  we  had  worked  witii 

the  equations 

flfi  +  Xi  +  *(5i  +  Z,)  =  0; 

but  with  either  of  the  forms 

the  result  would  be 

(1  +  Jt^y  -  (1  -  8i)  (1  -  S,)  »  0.  (1020) 

Hence  there  are  two  tact  inyariants  for  two  conies  inscribed  in 
the  same  conic. 
398.  If  we  put 

1  -  J2,i  -  a/(1  -iSO(l  -S»).ooefi, 
and  denote  the  roots  of  equation  (1018)  by  i^,  J^,  we  get 

0^'mkjh.  (1021) 

Similarly,  if  we  form  the  discriminant  of 

5MXx  +  *(Si*Z,)-0, 
denote  the  roots  of  the  resulting  equation  inihj  t^  ii,  and  put 

l+i2«-V^(l-/Si)(l-5i)cosf„ 
we  get 

$^»  o  tjk^.  (1022) 

Now,  if  ^1  =  Tr/2,  we  have,  from  (1021),  ki/kg «  -  1,  and  the 
chords  of  contact  with  8  of  the  two  line  pairs  which  can  be 
drawn  to  touch  iS through  the  intersection  of  Xi-Zs«0  with 
8-Z%  form  a  harmonic  pencil  with  Zi  and  Zi.  Similarly,  if 
^9  « 9r/2,  the  chords  of  contact  with  8  of  the  line  pairs  through 
the  intersection  of  Zi  +  Zs  with  8-Zi*  touching  8  form  a 
harmonic  pencil  with  Zi  and  Z|.    Hence  it  appears  that  whst 
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oorrespondB  in  the  geometry  of  two  conies  inscribed  in  the  same 
conic  to  two  circles  catting  orthogonally  are  two  conies  whose 
angle  ^,  which  we  shall  call  their  anharmonic  angle,  is  right, 
and  by  an  extension  of  the  term  we  shall  say  that  the  conies 
cut  orthogonally. 

S99.  Dsr. —  We  shall  call  l-Sathe  mutual  power  of  the  ooniee 

8^±Z,^0    and    Shtl^mO, 

tphere  the  eigne  are  either  loth  plus  or  both  mimte^  and  1  +  B^  the 
mutual  power  of 

SfftrZi-O    and    Sitl^mO, 

where  the  eigne  are  different. 

The  mutual  power  of  two  conies  inscribed  in  the  same  conic 
may  also  be  called  their  orthogonal  invariant,  since  its  ranishing 
is  the  condition  of  their  cutting  each  other  orthogonally. 


Fbobenius's  Thbobkm. 

400.  If  Ci,  C, . . .  Ci ;  C\,  C\...  C\  be  any  two  systems 
of  five  conies  inscribed  in  the  same  conic  S,  and  if  the  mutual 
power  of  any  two  C,,,  C\  be  denoted  by  mn',  then 


H', 

12', 

18', 

14', 

15', 

21', 

>» 

9f 

99 

99 

81', 

n 

19 

99 

99 

41', 

ff 

l> 

99 

99 

51', 

99 

99 

99 

99 

« 0.        (1028) 


This  is  an  extension  to  conies  inscribed  in  the  same  conic  of 
the  fundamental  theorem  in  a  Hemoir  by  Herr  G.  Frobenius, 
«*  Anwendungen  auf  die  Geometric  des  Maasses  " — Orelle^e  Jour- 
nal, Band  79,  pp.  185-247. 
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Dem. — ^Let 

then,  multiplyiiig  the  determinants 


0 

«! 

flt 

<h 

0 

-«1 

-0, 

-«3 

0 

3i 

^ 

h^ 

0 

-*I 

-«. 

-^ 

0 

tfi 

<^ 

Ct 

0 

-1^1 

-<^ 

-^ 

0 

^1 

(k 

dt 

0 

-* 

-* 

-* 

0 

^i 

H 

^ 

0 

-^I 

-^ 

-^ 

tha  proposition  is  evident. 

The  foregoing  proof  is  adapted  to  the  case  wh^e  the  mutual 
power  is  of  the  form  1  -  J2u ;  bnt  if  it  should  be  of  the  ioni 
1  +i2u,  the  necessary  alteration  is  obvious. 

401.  If  the  anharmonic  angle  of  the  conies  C^  (7. be  denoted 
by  mn'i  it  foUovrs  from  the  equations 


l--B«--/(l-50(l-i8,)cosfi, 

1  +  ^1,  =  V^(l  -  Si){l  "  Si)  OOB^t, 


that  the  determinant  (1023) 

can  be  transformed  into  the  f ollow- 

ing:— 

cosir, 

cos  12', 

ooslS',    cos  14', 

cos  15', 

cos  21', 

n 

»            >» 

II 

cos  81', 

>» 

II            II 

II 

»0. 

cos  41', 

>» 

II            11 

9f 

cos  61', 

» 

II            II 

l> 

(1094) 
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«0. 


402.  If  the  second  system  of  conies  coincide  with  the  first, 
we  have  for  any  five  conies  inscribed  in  the  same  conic 

1,  cos  12,     cos  13,     cos  14,     cos  15, 

cos  21,     1,  cos  23,     cos  24,     cos  25, 

cos  31,     cos  32,     1,  cos  34,     cos  35,      » 0. 

cos  41,     cos  42,     cos  43,     1,  cos  45, 

cos  51,     cos  52,     cos  53,     cos  54,     1 

(1025) 

Cor.  1. — ^The  condition  that  four  conies  should  cut  a  fifth 
orthogonally  is 

1,  cos  12,     cos  13,     cos  14, 

cos  21,     1,  cos  23,     cos  24, 

cos  31,     cos  32,     1,  cos  34, 

cos  41,     cos  42,     cos  43,     1, 

(1026) 

Cor.  2. — If  the  conic  Cs  touch  the  other  four,  the  last  row 
and  the  last  column  of  the  determinant  (1025)  become  units. 
Hence,  by  subtracting  each  of  the  first  four  columns  from  the 
fifth,  we  get  a  determinant  which  is  equivalent  to  the  follow- 
ing:— 

0,  sinH(12),     sinH(13),     8inH(14), 

sin»J(21),     0,  8in«i(23),     sinH(24), 

Bin«i(31),     sin*i(32),     0,  sin»i(34), 

sin»i(41),     sin'i(42),     sinH(43),     0 

(1027) 
or  the  product  of  the  four  factors 

8inJ(14)sini(23)±sinJ(24)sini(31)±sinJ(34)sini(12)  =  0, 

(1028) 
which  is  the  condition  that  four  conies  should  be  tangential  to  a 


=  0, 
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fifth.     If  we  8at)8titute  for  sin  ^(14),  &c.  (§  401),  this  equation 
becomes,  after  clearing  of  fractions, 


^v/(l  -  ^rXl  -  S,)-{\  -Ru)  y/^/{l  -  5.)(1  -  ^)-(l  -i2») 

±  two  similar  terms  got  by  interchange  of  suffixes  s  0. 

(1029) 

403.  To  find  the  equation  of  a  eonie  inacrihed  in  a  given  conic  Sy 
and  touching  three  given  conies  Ci,  C^,  C3,  aho  inscribed  in  8. 

Let  the  equations  of  Ci,  C,,  Ci  be  5*  =  a„  8^  -h^  8h  =  e^ 
respectively,  and  W  be  the  required  conic.  Take  any  point 
j/i,  ^S}  ^z  on  W^  and  let  C^  denote  the  tangents  from  x'l,  o/j,  x'^ 
to  8.    Then 

denotes  a  conic  having  double  contact  with  8  and  touching  W, 
Hence  the  equation  (1029)  holds  for  the  four  conies  Ci^  Cf,  t^ 
Ci ;  and  it  is  easy  to  see  that  /Si »  1,  and 

Oixfi-^-a^t-^-a^' 


Ru 


A/^i»  +  ar'a«  +  ar',« 


Hence,  making  these  substitutions  in   (1029),  and  omitting 
accents,  &c.,  the  equation  of  7F  is 

/C7i{v/(l-^0(l-*)-(l-A,)l 


±  yc^\y/{\  -  ^,)(i  -  ^0  -  (1  -  j?,o) 

±  \/C7,{v^(l  -  ^0(1  -  St)  -  (1  -  ^t)\  -  0. 

(1030) 
This  equation  was  first  obtained  by  me  in  1866  by  considera- 
tions of  Spherical  Geometry.  An  independent  prod,  founded  <m 
the  properties  of  quartic  curves  having  two  double  points,  was 
given  in  my  Bicircular  Quartics,  read  before  the  Boyal  Irish 
Academy  in  1867.  The  foregoing,  by  the  method  of  mutual 
power  is,  perhaps,  the  simplest  that  has  been  yet  given. 
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The  allied  bat  different  problem  of  describing  a  conic  having 
donble  contact  with  a  given  conic  8^  and  touching  three  other 
conies  each  having  double  contact  with  8^  was  previously  solved 
by  Professor  Cayley,  Crelle,  vol. 


OfiTHOeONAL  CONIOS. 

404.  The  result  of  the  operation 

d  d  d 

dzi  dx2         dxz 

performed  on  the  conic  8h-ag^0  is  a  conic  orthogonal  to  8h  -  <»«. 
For,  performing  the  operation  and  clearing  of  fractions,  we 
get  aa8^  -  a,  =  0,  and  the  orthogonal  invariant  (§  399)  of  this 
and  5i  -  a,  =  0  vanishes,  which  proves  the  proposition. 

405.  If  8h±a,^0,  8h±h,=^0y  /84±(?.  =  0  be  three  conies 
inscribed  in  8,  it  is  required  to  find  the  equation  of  a  conic  J 
cutting  them  orthogonally. 

Let  ai,  oa,  os  be  the  co-ordinates  of  the  pole  of  cT'with  respect 
to  8 ;  then  denoting  for  shortness  the  given  conies  by  Wn  W^^ 
Fi,  respectively,  we  must  have  (§  404) 

dW^         dJFi         dJT^      ^ 
tti      — +oa--7— +a8--r— =  0, 
axi  ax^  ax^ 

dWt         dWt         dWt     „ 

^  dW^  ^     dW\^      dW,     ^ 
dxi  dx%  dx^ 

Hence,  eliminating  a^,  oj,  o^,  the  required  conic  is 


dW, 
dxi' 

dW, 
dx,' 

dW, 

1    dW, 
dx,' 

dWt 
dx,' 

dWt 

dx,' 

.    dW^ 
'      dx,' 

dWt 
dx,* 

2x2 

idJT, 
dx. 

(1031) 


Digitized  byCjOOQlC 


600 


Invariant  TTieory  of  Conies, 


Substituting  for  TFi,  TFi,  Wz  their  values,  and  taking  into 
account  the  yarious  combinations  arising  from  the  double  signs 
in 

5i±<i,  =  0,     iSi±5.x=0,     8l±e,^0, 

we  get  four  conies  orthogonal  to  the  conies 

We  shall  denote  them  by  J",  «7i,  «7i,  «7ii  respectively.  If  in 
(1031)  we  put  81  -  a.,  /Sf*  -  5„  iS*  -  c,  for  »^„  F'^  r,  we 
easily  get 

8\    Xi,    «2>    ^» 

1>  <»1|       «8j        ««> 

1,  Ji,        ^,         3^, 

1,      Ciy     e%,     Cz 


J^ 


=  0. 


(1032) 


«/ii  «^t>  «^  aro»  respectively,  obtained  from  this  by  changing 
the  signs  of  the  a's  in  the  second  row,  of  the  ^'s  in  the  third, 
and  of  the  ()'s  in  the  fourth  row. 

406.  If  the  minors  of  the  determinant  (^^cb)  be  denoted  by 
the  corresponding  capital  letters,  we  see  that  the  co-ordinates  of 
the  pole  of  the  chord  of  contact  of  «7'and  8  are 

-4i  +  J9i  +  Ci,    -43  +  ^,+  Ca,    ^,  +  ^3  +  C^, 

or  S^i,  2-^3,  S-^a,  respectively ;  but  these  are  evidently  the 
co-ordinates  of  the  point  of  concurrence  of  the  comm<m  chords 
<»•  -  ^«  ^«  •"  ^*i  ^m  -  ^»  of  the  three  conies 

«-(aJ»  =  0,     i8-(^,)«  =  0,     5-(O»  =  0. 

Hence  we  have  the  following  theorem : — The  poles  of  ike  ehordt 
of  contact  of  J,  Ji,  Ti,  J^  with  8  are  the  four  radical  centres  oftJte 
conies 

S-{a.y^O,     >8f-(^,)'  =  0,     8-{c,y^0. 
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407.  The  polar  of  the  point  S-4i,  S-ia,  2^$  with  respect  to 
S  -  (a^y  is  easily  found  to  be  the  determinant 


«« 

^1» 

^, 

^, 

1, 

«1, 

««, 

(hy 

1, 

K 

J., 

*., 

1, 

Cu 

<^, 

<?3 

0, 


(1033) 


and  this  is  evidently  the  common  chord  of  J  and  8  -  {a^- 
Hence  we  have  the  following  construction  for  the  conies  «7)  Ji^ 
J^y  J%  exactly  analogous  to  the  method  of  describing  a  circle 
cutting  three  circles  orthogonally,  viz. :  Prom  any  radical  centre 
draw  tangents  to  the  conies 

5r(a,)».     8-{K)\    8-{e.y; 

then  the  six  points  of  contact  lie  on  the  corresponding  ortho- 
gonal conic. 

408.  Tofini,  the  locus  of  the  double  points  of  the  net 
\,{8h  -  a.)  +  A,(iSi  -  K)  +  A,(iSJ  -  e,)  =  0. 


If 


X,(5i  -  a,)  +  K{8h  -  h,)  +  X,(^4  -  ^)  -  0 


has  a  double  point  it  must  consist  of  a  tangent  pair  to  8, 
Hence  it  must  be  of  the  form 

Therefore,  putting    R  ■  ^/x'^  +  ar','  +  a/,',     we  have 
Xifl.  +  XjJ.  +  Xe<?,  =  (Xi  +  X,  +  X«)(«'x«i  +  af^  +  ixf^)IR, 
Hence,  comparing  coefficients,  we  get 

Xx(^i2  -  a/i)  +  X,(M  -  (^i)  +  ^(^i2  -  ^i)  =  0, 
Xi  («,«  -  a;',)  +  X,(5ai2  -  of 2)  -^K^hR'  ^t)  =  0, 
Xi  {(hR  -  ar',)  +  X,  (*8^  -  ^,)  +  X,(<>,5  -  a/,)  =  0. 
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And  eliminatmg  Xi,  X3,  A,,  we  get 

If  we  subtract  the  second  column  from  the  first,  the  third  from 
the  second,  we  get  a  determinant  which  may  be  written 

JP      tti  —  ^1,     hi  —  Cij    CiR  —  d/j, 

Hence,  dividing  by  iP,  expanding,  and  putting  /9ft  for^  and 
omitting  accents,  we  get 

(a Ao,)  Si  -  2  (fla^a)  a?x  -  S  (fla^i)  a:,  -  S  (^*a)  «8  «  0, 

which  is  evidently  the  conic  J.    Hence  the  locus  of  the  double 
points  of 

Xi(Si  -  «,)  +  A,(5i  -  K)  +  X,(Si  -  e,)  =  0 

is  a  conic  cutting  &-a„  S^-K,  Si  -  e^  orthogonally. 


Jacobiaits. 

409.  Given  three  eonies,  Si,  Sa,  S3,  it  is  required  to  find  tht 
loeue  of  a  point  whose  polare  with  respect  to  these  eonies  ar9 
concurrent. 

If  we  denote  the  differentials  of  S^  with  respect  to  «i,  x^  ^^ 
respectively,  by  8r^^\  S,^*^,  S/'^,  it  is  evident  we  shall  have  to 
eliminate  ^1,  or'a,  x^  between  three  equations  representing  the 
polars  of  the  point. 

Thus  we  get  the  determinant 

Si^'K     S,w,     S,w, 

Sa^'),      Sa^%      SaW,        =0.  (1034) 

S,^'\     S3W,     S,w 
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If  any  three  ternary  functions /i,/2>  /s  be  given,  the  determinant  formed 
with  their  first  differentials  was  much  employed  by  Jaoobi,  and  called  by 
him  ikeit  funetional  determinant.  This  name  has  been  altered  by  Stltb8tbb 
to  that  of  Jacobian,  in  honour  of  that  great  Mathematician. 

410.  The  Jacohian  of  three  eonioe  is  the  locus  of  the  double  points 
on  lines  cutting  the  conies  in  involution, 

Dexn. — ^Let  A  be  any  point  of  the  Jacobian  of  5i,  8%^  8^  or 
say  J{8ij  8^9  Sz) ;  then,  by  definition,  the  polars  of  ^  are  con- 
current. Let  them  meet  in  B ;  then  the  polars  of  B  meet  in  A, 
Hence  J9  is  a  point  on  the  Jacobian ;  and  since  A,  B  are  conju- 
gate points  with  respect  to  each  conic,  the  line  joining  these 
points  is  cut  in  involution  by  the  conies,  and  A,  B  aie  the 
double  points  of  the  involution. 

The  following  is  another  geometrical  definition  of  ^{8^  iSa,  8^)^ 
viz. : — It  is  the  locus  of  the  double  points  of  all  the  conies  of  the  net 

Xi8i  +  ki82  +  X35,  =  0. 

For  the  co-ordinates  of  the  double  points  must  satisfy  the 
three  equations 

AiSi^»>  +  X«Sato  +  A,5,(»)  =  0,    XiSiW  +  X,5a(»)  +  A,5,w  =  0, 
XiSiW  +  X45,W  +  X358(»J  =  0; 

and,  eliminating  Xi,  X^,  X«,  we  get  J(8u  Szy  8^)  =  0. 

411.  If 

5i-«,«  =  0,     5a-^,»  =  0,     55  =  ^,»  =  0, 
then 

J{Su  82,  8^)  m  (aAcz)  a. .  ^. .  (?,  =  0,         (1 035) 

where  {(hbi^)  is  an  abbreviation  for  a  determinant. 

Hence  J(8i,  82, 8^)  is  a  curve  of  the  third  order.  It  sometimes 
breaks  up  into  a  line  and  a  conic,  and  sometimes  into  three 
lines,  viz. — 1°.  If  81,  82,  8^  have  two  points  common,  say  Jfcf, 
N,  then  the  polar  of  any  point  P,  on  JOT,  with  respect  to.  each 
of  the  conies  5i,  iSa,  8z  passes  through  the  harmonic  conjugate 
of  P  with  respect  to  if,  iV;  therefore  the  line  MNib  a  part  of 
the  Jacobian,  which  must  therefore  break  up  into  a  line  and  a 
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conic.  This  explains  why  the  Jacobian  of  three  circles  is  a 
circle,  viz.,  the  three  circles  have  the  cyclic  points  common, 
and  the  Jacobian  is  their  orthogonal  circle. 

2^.  If  one  of  the  conies,  say  /S9,  be  the  square  of  a  line  X', 
then  J{8iy  5„  Z')  contains  X  as  a  factor.  Hence  J{8i,  Sty  X*) 
breaks  up  into  a  line  and  a  conic. 

In  this  case,  if  L  he  the  line  at  infinity ^  J{8u  S2,  i?)  consists  of 
the  line  at  infinity,  and  of  the  loeus  of  the  centres  of  all  the  conies 
of  the  pencil  Si  +  kSz^O. 

For,  if  a/i,  ir'21  ^8  Tt>e  the  co-ordinates  of  the  centre  of  81  +  kS^ 

(where,  after  difPerentiations,  a/i,  x\,  acf^  are  substituted  for  :ri, 
«t>  ^)  must  represent  the  line  at  infinity ;  that  is, 

:ri  sin  w^i  +  2^2  sin  u^2  +  ^  sin  .^3  =  0. 

Hence,  if  X  denote  some  constant, 

Si«»  +  h8i^^  =  A  sin  -4„     5/»)  +  h8^^^  =  A  sin  ^„ 

Hence,  eliminating  h  and  A,  we  get 

5i(^).     8^^\    sin^i, 

Si^,     8^^\    sin -4,,       -0,         (1036) 

8^^\     8^^\    sin  .4,      I 

which  proves  the  proposition. 

As  a  particular  case,  if  8%  be  any  circle  whose  centre  is  at  a 
point  M,  and  X  the  line  at  infinity,  then  /(/Si,  8%,  X)  is  the 
Apollonian  hyperbola  of  the  point  hk. 

8^.  If  8xy  8%,  8^  have  these  points  common,  J{8i,  8%,  8^)  con- 
sists of  the  three  lines  joining  these  points. 

4®.  If  8iy  8%,  8i  have  a  common  autopolar  triangle,  J{8u  5i,  S^) 
denotes  the  three  sides  of  the  triangle.    This  will  be  evident  by 
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forming  the  Jacobian  of  three  such  conies.  Thus  the  Jacobian 
of  iSi,  Sij  and  their  covariant  F  consists  of  the  three  sides  of  the 
autopolar  triangle  of  Si^  8%,     If 

8i  m  oiix^  +  a^^  +  a^^  =  0,     8%^  a?i«  +  x^  +  a^», 
then  J^  (0,1  -  022)  (flw  -  flas)  («»  -  «ii)  ^i^Pj^s-  (1037) 

Hence  (§  395), 

J^  +  (^ii-Si  +  OnaziS^  -  i^)  (tfw-Si  +  <hian8z  -  Z')  (flba^i 

+  fhiOnSz  -  i^)  =  0, 
or         J^mF^-F^  (0,5i  +  ©i/Sj)  +  i^(  Aj0i5i'  +  Ai025,«) 
+  (©10,  -  3A1A2)  iSi5,  -  AiAa(  Aa5i'  +  AA^] 

+  ^i-Sj  ( Aa(2Ai0a  -  0i«)  5,  +  Ai(2Aa0i  -  0a»)  5,) . 

(1088) 

412.  To  find  ths  envelope  of  a  line  cutting  three  eonioi  81,  8%,  8z 
in  involution. 

Solution.— Let  Si^a^^%  Si^K^mOj  S8»(?,*  =  0  be 
the  conies ;  through  5i,  8%  draw  any  conic  li8i  + 1282  cutting 
St  in  the  point  pairs  M,  iV;  IT,  N'.  Join  iCV,  M'J^',  and 
produce.    Now,  since  JOT  is  a  line  cutting  three  conies  Si,  S„ 


liSi  +  li8t  of  a  pencil,  it  is  cut  in  involution  by  them.  Hence 
MlfiB  cut  in  involution  by  Si,  Si,  S3;  and  similarly  for  M'l^. 
Let  the  equations  of  im,  M'N'  be  A.,  A'.. 
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Now,  since  the  line  pair  X« .  X'«  pass  through  the  intersectum 
of  the  conies  liSi  +  l%8%  =  0  and  iSs  =  0,  we  must  have  for  scRne 
value  of  4 

that  is,  we  must  have 

Hence,  comparing  coefficients,  we  have  six  equations  of  the 
type 

^i«ii  +  hhx  +  hcn  -  AiX'i  =  0. 

From  which,  eliminating  /i,  J„  4,  X'l,  X'j,  X's,  we  get  the  deter- 
minant 

<»ii>     ^ii>     ^ii>    ^ij      0,     0, 

<^i     iai     ^»     0,       Xj,    0, 

<»88>      Js8>      ^i      0,         0,      Xj 

2«23,  2i„,  2f«,  0,  Xs,  X4, 
2^31*  2^,1,  2^31,  X3,  0,  X„ 
2^12,  2^„,  2<?i„  X«,     Xi,   0 


:  0.       (1089) 


This  is  called  the  Hebmits  envelope  of  the  net  l^Si  +  hSx  +  ^ 
It  is  evident  the  same  equation  is  the  envelope  of  the  line  JTiT ; 
but  MN.  M'N',  or  X, .  X',  denotes  a  line  pair  of  the  net  ^5i  + 1^ 
+  4^8.  Hence  the  Hermite  curve  is  the  envelope  of  all  the  line 
pairs  of  liSi  +  I282  +  hS^  =  0. 

Car.  1 . — K  the  points  Jfcf,  iVcoincide,  ifiVwillhe  a  tangent  to  §1, 
and  the  point  of  contact  will  he  a  double  point  of  the  involution. 
Hence  it  is  a  point  on  J{  Si,  S2,  8^).  Therefore  the  points  of  inter- 
section of  J"  with  8z  are  the  points  of  contact  of  the  conies  of  the 
pencil  li8i  +  ^^3  which  touch  ^3 ;  but  /being  of  the  third  degree, 
and  8z  of  the  second,  there  will  be  six  points  of  intersection. 
Hence  six  conies  of  the  pencil  li8i  +  ^/Sj  touch  S^. 
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Cor.  2. — The  locus  of  a  point  whence  tangents  to  the  conies 
Su  S2,  8i  form  a  pencil  in  involution,  is 


»23> 


Ciu     a?i,     0,     0, 
C»,     0,      o^a,    0, 


(1040) 


«i  ^1  Ai 

^i  <?i  Ai 

^1  ai  K 

tf»  ^3  A, 

X 

hi  €2  K 

X 

02  02  Xa 

«a  ^8  Aj 

h  Ci  X^ 

c^  (h  As 

^88,       ^88,        Cis,       0,         0,       X2, 

2-4a,  2^28,  SCia,  0,      «8,   ^, 

2^481,  2^31,  2C„,  X2,     0,    a?i, 

2-4i2,  2^ja,  2Cia,  a?,,     iP„    0 

Cor.  8. — The  Hermite  curve  of  81,  S2,  Sz  in  Aronhold's  nota- 
tion is  the  product  of  the  three  determinants 


:0.    (1041) 


413.  In  the  same  manner  as  we  have  the  Jacohian  and  the 
Hermite  curve  of  three  conies  in  point  co-ordinates,  so  we  can 
have  a  Jacohian  and  a  Hermite  curve  of  three  conies  in  line  co- 
ordinates. Thus  the  Jacohian  is  either  the  envelope  of  lines 
whose  poles  with  respect  to  the  three  conies  are  collinear,  or 
the  envelope  of  the  douhle  lines  of  pencils  in  involution  formed 
hy  pairs  of  tangents  drawn  to  the  conies ;  and  the  Hermite  curve 
18  either  the  locus  of  points  whence  tangents  to  the  conies  form 
a  pencil  in  involution,  or  the  locus  of  all  the  douhle  points  of 
the  tangential  net  formed  hy  the  three  conies. 

414.  We  have  seen  (§  380,  Cor.  5),  that  if  2i,  Sa,  Si  he  the 
tangential  equations  of  any  three  conies,  each  harmonically  in- 
scribed in  each  of  the  conies  Si,  82,  82,  then  every  conic  of  the 
tangential  net  /iSi  +  /3S3  +  h^  is  harmonically  inscrihed  in  every 
conic  of  the  trilinear  net  pi8i  +P282  4  ^8^s-    Now,  suppose 

Pl8i+P282-^P282  =  0 

to  hreak  up  into  a  line  pair  A, .  A',  intersecting  in  P,  then  each 
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of  the  conies  2i,  Ss,  Ss  will  be  liannonically  inscribed  in  X, .  X'.. 
Hence  X,,  X'.  are  harmonic  conj  agates  to  the  pairs  of  tangents 
from  P  to  the  three  conies  2i,  22,  Ss*  Hence  the  tangents  from 
P  to  2i,  Sa,  Sa  form  a  pencil  in  involution,  and  X«  X',  are  the 
double  lines.  Hence  the  locus  of  Pis  the  Jacobian  of  Si^  St,  S^^ 
and  also  the  Hermite  curve  of  2i,  2a,  28.  Also  the  envelope  of 
X„  X'.  is  the  Hermite  curve  of  8u  Sty  /Sj,  and  the  Jacobian  of 
2i,  2s,  23 ;  or,  as  they  may  be  stated, 

^(^A^.)-J2^(2A23), 
JC^A'St)  ^  J3^{S^StSt). 

CoNTKAVAKIAirrS. 

415.  The  equation  Xj'  +  Xj*  =  0  is  the  product  of  the  two 
imaginary  factors  Xi  +  iXj  =  0,  Xi  -  iXj  =  0.  Hence  the  factors 
being  each  satisfied  by  the  co-ordinates  o,  o,  are  the  equations 
of  the  cyclic  points  (§§  62,  72).  In  other  words,  Xi»  +  X^*  «=  0 
is  the  condition  that  the  line  Xi^  +  X^y  +  X«  »  0  should  pass 
through  these  points.  Now,  if  2,  2'  be  the  tangential  equa* 
tion  of  two  conies,  the  discriminant  of  2  +  kl,'  is 

and  the  discriminant  of  2  +  ^(Xi*  +  X«')  is 

Ai*  +  Mi(ffu  +  <!»)  +  ^(«ii«2a  -  «!»•) ; 

but  if  2  =  0  be  the  tangential  equation  of  a  conic  in  Cartesian 
co-ordinates,  On  +  022  »  0  is  the  condition  that  it  represents  an 
equilateral  hyperbola,  and  anOn  -  au*  =  0  the  condition  that  it 
represents  a  parabola.  Hence,  if  in  any  tangential  system  of  co- 
ordinates we  find  the  invariants  of  a  conic,  and  the  cyclic  points, 
0a  =  0  is  the  condition  of  the  conic  being  an  equilateral  hyper- 
bola, and  0,  =  0  for  a  parabola.     Then,  since 

0«Xi»+X8»-f  Xs'-  2X2X3  cos ^1  -2X3X1  cos ^a-  2X1X4  coB-4|  «■  O 
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is  (§  62)  the  equation  of  the  cyclic  points  in  trimetric  co-ordi- 
nates, if  we  f onn  Lam6*8  equation  for  2  +  *0,  we  get  the  con- 
dition for  an  equilateral  hyperbola 

Oil  +  Oja  +  <»33  -  2/123  cos  Ai  -  2(i3i  cos  A2  -  2^12  cos  As  =  0. 

(1043) 
For  a  parabola, 

All  8in*-4i  +  A2i  sin'-^a  +  ^33  8in*-^3  +  2-^38  sin  A^  sin  A^ 

+  2-^31  sin  As  sin  Ai  +  2-4i3  sin  Ai  sin  v4„  or  {A^^y  =  0. 

(1044) 

EXERCISES. 

1.  The  condition  that  anXi^  +  020^2'  +  033^3^  »  0  should  be  an  equilateral 
hyperbola  is  an  +  023  +  ^33  "=  0.  But  this  is  the  condition  that  the  co- 
ordinates of  the  incentre  and  ezcentres  should  be  on  the  cure.  Hence 
the  locus  of  the  incentres  and  ezcentres  of  all  autopolar  triangles  of  an 
equilateral  hyperbola  is  the  hyperbola  itself. 

2.  The  condition  that  a2s^2jr3  +  osi^s^i  +  012^1^1  =  0  should  be  an  equi- 
lateral hyperbola  shows  that  an  equilateral  hyperbola  vhich  passes  through 
the  summits  of  a  triangle  passes  through  its  orthocentre. 

3.  If  ^i,  ^2  be  equilateral  hyperboke,  every  curve  of  the  pencil  -^i  +  kSi 
is  an  equilateral  hyperbola. 

4.  The  conic  a;i«/(«2*  -  «»')  +  iC2'/(«3'  -  d^)  +  «8«/(«i'  -  02*)  =  0  which 
reciprocates  the  Brocard  ellipse  into  Eiepert's  hyperbola  is  a  parabola. 

416.  The  covariant  F  of  any  canie,  and  ths  cyclic  points  is  the 
orthoptic  circle  of  the  conic. 

For  F^  0  is  the  locus  of  points  whence  tangents  to  the  conic 
form  a  harmonic  pencil  with  lines  to  the  cyclic  points.  Hence 
the  tangents  must  be  at  right  angles,  and  therefore  F^  0  is  the 
orthoptic  circle.  Its  equation  is  got  by  substituting  for  J^n, 
^33,  &c.,  in  equation  (990)  the  coefficients  of  Ai*,  V,  &c.,  in 
the  equation 

0»Xi'+ V+V-  2X9X3  co8-4i  -  2A3X1  cos-^a  -  2X1X3  cos-43  =  0, 
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wliicb  denotes  the  cyclic  points.    Thus  we  get  the  orthoptic 
circle  of  a.*  =  0  to  be 

2  {An  +  -^83  +  2-i»  cos  -4 ,)  a?!* 
+  2i{Aii  cos^i  --^u  cos-4,  -  -4 13  cos-^a  -  Ati)xt^^  =  0. 

(1045) 

To  show  that  this  equation  represents  a  circle,  it  may  be 
written  in  the  form 

sin-4i  sin-^t  sin  A^ .  x^^  jx,  {An  +  J^ 

+  2Ati  cos -4i)/8in -4x  + . . .} 

=  {^stnAY  •  {^h^i  ^^  -^1  +  ^^i  sin  A2  +  a?iiCj  sill  Ai), 

(1046) 

If  a,'  =  0  be  a  parabola,  {A^^y  =  0,  and  the  locus  reduces  to 

Sri(^„  +*^„  +  2^aCos-4i)/sin-4i  =  0,         (1047) 

thus  giving  the  equation  of  the  directrix. 

BZBB0ISB8. 

1.  The  orthoptic  circle  of  a.'  +  kbg*  »  0  is  the  net 

(7a+ibf.  +  ife'Ci=:0,  (1048) 

when  ^  =  0  is  the  orthoptic  circle  of  the  conic  vhich  is  the  enTebpe  of  lin€t 
cutting  a«'^  and  3«'  harmonically. 

2.  Prove  that  the  directrix  of 

iriV(«»'  -  tf3«)  +  «,«/(«««  -  a,«)  +  *,«/(a,»  -  a,*)  =  0 
is  the  diameter  of  Brocard. 

3.  Prove  that  the  directrix  of 

diXi^Hat  -  as)  +  dtx^^Ka^  -  at)  +  aipc^Hai  -  oj)  =  0 
is  the  line  joining  the  incentre  and  ciicumcentre. 

4.  If  ^1,  8%,  Sz  he  the  differentials  of  the  conic  S  with  respect  to  ^» 
«s,  «i,  prove  that  its  orthoptic  circle  is 

ei^=  Sx*  +  5k«  +  -^2  +  2^,^  cos^i  +  2SiSi  oos^a  +  2SxSt  cmM^ 

(Cathcast.) 
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FOCT. 

417.  The  discrimiiiaiit  of  Si  +  ^2a  =  0  is 

A,*  +  Ml©,  +  X?A,0i  +  i&3A,2. 

This  equated  to  zero  famishes  three  values  of  k  which,  when 
substituted  in  2i  +  ^Sa  »  0,  gives  the  equations  of  the  three 
pairs  of  opposite  summits  of  the  complete  quadrilateral  ^rmed 
by  the  common  tangents  of  2i,  Ss-  If  S^  =  0  denote  a  point 
pair,  say  /,  /,  Aj  vanishes,  and  we  have  a  quadratic.  This 
gives  two  values  of  k  which,  when  substituted  in  2i  +  k^  =  0, 
gives  the  two  pairs  of  opposite  summits  of  the  quadrilateral 
formed  by  the  tangents  from  /,  J  to  S.  Hence,  if  /,  t/'be  the 
cyclic  points,  these  summits  will  be  the  foci,  one  value  of  k 
corresponding  to  the  real  foci,  and  the  other  to  the  imaginary 
or  antifoci. 

418.  When  Sj  =  0  denotes  the  cyclic  points,  2i  +  kl^  =  0  is  tlie 
tangential  equation  of  a  conic  confocal  with  2i.  Hence,  form- 
ing the  corresponding  equation  in  point  co-ordinates,  we  get  the 
general  equation  of  a  conic  confocal  with  Si.    Thus  we  get 

where  F  denotes  the  orthoptic  circle  of  ^i,  and  0i  the  condition 
that  Si  should  be  a  parabola.  Hence,  forming  the  discriminant 
with  respect  to  k,  the  equation  of  the  foci  is 

r»  -  4Ai0i^i  =  0.  (1049) 

If  iSi  be  given  in  Cartesian  co-ordinates,  the  equation  of  the 
foci  is 

{Asi {x*  +  y«)  -  2A^iX  -  2Auy  +  An  +  An]^=^  4A,iSi. 

(1050) 
This  is  obtained  by  putting  A*  +  /4*  for  S,- 

419.  If  2i  =  0  be  a  parabola,  and  2s  =  0  the  cyclic  points,  0i 
vanishes,  and  Lam6's  equation  reduces  to  Ai  +  k&2  =  0,  Then 
eliminating  k  between  this  and  2i  +  ^22,  we  get 

0,2i-Ai2,-O.  (1051) 

Digitized  by  LjOOQIC 


512  Invariant  Theory  of  Conies. 

Hence,  for  Cartedan  co-ordinates,  the  equation  of  the  foci  is 
(<»ii  +  «23)(-4uAi*  +  -422X2*  +  2Ata^^  +  2AiiXJii  +  2^bXi^) 

which  must  resolve  into  two  factors,  one  of  which  denotes  the 
focus  at  infinity,  and  the  other  the  finite  one.  One  factor  must 
obviously  be  -^jiXi  +  J.,^  =  0,  and  the  other,  which  repreeents 
the  finite  focus,  is 

Ai{(a„  +  aa)Aii  -  Aij/^^ji  +  A^Koxi  +  an)An  -  Ai}/^a 

+  2X3(0x1 +  fla)  =  0. 
Hence  the  co-ordinates  are 

(gji  +  g»)  An  -  Ai      {011  +  0^)^0-^1 
•  («ii  +  «23)  ^31     '  («ii  +  «a)-4« 

(1052) 

For  trimetric  co-ordinates,  since  the  co-ordinates  of  the  focus 
at  infinity  are  the  differentials  of  0i  or  {AanjiY  with  respect  to 
sin  -4i,  sin  Azt  sin  A^,  say  0i<*\  ©i^'^  ©i^'^,  we  get 

{®,An-^i)l^^'\     (©2-4,2 -AO/0iW      (©2^33-A0/e,w. 

(1053) 
Thus  the  co-ordinates  of  the  focus  of  the  parabola 

are 

Oi  sin'(-42  -  -4,),     tf28in'(u43  -  Ai)y     <»38in'(-4i  -  At) 

(1054) 
And  the  co-ordinates  of  the  focus  of 

tfiiP,V(^a  -  tfs)  +  <M^V(oa  -  eii)  +  fl»ar8V(<h  -  a,)  =  0 
are 

sin*  i  (-4,  -  A^),     sin»  J  (-^3  -  Ai),    sin*  i  (^,  -  J(,). 

(1055) 
These  are  the  co-ordinates  of  the  centre  of  the  hypeii)ola 
which  is  the  isogonal  transformation  of  the  line  joining  the 
incentre  and  circumcentre  of  the  triangle  of  reference. 
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Double  Coktagt. 

420.  If  two  contes  Su  ^a  ^^  double  contact,  their  eovariant  F 
is  a  conic  of  the  pencil  liSi  +  k^t  -  0. 

Dem. — Let  the  triangle  formed  by  the  common  tangents  and 
the  chord  of  contact  be  the  triangle  of  reference;  then  the 
equations  of  S^  S2  may  be  written 

2ai^iX2  +  a^  e  0,     2hi^iX2  +  h^^^  =  0, 

and  the  eovariant  F  will  be 

(M33  +  *W«38)^l^8  +  «»^«a«8'  =  0, 

which  is  of  the  desired  form.  The  same  thing  may  be  seen 
geometrically,  since  F  intersects  Si,  S2,  where  they  are  touched 
by  their  common  tangents,  that  is,  where  they  meet  their  com- 
mon chord,  it  passes  through  the  points  common  to  8i,  82,  and 
belongs  to  the  pencil  liSi  +  I282  =  0. 

421.  if  81,  82  have  double  contact,  the  Jacobian  of  81,  82,  andF 
vanishes  identically. 


'EotJ{8u82,F)'- 


Si^'\  82^'^  F^'\ 
8i^^\  iSaW,  FW^ 
8i^^\     ^,w,    J'W 


(1056) 


And  since  (§  420)  Fmli8i  +  I2S2,  if  we  multiply  the  first 
column  of  this  determinant  by  li,  the  second  by  I2,  and  subtract 
their  sum  from  the  third,  the  remainders  vanish.  Hence  the 
proposition  is  proved. 

Second  Identical  delation, — If  the  conies  81,  82  have  double 
contact,  Lamp's  equation  has  two  equal  roots,  and  the  double 
root  substituted  in  iSi  +  k82  =  0  gives  the  square  of  the  chord  of 
contact.    Therefore,  for  that  value  of  k  the  reciprocal  of  Si  +  kS2 

2l 
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yanishes  identically.     Also  the  diJfferentials  of  Lamp's  with 
respect  to  k  vanish.    Hence  we  have 

Si  +  W>  +  Jfc»Sa  =  0, 
01  +  2k&t  +  8it»A,  B  0, 
3Ai  +  2k&i  +  it«©,  =  0. 
Hence,  eliminating  k,  we  get 

2i,       *,       S„ 

©„       2®g,     3Aa,       -0.  (1057) 

3Ai,     201,     0j 

Third  and  Fourth  Identical  Relatiom. — If  two  conies  have 
douhle  contact,  their  reciprocals  have  donhle  contact.  Hence 
if  we  employ  Si,  Sa  instead  of  /Si,  8^,  we  get  the  two  following 
identities : — 

S,(i),    52^1),    *(o, 

Si«*>,     'ZP\     *^«>,      -0.  (1068) 


^1,  F,  8iy 

0,,       2A,0i,   3A2, 
3Ai,     2Ai02,  01 


(1059) 


CoNics  Conjugate  wriH  respect  to  a.  Quadbilateeal. 

422.  Def. — A  conie  is  said  to  he  conjugate  with  respect  to  e 
quadrilateral  when  the  polar  of  any  summit  passes  through  (he 
opposite  summit. 

Let  the  pairs  of  opposite  summits 
be  A,  A'-,  B,  B')  C,  C";  and  a.»  =  0, 
the  conic  referred  to  the  triangle 
ABC,  then  the  polar  of  the  point 
A  is 

"ii^i  +  ^'u^a  +  ^v^i  ■  0. 
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And  since  this  must  pass  througli  A\  A'  is  the  intersectioii  of 

tfiiiFi  +  tfiaarj  +  Qx^^  «  0  and  Xx  =  0, 

and  therefore  the  intersection  of 

ay^  +  <i\^z  -  0  and  Xi  =  0. 

Hence  A*  is  the  intersection  of 

x%\(h\  +  ^s/^u  and  a?i. 
Therefore  the  line 

passes  through  A',     Similarly,  it  passes  through  ff  and  O, 
Henc«  the  equation  of  A!B'0'  is 

Xx\a^  +  Xt\a^x  +  x^lax%  =  0, 

A'B^C*  is  the  axis  of  perspective  of  the  triangle  -4-ffCand  its 
polar  reciprocal. 

423.  The  equation  of  the  eonie  can  he  expressed  symrnetrically 
in  terms  of  the  equations  of  the  four  sides  of  the  quadrilateral. 

Bern. — Put    a?4  ■  Xila^  +  Xt/a^  +  Xz/oi^.     Then  we  have 

^*  -  2-^  +  22  — ^^  =  2  -^,  + .2a„a:i^,. 

Hence  the  equation  of  the  conic  may  he  written 

^anXx^  +  Oxa.OM.flsi  Ui"  -  2  ^J  =  0, 

or  Wi^?!*  +  i»,a^«  +  ^laarj' +  W4ir4»  =  0.  (1060) 

Reciprocally,  any  conic  whose  equation  is  of  the  form 

niiXi^  4  m^^  +  maJ^a'  +  mip!^*  =  0 

is  conjugate  with  respect  to  the  quadrilateral. 
For  the  polar  of  the  point  y  is 

»»i^iyi  +  »w^2y2  +  fnyxa/^  +  m4a;4y4  «  0. 

Hence  the  polar  of  the  point  A  (ya  =  0,  y,  «=  0)  passes  throu^ 

2l2 
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Cor.  1 . — If  a  conic  divide  two  diagonals  of  a  complete  quadri- 
lateral harmonically,  it  divides  the  third  diagonal  harmonically. 

(Kbsse.) 
Cor,  2. — If  the  coefficients  mi,  fTtj,  Wj,  m^  of  equation  (1060) 
be  all  equal,  the  conic 

j»ia?i*  +  m^^  +  m^  +  niiZ^  =  0 
is  the  fourteen-point  conic  of  the  quadrilateral. 

For  the  equations  of  the  sides,  expressed  in  terms  of  the  aides 
of  the  diagonal  triangle,  are  of  the  forms 
Aa±4iS±^y  =  0; 

and  when  these  are  substituted  for  Xiy  X2,  ^,  x^  in  equation 
(1060)  if  mi  =3  m^  «  m,  =  m4,  it  will  be  seen  that  the  diagonal 
triangle  is  autopolar  with  respect  to  the  conic. 

Cor.  8. — The  discriminant  of  the  conic  (1060)  is  2  —  =  0. 

mi 

424.  Any  three  conies  are  conjugates  with  respect  to  an  infinite 
number  of  quadrilaterals. 

Dem. — It  is  possible  in  an  infinite  number  of  ways  to  choose 
the  equations  of  four  lines  x^  ^y  x^y  ^4,  so  that  any  three  conies 
^^1)  ^si  ^s  cah  be  expressed  in  the  forms 

miX^  +  ni^  +  m^^  +  m^x^  =  0,     n^x^  +  n^  +  n^  +  IM?«'=  0, 
Pi^i^  +  p^  f  P^^  +  PtPi^i  =  0. 

For  each  of  these  equations  contains  explicitly  three  indepen- 
dent constants,  and  each  of  the  lines  a:,,  X2f  x^,  x^  implicitly  two 
independent  constants.  We  have  thus  seventeen  constants  at 
our  disposal,  while  the  conies  /Si,  8^^  S^  contain  only  fifteen 
independent  constants.     Hence  the  proposition  is  proved. 

Cor. — If  a  quadiilateral  be  conjugate  with  respect  to  three 
conies,  its  six  summits  are  points  on  the  Jacobian  of  the  conies. 

425.  Since  the  four  lines  x^  2^,  x^,  Xi  are  connected  by  an 
equation  of  the  form  X,  =  ;?«,  and  we  may  suppose  the  constants 
Xi,  A4,  As  included  in  Xu  ^2,  x^,  so  that  the  relation  may  be  written 
Xi  +  xt  +  X3  +  Xi  =  0.     Then,  if  we  solve  for  Xi\  x^^  x^y  x^  from 
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the  equations  of  the  conies,  and  denote  the  detenninants 
(»»»«5l>0»  (»»3»4i'i),  (»»««ii?»),  (wiWai?,),  by  Ax,  ^„  ^81  ^4,  re- 
spectively,  we  get  a?i',  a?,',  a?,*,  x^  proportional  to  -4i,  Jt„  -4„  -^. 
Hence,  substituting  in  Xi  ^^  x%  ■\-  x^  ■{■  Xi^  0,  we  have  the  con- 
dition that  the  conies  8iy  S^,  8^  have  a  common  point,  viz. 

\/Ai + \/27+  \/2i + VaI^  0, 

or,  cleared  of  radicals, 

(2-^i«  -  2S^i^a)*  =  64^i-4a^a^4.  (1061) 

The  right-hand  side  of  this  equated  to  zero  is  an  invariant 
whose  vanishing  denotes  that  the  conies  have  an  autopolar  tri- 
angle. For  if  AxA^A^A^  =  0,  some  one  of  its  factors  must  be 
zero,  say  A^ ;  then  the  conies  can  be  expressed  in  terms  of 
^I'l  ^'>  ^'«  In  this  case  it  is  easy  to  see  also  that  it  is  possible 
to  determine  /j,  1%^  7,,  so  that  l^Bi  +  1%B%  +  1^8^  may  be  a  perfect 
square. 

NUMBEBS  OF  INDEPENDENT  InVABUNTS,  ETC.,  OP  TWO  CONICS. 

426.  It  has  been  proved  by  Gordon  (see  Clebsch,  p.  291 ; 
Frencb  translation,  Benoist,  p.  362)  that  two  conies  /Si,  8^ 
given  by  their  trilinear  equations  have,  including  themselves, 
twenty  concomitants.  These  are — 1°.  Four  invariants,  namely, 
the  coefficients  Ai,  0i,  0,,  A3  of  Lam6's  equation.  2^.  Four 
covariants,  namely,  8^,  8^^  F,  and  the  covariant «/",  which  repre- 
sents the  three  sides  of  the  autopolar  triangle  of  /Si,  8^. 
3^.  Four  contravariants  2i,  22,  *,  and  the  Jacobian  of  2i,  22,  *, 
which  represents  the  three  summits  of  the  autopolar  triangle  of 
iSi,  iS,.  4°.  Eight  mixed  concomitants  (German  Zwisehenf  ormen). 
These  contain  both  point  and  line  co-ordinates,  and  may  be 
regarded  as  covariants  of  the  two  conies  /Si,  8%  and  the  line 
A.  «s  0.    They  are  as  follows  : — 


1^  The  Jacobian  iV^i- 


S,^'\  8,^'\  /SiW, 
8,^'\  /S,t»),  ^w, 


:  0.  (1062) 

Digitized  by  LjOOQIC 


618  Invariant  Theory  of  Conies, 

This  denotes  tlie  locus  of  a  point  whose  polars  with  respect 
to  Su  8f  meet  on  A..  It  is  also  the  locus  of  the  poles  of  X, 
with  respect  to  all  the  conies  of  the  pencil  Si  +  kSt «  0.  For 
the  standard  forms  of  Si,  8%  its  equation  is 

XiiOn  -  Ojj)  X^Xi  +  Xa{<h3  -  (hi)  «3^i  +  M«ii "  <»»)  ^^  =»  ^• 

2°.  The  reciprocal  form  iVje 


5if^>,  5I<^^  5i(»), 

Sat»\   Saf»>,  2,W, 
*1)      ^>      ^ 


=  0    (1063) 


expresses  the  equation  of  the  line  joining  the  poles  of  A,  with 
respect  to  8i,  8%,  .or  it  may  he  interpreted  as  the  envelope  of  a 
line  whose  poles  with  respect  to  8i,  8^  are  collinear  with  the 
point  As  =  0.    For  the  standard  forms  the  equation  is 

Oil  («a  -  «m)  X^i  +  <»a  («S3  -  «ii)  AsAiiCj  +  ^33  («ii  -  «a)  K>^t^  =  0. 

(1064) 
8®.  The  line  -ffl,  whose  pole  with  respect  to  iS^  is  the  same  as 
the  pole  of  A.  =  0  with  respect  to  81,    For  the  standard  forms 

S'l  «  fliiAiiTi  +  022^9^  +  azi^^  =  0.  (1065) 

4**.  The  line  iTt,  whose  pole  with  respect  to  iS^i  is  the  same  as 
the  pole  of  A«  =  0  with  respect  to  82.    For  the^standazd  forms 

-ff,  a  Ozifh^iXi  +  <i83^iiA2^  +  ^hi^^ssA,^  =  0.       (1066) 

6*^.  J  {81,  JTi,  A.)  differentiations  being  performed  with  respect 

to  iPi,  Xif  x^, 

6°.  /(iSj,  i^,  A.)  differentiations  being  performed  with  respect 

to     Xly    X2,    Xi. 

7°.  c^(2i,  -ffi.  A.)  differentiations  being  performed  with  respect 
to  Ai,  Aj,  A«. 

8°.  «/'(2a,  -ffi,  A,)  differentiations  being  performed  with  respect 
to  Ai,  A«,  A«. 
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For  the  standard  forms,  tiiese  mixed  concomitants  are,  respec- 
tively, 

(oa  -  <^)a?iX.Xs+  (05,-  tfn)  «,A«Xi+  {a^  -  «22)^iXi  =  0.     (1067) 

(1068) 

<hi(<»»  -  tf88)A.ia?««8 +  <%(«»- «ii)VvPi  +  OssC^ii  -  tf22)V^ 

(1069) 

^h2«83(<%2-«»)>.li«V»58+«83<hl(«M-«n)  VaiPl+  <hl«^^        -  <»22)  AjaTj^i  =  0, 

(1070) 
BXEBOISES. 

1.  If  two  triangles  be  autopolar  with  respect  to  a  conic,  their  six  summits 
lie  on  another  conic. 

Let  a  conic  8  be  described  through  three  summits  of  one  triangle  and 
two  summits  of  the  other,  which  we  take  for  triangle  of  reference.  Then 
because  8  circumscribes  the  first  triangle  an  +  033  +  «S3  =^  0,  and  because  it 
goes  through  two  summits  of  tiie  triangle  of  reference  a\\  s  0,  ota  =  0. 
Hence  ass  =  0,  and  therefore  8  goes  through  the  remaining  summit. 

2.  In  the  same  case,  the  six  sides  of  the  triangle  touch  a  conic. 

3.  The  Jacobian  of  any  conic,  its  orthoptic  circle,  and  the  line  at  infinity, 
giTes  the  axes  of  the  conic. 

4.  If  ^be  the  Jacobian  of  the  conic  a.'  «  0,  the  circle 

and  the  Hne  at  infinity,  the  discriminant  of  ^will,  after  remoying  accents, 
be  the  axes  of  «•*  =  0. 

5.  Any  two  triangles  in  perspectiye  are  polar  reciprocals  with  respect  to 
«ome  conic. 

e.  If  a  triangle  be  autopolar  with  respect  to  a  conic,  its  drcumcircle  cuts 
the  orthoptic  circle  orthogonally. 
7.  If  iS  9  Os'  B  0,  the  conic 

^  a  aauari*  +  5  (oM  +  ?^^\  «s«i «  0 

passes  through  all  the  points  of  intersection  of  non-corresponding  sides 
of  the  triangle  of  reference  and  its  self  reciprocal  with  respect  to  8. 

(Nbubbhg.) 
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8.  If  two  of  the  yerdoes  of  a  self -conjugate  triangle  with  respect  to  8 
lie  on  8',  the  locus  of  the  third  yertex  is  B'S  -  AS'  =  0. 

Dbf. — Tht  loeui  of  a  point  whence  tangmta  to  a  eonie  make  a  given  an^U 
is  called  the  isomo  cuayB  of  the  conic. 

9.  If  S  he  the  conic,  X  its  orthoptic  oiroley  proye  that  the  isoptic  curre 
for  the  angle  <f>  is 

10.  If  the  lines  A«  =  0,  A.'*  «  0  intersect  on  the  conic  a*'  =  0, 

<»11>     «lt,      «18,     M»     \'u 
^l»     (inf      (hit      ^2}      ^'sy 

flai,    fl32,    ass,    As,    X's,       =0.  (1071) 

Xi,     \2,      As,     0,      0, 
A'l,     A'l,     A's,     0,      0 

11.  Transform  the  central  conies 

«ii«i'  +  «22«»'  +  2«i3a?ia?a  =  1,    3na?i«  +  Jtaa^'  +  26i2;pi«^  «  1 

to  a  system  of  common  conjugate  diameters. 

12.  The  points  of  section  of  two  concentric  conies  lie  on  two  diameteis 
which  form  a  harmonic  pencil  with  their  pair  of  common  conjugate 
diameters. 

Method  of  Idxmtitibs. 

To  demonstrate  certain  properties  of  conies  it  is  often  useful  to  consider 
the  equation  of  the  curve  under  two  different  forms.  The  following  exer- 
cises will  illustrate  the  method : — 

13.  1^.  If  a  conic  8  pass  through  the  points  of  intersection  of  the  cooioa 
^1  and  82,  and  also  through  those  of  the  conies  Sz  and  8i,  the  eight  points  of 
intersection  of  the  conies  ^1  and  ^s,  ^2  and  ^4,  lie  on  a  conic. 

For  the  identity    aSi  -  ^/$3  s  cSz  -  d8i  giyes  a8i  -  c8z  m  b8i  -  dSh^ 
Cor. — The  intersections  of  the  three  pairs  of  opposite  sides  of  a  hexsgon 

inscrihed  in  a  conic  lie  on  a  right  line. 
If  ABCBEF  he  the  hexagon,  and  we  take  for  81,  8t,  8^,  8iihe  pain  of 

lines  {AD,  JSC),  {AB,  CD),  (AD,  £F),  (DE,  FA\  the  conic  aSi  -  «5> 

consists    of   the   line  AD   and   the  line    passing   through  the  points 

(J?(7,  EF),  (AB,  DE),  {CD,  AF), 
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2'*.  Let  xipizi,  X2!ft!S9,  ...  be  the  trilinear  co-ordinates  of  six  points 
Aij  At,  ...  on  a  conic  A.  Then  from  the  six  equations  of  condition  we 
get 

'f      yi*i,      «i«i,      afiyi 


Xi'y 


m  0. 


Adding  to  the  first  column  multiplied  by  X^  the  successiye  columns  mul- 
tiplied respectiyely  by  /u^  y',  2;iy,  2v\,  2\fi,  the  elements  of  the  first  column 
become  {\Xi  +  fiyt  +  pzi)^  or  8<*  (i  =  1,  2,  . . .  6).  Developing  this  determi- 
nant according  to  the  elements  of  the  first  column,  if  Bi,  St,  . . .  denote  the 
corresponding  minors,  we  shall  haye  the  relation 

^i8i»  +  ^282'  +  ^383'  +  ^484'  +  ^6«5»  +  ^t9t^  =  0, 

which  should  be  true  for  all  values  of  K,  fi,  v. 

Now  Zi  is  proportional  to  the  distance  of  the  point  Ai  from  the  line 
Ad;  +  /uy  +  re  =  0  ;  thus  there  exists  a  homogeneous  linear  relation  between 
the  distances  of  six  points  on  a  conic  from  any  line  in  its  plane. 

Let  us  now  consider  A,  /u,  v  as  tangential  co-ordinates.  The  equation 
Zi  =  0  represents  the  point  Ai ;  from  the  identity  (1)  we  conclude  that  the 
equations 

BiZx^  +  ^2»2*  +  ^3«3'  =  0,     ^484'  +  BtZt^  +  JeJe'  =  0 

are  identical.    Now  each  represents  a  conic  autopolar  with  respect  to  the 
triangle  818283  =  0,  or  848685  =  0.    Then  if  two  triangles  AiAtAz,  B\BiBz 
are  io  scribed  in  the  same  conic,  they  are  also  autopolar  with  respect  to 
another  conic. 
3**.  From  (1)  the  equations 

-»i8i«  +  ^282'  +  ^383*  +  JB484*  =  0,  ^585'  +  ^«86«  =  0 

are  identical;  the  first  represents  a  conic  autopolar  with  respect  to  the. 
complete  quadrangle  AiAiAzAi  (two  opposite  sides  are  conjugate  with 
respect  to  the  curve)  ;  the  second  represents  two  points,  harmonic  con- 
jugates with  respect  to  As  and  At-  Then,  if  a  conic  be  inscribed  in  a  quad- 
rangle AiAtAzAit  there  exists  on  a  chord '^5^6  two  points  if,  If,  which  are 
separated  harmonically  by  the  couples  {AiAi,  A^Ai),  {AiA^,  AtAi)^ 
{AiAif  A2A3).    This  is  the  theorem  of  Betarguet, 
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4"*.  If  fix  pain  of  pomts  AiAi\  A%A'i  ...  be  conjugate  with  reapeet  to 
«  conic,  we  can  demonstrate  aa  aboye  that  we  have  identically 

-5i8i8i'+  BiZi^%  +  .  .  .  +  Bt^lt  =  0, 
where  8,-  =  Xx<  +  /ty<  +  ygj,  8i  =  "Kxi  +  /iy/  +  rsj',  Ao. 

h\Vt  Sxma^^^,    52sa,»  =  0,...5««/,»  =  0 

be  six  conies  harmonically  circumscribed  to  the  same  conic,  their  equations 
Are  connected  by  an  identical  relation  ^i^i  =  0. 

Dem.— Let  2  =  0  be  the  tangential  equation  of  the  conic  to  which  ^i, 
8%^  &c.,  are  harmonically  circumscribed,  then  we  haye  six  equations  con- 
sisting of  the  products  of  %  and  the  coefficients  of  ^i,  ^t,  &c. ;  and,  elimi- 
nating the  coefficients  of  2,  we  get  the  determinant 

I      «11»  tfJJf  «»i  tf28»  •81>  «u» 

^H>        »>  »»  i»  >>  »> 

^11»  l»  >»  »>  >»  »» 

^lll  »»  »»  >»  »l  »» 

'll»  »>  >>  »»  l>         >» 

/ll»       »»        l>         »>         »»         II 

Now,  multiplying  the  columns,  respectively,  by  ari*,  x^^  *i*,  2x2j;3,  Smn, 
llriX),  and  adding  to  the  first,  the  determinant  will  be  changed  into  one  whose 
first  column  will  be  S\^  8%,  ,..  S$,  Hence,  denoting  the  minors  of  an,  ^n, 
&c.,  by  li,  I2,  &c.,  we  have  XhSi  -  0. 

Cor,  1. — If  /Si,  ^3, . . .  St  represent  line  pairs,  we  have  P.  Sbrrbt's  theorem 
that  if  six  line  pairs  d^ix'i,  xax't, . . .  z^x'^  be  conjugates  with  respect  to  the 
same  conic,  they  are  connected  by  a  linear  relation  "Xlixix'i  s  0. 

Cor.  2.  —If  the  line  pairs  coincide,  Serret*s  theorem  becomes — '*  If  six 
Uhm  xiy  Xi,. .  ,xthe  tangents  to  the  same  conic,  their  squares  are  connected 
by  a  linear  relation  2l\x\*  =  0/' 

Cor,  3.— If 

hxi*  +  hx%^ -^  hxi^  ^  0,    and    /^^i' +  to' +  W*  =  0, 
by  addition,  hxi*  +  hxt^ . . .  fece'  =  0, 

4uid  we  have  the  theorem  of  Ex.  1,  If  two  triangles  be  autopolar  with  respect 
to  the  same  conic,  their  six  sides  touch  another  conic. 
Cor.  4.— If  2/iXi«  =  0,  then 

hxi^  +  to*  +  to'  +  to»  =  -  (to*  +  to'). 
Hence  the  left-hand  side,  equated  to  zero,  denotes  a  line  pair  forming  a  har- 
monic pencil  with  xs,  xt,  and  dividing  harmonically  the  three  diigonali  of 
the  quadrilateral  formed  by  *i,  j?j,  «3i  *4. 
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Cor,  6. — If  «i,  xt,  «3i  «4i  «6  be  any  five  linee,  no  three  of  which  are  con- 
cuient,  and  h,  kt  -  *  •  k  multiples  which  make  2l\xi^  a  perfect  square,  the 
envelope  of  the  line  whose  square  it  denotes  is  a  conic  which  touches  the 
five  lines. 

14.  Prove  that  the  tangential  equation  of  the  centre  of  the  conic  a«*  »  0  is 

^.^.m^  =  0.  (1072) 

15.  If  a  oirde  be  harmonically  circumscribed  to  a  parabohii  the  locus  of 
its  centre  is  the  directrix. 

16.  If  a  circle  of  given  radius  be  harmonically  inscribed  in  a  parabola, 
the  locus  of  its  centre  is  a  parabola. 

17.  Transform  the  conic 

Sm{xi^^X2^  +  xz^)=^0    (§406) 
to  the  triangle  formed  by  the  poles  of  the  lines  a,  =  0,  bgta  0,  e,  »  0. 
The  substitutions  are : — 

xi  =  aixi  +  biX2  +  <?iX3, 

Xt  =  fl2iPl  +  btXi  +  CiXZf 

x^  =  a^xi  +  hxt  +  CiXi, 
Then 

S  m  Sixi^  +  S%xt^  +  8iX^  +  2R23XiXi  +  2i23iav?i  +  2i?i*ria?j  =  0, 

(1073) 

and  the  equations  of  the  four  conies  /,  /i,  /2»  /s  cutting  orthogonally  the 
conies  8-  (a,«),  8-  (*,)«,  8  -  (<?,)*,  }  (406),  are 

8-{xi  ±X2±X3f  =  0.  (1074) 

18.  The  equations  (1074)  can  be  expressed  in  terms  of  the  anhannonic 
angles  of  the  conies ;  for  we  have 

/a(l-5i,  l-5j,  1-^,  l-fitt,  l-i?si,  1--Bij)(a?i,4;j,  j:3)*  =  0. 

(1076) 
And,  putting 

l-JJM  =  \/(l-5,)(l-4%)C0Sl|r„ 

1  +  J?tt  =  V(l-5a)(l-.53)  COS  f  1,  &c. 
Then,  if 

8i  =  cos^pi,    82  =  cos'pj,    8z  «  cos'ps, 
we  get 

/  a  (1,  I,  1,  -oos^^i,  -cosif^j,    ~c03^s)(^i8inpi,  a^sinp2>   a?38inpi)'  =  0. 

(1076) 

Jia(l,  1,  1,      cos  4^1,  -coe^'j,  -  cost's)  («isinpi,  arjsinpa,  «3  sin  ps)*  «  0. 

/3b(1,  I,  1,  -cos^'i,     coe^,    -cost|>'3)(a?isin/>i,  rt^sinpa,  j:3  8in^)*  =  0. 

(1078) 

/a«(l,  1,  1,  -cos^'i,  -oos^a,      cos4r3)(i:isinpi,    aFjsin^,  X3 sinps)*  ==  0. 

(1079) 
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19.  Eaoh  of  the  four  orthogonal  conies  /,  Ji,  A,  /s  has  douUe  contact 
with  four  other  conies,  the  chords  of  contact  heing  in  each  case 

jPisinpi  ±  ^isinpa  ±  «^8inp3=:0.  (1080) 

20.  Through  three  given  points  can  he  described  four  conies,  each  having 
double  contact  with  a  given  conic  S. 

This  is  a  particular  case  of  the  four  orthogonal  conies  /,  Ji,  Jt,  /s,  namely, 
when  8-(ajf)\  8-(bsf,  fl^ -(<«)'  denote  line  pairs;  hut  we  can  give  an 
independent  proof.    Thus,  let 

Then  the  four  conies  are 

S-{xi±  a:2±a:3)»  =  0.  (1081) 

21.  The  four  conies  (1081)  have  each  double  contact  with  each  of  four 
others,  viz., 

S-  (ari  cos  (A2  -  Az)  +  «a  cos  (^3  -  Ai)  -f  rrg  cos  (Ai  -  At) }  «  0, 

(1082) 

and  three  others  got  by  changing  the  signs  of  A\,  At,  A%  in  this  equation. 

In  these  exercises  ^1,  Att  A^  have  been  used  for  facility  of  demonstra- 
tion, and  are  not  necessarily  the  angles  of  a  triangle.  In  other  words,  the 
equality  ^1  +  Jts  +  ^9  =  ir  need  not  hold ;  in  fact,  the  angles  may  be  even 
imaginary. 

22.  Find  the  conditions  that  three  conies  5i,  St,  Sz  may  have  double  con- 
tact with  the  same  conic. 

23.  The  polar  triangle  of  the  middle  points  of  the  sides  of  a  triangle  ABC 
with  respect  to  any  conic  is  a  triangle  equal  in  area  to  ABC,       (Faubb.) 

24.  State  the  polar  reciprocal  of  Exercise  21 . 

25.  Given 

Si  =  aixi^  +  a%x^  +  a^z^  =  0,    Sz^  hxi^  +  Mi'  +  b^^  =  0, 
find  the  envelope  of  A«  =  0,  if  the  tangent  pairs  to  S\,  8%^  where  they  meet 
Kx,  intersect  on  a  conic  of  the  pencil  Si  —  hS%  =  0.     If  the  conio  on  which 
the  tangent  pairs  intersect  be  ei  x  i^-^czx^-{-  czxz^ = 0,  the  required  envelope  is 

ari*  +  —  Xi^  + a?i'  =  0.  (1083) 

ci  Ci  ez 

26.  Prove  that  the  conies  ^1,  82,  and  (1081)  are  inscribed  in  the  same 
quadrilateral. 

27.  The  Jacobian  of  the  three  conies  ^1,  8%,  Sz  (i  424),  is 

Ailxi  +  AzjXi  +  Azixz  +  Ailxi  =  0,  (1084) 

and  the  Hermite  curve  is 
(Aa+A4-Ai)-4Xi2+(A3  +  Al-X2)-»A2*+(Ai+Xs-Aj)CXs»-i^lAiAj  =  0. 

(1085) 
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Miscellaneous  Exercises. 

1.  The  two  lines  forming  any  of  the  three  line-pairsi  joining  four  con- 
cyolic  points  on  a  conic,  are  equally  inclined  to  either  axis. 

2.  The  axes  of  all  conies  passing  through  four  concyclic  points  are 
parallel. 

3.  Find  the  equation  of  the  circle  whose  diameter  is  the  normal  at  tiie 
origin  to  the  conic  ox*  +  2hxy  +  ^'  +  2/y  ic  0. 

4.  Find  the  locus  of  a  yariable  point,  if  the  perpendicular  from  a  fixed 
point  on  its  polar  with  respect  to  (a,  b,  e,  /*  ^,  h)  {x,  y,  1)'  =  0  be  constant. 

6,  If  two  lines  he  at  right  angles  to  each  other,  the  diameters  with  respect 
to  them  of  the  triangle  of  refei  euce  meet  on  the  line 

acoe-4  +  iScos^  +  7COsC7=0.  (M*Cat.) 

6.  If  «  he  the  Brocard  angle  of  the  triangle  of  reference,  prove  that 
(a' +  3^  +  7*)  sin  «  -  {/S-y  sin (-4  -  «)  +  7a  sin (5 -  «)  +  ai3  sin  (C- «) }  =  0 

is  the  equation  of  its  Brocard  circle. 

7.  The  locus  of  the  point  of  intersection  of  the  polars  of  any  point,  with 
respect  to  two  conies,  is  a  circumconic  of  their  common  self -conjugate  tri- 
angle. 

8.  Find  the  locus  of  the  pule  of  the  line  A*  =  0  with  respect  to  a  system 
of  confocal  conies  given  by  their  general  equation. 

9.  If^=0,  5'  =  0be  two  circles  in  trilinear  co-ordinates,  and  w,  wf 
their  moduli,  find  the  equation  of  their  radical  axis. 

^/M.    fnfS-  m$'  =  0. 

10.  Find  the  locus  of  a  point  from  which  tangents  to  two  given  conies 
«re  proportional  to  their  parallel  semidiameters. 

11.  If  two  figures  be  directly  similar,  and  if  corresponding  points  be 
conjugate  with  respect  to  a  given  circle,  the  locus  of  each  is  a  circle,  and 
the  envelope  of  their  line  of  connexion  a  conic. 

12.  The  directrix  of  a  conic,  and  any  two  rectangular  lines  through  the 
focus,  form  a  self -con  jugate  triangle  with  respect  to  the  conic. 

13.  The  equation  of  a  tangent  to  a  conic  may  be  written  4:  cos  ^  +  y  sin  ^ 
.  #y  =  0,  the  origin  being  the  focus,  and  7  =  0  a  directrix. 

14.  If  two  points  on  a  conic  subtend  a  given  angle  at  a  focus,  the  locus 
of  the  intersection  of  the  tangents  at  these  points  is  a  conic,  having  the  same 
focus  and  directrix ;  and  so  also  is  the  envelope  of  their  chord. 
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16.  If  two  semidiameten  of  an  ellipse  make  a  giyen  angle,  the  line  join- 
ing their  extremities  meets  its  envelope  at  the  point  in  which  it  meets  a 
sjmmedian  of  the  triangle  formed  by  it  and  the  semidiameters. 

(D'OCAOHX.) 

16.  If  two  tangents  to  an  ellipse  intersect  at  a  given  angle,  their  chord 
of  contact  meets  its  enveloi>e  at  the  point  in  which  it  meets  a  symmedian  of 
the  triangle  formed  by  it  and  the  tangents.  {Ihid.) 

17.  Given  the  base  and  area  of  a  triangle,  prove  that  the  locus  of  its 
symmedian  point  is  a  hyperbola. 

18.  A  cirde  S  passes  through  a  fixed  point  0,  and  intersects  a  fixed  circle 
in  a  varying  chord  X.  Show  that  if  L  envelops  any  curve  given  by  its 
polar  equation,  with  0  as  the  origin,  the  polar  equation  of  the  envelope 
of  S  may  be  at  once  written  down ;  and  hence  show — 1*.  If  8  envelop 
a  conic  concentric  with  0,  Z  will  envelop  a  conic,  having  0  as  focus. 
2*.  If  S  touch  a  line,  Z  will  envelop  a  conic. 

(Mb.  F.  Pubsbb,  p.t.cd.) 

19.  Two  conies  T,  T  are  taken;  U  inscribed  in  a  triangle  ABC; 
r  touching  the  sides  Jt  (7,  J^Cin  ^,  B,  Prove  that  the  pole,  with  respect 
to  CT  of  a  common  chord  of  CT,  F,  lies  on  V,  {Ibid.) 

20.  The  locus  of  the  centre  of  a  conic,  self-conjugate  with  respect  to  a 
given  triangle,  the  sum  of  the  squares  of  whose  axes  is  constant  is  a  cirole. 

(Faum.) 

21.  If  a  variable  conic  S'  be  harmonically  inscribed  in  two  fixed  conios 
Sif  Szt  the  locus  of  the  centre  of  perspective  of  the  triangle  of  reference, 
and  its  polar  reciprocal  with  regard  to  5*,  is  a  conic. 

22.  Two  concentric  and  coaxal  conies  U,  V  are  such  that  a  triangle  can 
be  inscribed  in  Uf  and  circumscribed  to  V.  Show  that  the  normals  to  27  at 
the  summits  are  concurrent,  and  that  the  locus  of  their  centre  of  concur- 
rence is  a  coaxal  conic.  (Mb.  F.  Pxtbsbk,  f.t.c.d.) 

23.  If  a  self-conjugate  triangle,  with  respect  to  a  conic  section,  be  inde- 
finitely small,  the  radius  of  its  circumcircle  is  half  the  corresponding  radius 
of  curvature. 

24.  If  a  triangle  be  formed  by  three  consecutive  tangents  to  a  conic  sec- 
tion, the  radius  of  its  circumcircle  is  one-fourth  the  corresponding  radius  of 
curvature. 

26.  If  a,  i8,  7  be  the  normal  co-ordinates  of  a  point  in  the  plane  of  a 
triangle,  through  which  are  drawn  parallels  to  the  sides  meeting  them 
respectively  in  the  points  1,  4 ;  2,  6 ;  3,  6  ;  prove  that  the  trilinear  co- 
ordinates of  the  centre  of  the  conic  inscribed  in  the  hexagon  123466  are 
t(a  +  Asin(7),     i(fi  +  esiRA),     Hy^aanB). 
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26.  The  locus  of  the  points  of  contact  of  tangents  from  the  point  a^'y' 
to  the  system  of  conies  afi  a  ky^  when  k  yaries,  is  the  conic 

27.  If  e  Tsrj,  the  locns  of  the  points  of  c(nitaot  of  tangents  from  xY  to 

28.  The  locus  of  a  point,  whose  polars  with  respect  to  two  circles  meet 
on  a  giyen  line,  is  a  hyperhola. 


29.  The  equation  Va  sin  ^  +  V/S  sin  ^  -I-  V-  7  sin  C7  b  0  denotes  a  hy- 
perbola whose  asymptotes  are  parallel  to  the  lines  a,  fi, 

30.  If  a  circle  whose  diameter  is  d  passes  through  the  origin  and  inter- 
sects the  conic  (a,  b,  e,/y  g,  A)  (4?,  y,  1)'  =  0  in  four  points,  whose  radii 
Toctores  are  pi,  pa,  ps,  p4>  proye  that 

piP2p3P4{4A»  +  (a-*)»}4««rf». 

31.  The  lines  through  the  origin,  and  the  intersections  of 

(a,  b,  e,fyffyh){x,  y,  1)»  =  0,  with  \x  +  fiy-¥v  =  0, 
are  at  right  angles  if 

32.  In  the  same  case,  the  locus  of  the  foot  of  the  perpendicular  from  the 
origin  on  Aar  +  zny  +  ysO  is  the  circle  (a  +  *)  (a;*  +  y»)  +  yx-i-2fy+c*B  0, 
and  tlie  enyelope  o{?iX  +  fiy  +  ¥  =  OiB  the  conic 

c{{a  +  b){x^  +  y*)  +  2^a?  +  2/y  +  <?}  -  {fx-gy)\ 

33.  If  the  axes  he  oblique,  find  the  equation  of  the  rectangular  hyperbola, 
making  intercepts  A,  \'\  fi,  fi  on  them. 

34.  Find  the  condition  that  \x  +  fiy+  r^O  should  be  normal  to 

«*    y'     1    A 

a'      J* 

^       a«      i»      tf* 

36.  Find  the  equation  of  the  locus  of  the  centre  of  a  conic  touching  the 
four  right  lines 

a««coe«+ ysina-pieO,    $siXCOBfi-¥pm0-pt=^O,  &c. 

(Pbof.  Cuhtis,  8,J.) 
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OOi'o, 

sin'o, 

sin  a  COB  a, 

Pi{2a+pi), 

C08«3, 

sin'iS, 

sm  3  cos  $j 

M^fi  +  Pi)f 

008^7, 

8in«7, 

sin  7  cos  7, 
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As  in  Ex.  3y  Art.  188,  from  the  given  conditions  we  haye  four  equatioiis  of 

the  form 

A       ^       B   ,  ^       2H  . 

—  coe'a  +  -  sin'a  +  -r^  sm  a  cos  a  =  j»i  (2a  +  pi). 

Henoe,  by  elimination, 


=  0, 


which  is  the  required  equation.    If  the  detenninant  be  expanded,  aid 

putting  .     A     .     A     .     A 

^  =  sm  37 .  sm  78 .  sm  S/Sy  &c.,  we  get 

L  m  lpi(2a-\'P\)  -mpt{2fi -k- p%)-\-npi(ly-\-pz)  -rpi{2S -\- p^  ^^, 
and  the  origin  being  transferred  to  any  point  of  the  locus,  bj  putting 
P\  -  <h  P2  =  fit  &c.,  this  becomes  Lmlc?  --  mfi'^  +  ny*  -  r8*  =  0,  which, 
though  apparently  of  the  second  degree,  is  only  of  the  first ;  for,  on  substi- 
tuting d;  cos  a  +  y  sin  a  -  J9i  f or  a,  &c.,  the  coefficients  of  x*,  ^,  y*  Tsniih 
identically. 

36.  If  the  equation  in  Ex.  35  be  written  in  the  form 

/a«  -  m3»  +  n7«  «  r««  +  X, 

we  infer  that  a  parabola  may  be  described,  having  the  triangle  0^7  as  self- 
oonjugate,  and  touching  Z  at  the  point  where  it  meets  8.  (^^i^) 

37.  In  the  same  case,  prove  that  la^  -  m^  =  0  is  a  pair  of  common  tm- 
gents  to  the  parabolae  r8'  4-  Z  «  0,  117*  -  Z  =  0,  and  ^7'  -  rS*  =  0  a  pair 
of  common  tangents  to  the  parabolsD  mfi'^  +  Z  =  0,  ^^  -  Z  =  0,  and  that 
the  former  pair  intersects  the  latter  on  Z. 

38.  If  a  vary  in  position  while  3,  7,  8  remain  fixed ;  then,  if  a  toochei 
a  fixed  conic  to  which  fi  and  7  are  tangents,  the  envelope  of  Z  is  a  conio. 

(iJO.) 

39.  Given  three  tangents  to  a  conic,  and  the  sum  of  the  squares  of  its 
axes,  the  locus  of  its  centre  is  a  circle.  (Stsikeb.} 

'40.  The  distances  of  three  points  P,  Q,  i?  on  a  conic  from  either  focus  ars  is 
arithmetical  progression.    If  QNi&  the  normal  at  Q,  prove  that  NF  »  NR. 

(Crofton.) 
41.  If  the  joins  of  the  points  in  which  {a,  h,  e,  f,  y,  h)  (a,  3,  7)^  meets 
the  sides  of  the  triangle  of  reference  to  the  opposite  vertices  f  onn  two  triads 
of  concurrent  lines ;  prove  abe  -  2fgh  -ap-bg*  ^  ch^  =  0. 
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Compare  the  equation  with 

Wo^  +  mm'fi*  +  im V  -  («»«'  + «»'«)  37  -  («^  +  ♦•'O  7«  "  C'^'  +  Tm)  o3  -  0, 
which  meets  the  sides  in  points  whose  joins  with  the  opposite  vertices  are 
the  two  concurrent  triads  la  =  mfi  =  ny,    Fa  =  m'0  -  fi'7. 

42.  Find,  in  this  manner,  the  equation  of  the  nine-points  circle,  the 
Lemoine  circle,  the  inscrihed  conic,  and  the  inscrihed  circle,  ftc. 

43.  If  A,  fi,  V  denote  the  perpendiculars  from  the  angular  points  on  a 
tangent;  prove  that  x'tan -4  +  /t* tan ^  +  jr' tan  C -  0  denotes  a  circle. 

44.  From  last  Example  prove  hy  reciprocation,  if  2a*  +  m/3*  +  ny^  b  0 
4enote  a  circle,  that 

tan^i  tan  4^  tan  4^3 

where  a,  3',  y  denote  the  co-ordinates  of  the  centre,  and  ifri,  i^,  ^  the 
angles  snhtended  hy  the  sides  at  the  centre. 

45.  Four  concentric  equilateral  hyperbolas  can  he  described,  having  the 
four  triangles  formed  by  any  four  arbitrary  lines  as  self-conjugate. 

46.  If  through  any  point  in  the  axis  of  perspective  of  a  triangle  and  its 
orthique  triangle  parallels  be  drawn  to  the  three  sides,  these  parallels  meet 
the  sides  in  six  points  which  are  on  an  equilateral  hyperbola. 

47.  In  a  given  conic  inscribe  a  triangle  whose  sides  shall  pass  through 
given  points. 

Let  the  given  conic  be  afi  =  y*,  the  given  points  abe^  a'b'e\  d'h"o*\  and 
the  parametric  angles  of  the  angular  points  of  the  inscribed  triangle 
4,  ^,  ^'  \  then,  putting  < » tan  0,  &c.,  we  have  (Art.  160)  the  three 
•equations 

4i+*«'-c(<+o=o,  a'+*Yr-tf'(<'+r)-o,  tf"+y'n-tf"(r+o-o. 

Hence,  eliminating  <*,  f\  we  get  a  quadratic  in  <,  viz. : 

[a'hr  +  ftV  -  ec'r  -  o'c"h)P'  +  { le  (o'c'*^  af'b')  -  A }  < 

+  (dee"  +  b'aa"  -  <^<w"  -  oV'c)  -  0, 

where  A  denotes  the  determinant  (o&V).  Hence,  in  general,  two  triangles 
«an  be  inscribed :  the  condition  for  only  one  is  the  equation  in  t^  having 
«qual  roots.  Hence,  if  two  of  the  points  be  given,  and  the  third  Tariable, 
its  locus,  so  that  only  one  triangle  can  be  described,  is  a  conic. 

48.  The  conies 

-  +  -  +  -« 0,     sinl^.Va  +  sini^.\/5+sinJC.V7oO, 
a     p      y 

are  oanfocaL  (LnconfB.) 

2v 
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49.  In  the  same  case,  the  symmedian  point  of  the  triangle  formed  by  the 
centres  of  the  escribed  circles  of  the  triangle  of  reference  is  the  conmion 
centre  of  the  conies.  (Lxmoine.) 

60.  Let  {ji,  B)  and  (a,  fi)  be  the  principal  semiaxes  of  a  confocal  ellipse 
and  hyperbola  through  any  point  F;  draw  the  tangent  to  the  ellipse  at  P ;  let 
Xf  F  be  the  points  where  it  meets  two  tangents  perpendicular  to  it  to  any 
confocal  ellipse  (a,  b) ;  prore 

XP.  PF^  iS»  +  «*.  (Croftow.) 

51 .  A  triangle  is  inscribed  in  a:^  +  y*  -  s'  =  0,  and  two  of  the  sides  touch 
ffo^  +  ^  ~  tfi*  =  0 ;  find  the  envelope  of  the  third  side.  (Salmon.) 

The  condition  that  ?a-¥  /ly  +  yz  shall  touch  a«'  +  4y*-«^  =  0  ia 

a       b       c 

and  denoting  (Art.  169,  Cor,  2)  the  parametric  angles  of  the  vertioes  of 
the  triangle  inscribed  in  «*  +  y*  -  «•  =  0  by  $,  B\  6",  the  equation  of  the 
join  of  B,  0"  is 

«coe  J(e  +  e")  +  y  sin  J(tf  +  $")  -  zcosi{$  -  r')  =  0. 

Hence  the  condition  for  this  touching  ax^  +  bjf*  ~  es^  =  0  is 

cos'i {$  +  O      sin»} (e  +  r)     cos«|(g  ~  0") 

a  b  "  e  "    * 

that  is, 

or,  say,  /  + mco86cos6"  + nsintf  sind^=  0. 

In  like  manner,  we  get 

/  +  m  cos  0'  cos  0"  +  ft  sin  9'  sin  0"  s  0. 

Hence  «»cosg''^     cos^(g  +  g')      wsing'^ 8in|(tf  +  tf') 

/       "     coalie-e'Y  I      "     cos4T«^')* 

Now  the  chord  of  «»  +  y»  -  «»  =  0,  which  is  the  join  of  the  points  0,  ^,  i» 

arcos  J(tf  +  O  +  y  8in  J(6  +  tf')  -  gcoa^iB  -0  =  0. 

Hence  hm;  cos  9"  +  ny  sin.6"  +  &  =  0, 

and  the  enyelope  is  mV  +  ««y'  -/*«*«  0. 
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62.  The  equation  of  a  eonio  coDfocal  with 

S  ■  («,  ^  *,/,  ff,  h)  (a,  3,  7)*  =  0, 
and  touching  \a+ /i)8  +  ry  -  0,  is 

n^A*^-  fl2-F'+  a«Jf»  =  0  iMm  aanA  +fitmB  +  ymnCr], 

63.  FT,  Qrare  tangents  to  a  conic  at  the  points  P,  Q;  from  the  centres 
of  curvature  at  F,  Q  i>erpendiculars  are  drawn  to  the  chord  of  contact  FQ ; 
proTO  that  the  parallels  to  FT,  FQ  drawn  through  the  feet  of  the  perpen- 
diculars meet  on  the  STmmedian  line  of  the  triangle  PQ  I*  drawn  through  T. 

(D'OCAONB.) 

64.  Find  in  the  plane  of  an  ellipse  a  triangle  ^J^Csuch  that  the  sum  of 
the  squares  of  the  perpendiculars  from  the  summits  on  any  tangent  is  con- 
stant. If  the  triangle  he  fixed  and  the  ellipse  Taries  we  obtain  a  confoeal 
system.  (Nbubbro.) 

65«  The  hyperbola 

and  the  hyperbola 

(coB» Jui .  a+ oos«  J-5./i  +  8in»}C.  7)«  -  4sec»}^  .sec3  J^.  o3  =  0 

are  confoeal,  and  their  common  centre  is  the  symmedian  point  of  one  of 
the  triangles  formed  by  the  incentre  and  the  centres  of  two  of  the  escribed 
circles.  (Lbmodtb.) 

66.  The  locus  of  the  foci  of  all  ellipses  touching  a  given  circle  at  two 
fixed  points  is  the  perpendicular  bisecting  the  join  of  those  points  and  the 
drcle  passing  through  them  and  the  centre  of  the  given  circle.     (Ckoftoit.) 

67.  A  system  of  four  conies  having  two  points  common,  and  each  harmo- 
nically circumscribed  to  a  fifth,  are  such  that  their  points  of  intersection,  six 
by  six,  lie  on  three  conies. 

For,  taking  the  common  points  as  vertices  of  the  triangle  of  reference, 
their  equations  will  be  of  the  form 

S  m  ai«8  +  2/iy«  +  2ffiBX  +  2hixy  =  0,  &c. ; 

and  there  are  four  relations, 

aiA'  +  2/11?*  +  2ffiO^  +  2hiS'  =  0,  &c. 

Hence 

lSi-mSt  +  nSz  -pSi  =  0,  &c. 

2k2 
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58.  The  condition  that  the  line  {y-y^  =  m(s^^  should  be  nonnal to 

is 

m*  (*•«'«)- 2m»  (ft  Vy')  +  m*  (a»«'«  +  A^sf'a  -  <j«)  -  2m  («»«'y^  +  4^  «=  0. 

Hence,  find  an  expression  for  the  som  ol  the  angles  which  the  fonr  nonnals 
from  any  point  make  with  the  axis  of  «. 

59.  The  sum  of  the  angles  made  with  a  given  line  by  the  four  nonnsls 
from  any  point  to  a  series  of  oonfocal  conies  is  constant. 

60.  The  locus  of  points  having  the  same  eccentric  angle  on  a  series  of 
confocsl  ellipses  is  a  confocal  hyperbola. 

61.  A  circle  passing  through  three  points  on  any  one  of  a  series  of  coo- 
focal  ellipses,  the  points  always  lying  on  fixed  confocal  hyperbole,  meets 
the  ellipse  again,  where  it  is  met  by  another  of  the  oonfocal  hyperbola. 

62.  In  the  last  question,  supposing  the  three  points  to  coincide,  we  have 
a  theorem  for  the  circle's  curvature  of  a  series  of  confocal  ellipses. 

63.  The  locus  of  the  centres  of  curvature  at  points  on  confocal  ellipses 
where  a  confocal  hyperbola  meets  them  is 

cos*  ^      sin'  ^       1 

64.  If  fonr  normals  OAy  OB,  OC,  OJ)  be  drawn  to  a  oonic  from  the 
p<nnt  o^V ;  prove  that  the  tangents  at  the  points  A,  £,  C,  D,  and  the  axis 
of  the  conic,  all  touch  the  parabola 

66.  Prove  that  the  directrix  of  the  parabola  in  Ex.  64  is  the  join  of  tiie 
given  point  x'y'  to  the  centre. 

66.  Given  four  tangents  to  a  conic,  vix.,  abO,  3  =  0,  7*=0,  t«0; 
find  the  locus  of  the  foci.  Let  aa  +  bfi  +  cy-^dSmO  bean  identioal 
relation;  then 


-  +  ^  +  -  +  ¥«®  (Salmo».) 

a     3     7     • 


is  the  locus  required. 
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67.  If  a  yariable  conic  puss  through  two  gJTen  points,  and  haye  double 
ecmtact  with  a  given  conici  the  chord  of  contact  passes  through  one  or  other 
of  two  giyen  points :  prove  this,  and  thence  infer  that  four  circumconics  of 
a  giyen  triangle  can  he  described,  each  having  double  contact  with  a  giyen 
eonio. 

68.  Proye  that  if  (a,  $\  y)  be  a  point  on  the  conic  Aa^  +  B0^  +  Cy*  ■»  0, 
the  conies  A  {a- Xa'Y  +  B{$-  \0^)^  +  C{y  - A7«)»=  0  touch  the  former  at 
that  point,  X  being  any  constant.    The  same  is  true  if  X  a  oa?  +  3y  +  0. 

(Cbofton.) 

69.  If  a^=Oi  b^  «  0,  <;«3  s  0  be  three  conies,  such  that  each  is  harmo- 
nically circumscribed  to  the  other  two ;  proye  that 


ai>     (Hi     (H% 

bif       b2f       bz. 


=  0. 


70.  Giyen  a  tangent  to  a  variable  conic,  its  eccentricity,  and  one  of  the 
foci,  prove  that  the  locus  of  the  other  focus  is  a  circle. 

71.  If  two  triangles  ABC,  A'VC  are  reciprocal  x>olars  with  respect  to  a 
drde  (centre  0\  the  polar  of  the  centroid  of  ABC  with  respect  to  the  drde 
0  coincides  with  the  polar  of  0  with  respect  to  the  triangle  A'B^C. 

(Nbubbro.) 

72.  If  a  quadrilateral  be  described  about  a  parabola,  the  three  circles 
described  on  the  diagonals  of  the  quadrilateral  as  diameters  have  the 
directrix  for  their  common  radical  axis. 

73.  A,  B,  C;  A',  B',  C  axe  two  triads  of  points  on  two  lines  Z,  M. 
Three  homothetic  conies  through  ABC\  BCA',  CAB'  meet  M  again  in 
the  points  P*,  C,  B' ;  and  three  other  homothetic  conies  through  AB'C\ 
BC*A'y  CA'B'  meet  L  again  in  P,  Q,  22 ;  prove  that  the  lines  BP\  QQ^ 
BK  are  parallel.  (Mr.  J?.  Pu&sbr,  p.t.o.d.) 

74.  If  J,  r  be  the  co-ordinates  of  a  focus  of  w^  +  2A«y  +  Jy*  +  c  =  0, 

proye  that 

JP  -  F»      XY         ft 


a-b         h       ab-h*' 

and  if  fi  denote  the  product  of  the  perpendiculars  from  the  foci  on  any 
tangent,  prove  that 
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75.  Prove  that  the  eccentricity  of  the  conic  gjiven  by  the  general  equation 
in  terms  of  its  inyariants  Ji,  1%  of  the  first  and  second  degree  in  die  coefficienta 
is  given  by  the  equation 

!-#»■       /, 

76.  If  from  the  points  1,  2,  3,  4  perpendiculars  be  drawn  to  the  four 
lines  a  =  0,  ^  =  0,   7  =  0,    S  =  0;  then 


ait  0u  Tij  'ij 

«a>  fitf  y%t  hf 

as,  iBs,  7s,  »8, 

04,  fii,  74,  «4 


bO.  Also 


ai,    $u     yu     h 

«2|       fity      72*       ^> 

OS,    iSs,     7s,     I, 

«4,      i34,      74,      1 

(P&op.  Cu&Tia,  8.J.) 


77.  Hence  infer  that,  if  p',  p",  p"*  be  the  perpendiculars  of  a  triangle, 
and  r,  r',  r",  r"'  the  radii  of  its  inscribed  and  escribed  circles, 


1111  1       I        1       I 

r     p'     p"     p'         f"     p       P        P 


&c. 


Also,  if  \\  X",  A.'"  denote  perpendiculars  from  the  vertioes  of  any  triangle 
on  any  line  through  the  centre  of  the  in-circle,  prove  that 


A'      X"     V"     ^ 
P      P       P 


{IM.) 


78.  If  Zi,  Z^f  Li,  Li  be  perpendiculars  {torn  four  points  A,  B,  C,  D 
to  a  line  X;  then  Lx{BCD) -- L%{CDA) -^^  Li{DAB)  ^  U{ABC)  =0. 
(Compare  equation  (216).)  {I^-) 

79.  Given  three  tangents  to  a  conic,  and  the  length  of  the  minor  axis  h, 
to  find  the  focus.  Let  the  co-ordinates  of  the  foci  be  a/37,  a$'y';  and  the 
perpendiculars  of  the  triangle  of  reference  p',  p",  p'" ;  then,  from  (106), 
we  get 

aa ,  fifi ,  77 ,  1, 

p'o,    0,      0,  1, 

0,    p''fi,   0,  1, 

0,      0,    y"7,  1 

1  1  1         1  „ 

pa      p  0     p    y      if^' 

where  S  denotes  the  circumcirde  of  the  triangle  of  reference.    When  tbe 
conic  is  a  parabola,  b  is  infinite,  and  the  equation  reduces  to  ^  s  0. 


a\  $\  7',  1, 

p',  0,    0,  1, 

0,    p",0,  1, 

0,    0,  p"\  1 


=  0; 


-0; 


»»,  »», 

P, 

1, 

P'a.  0. 

0, 

1, 

0,    P"P, 

0, 

1. 

0,      0.  p"'y. 

1 

a»y 

rO; 
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80.  If  ABC  be  a  triangle  self-oonjugate  to  a  oonio ;  X,  m>  ^^  perpen- 

<dicular8  from  A,  £,  C  on  the  tangent  at  any  yariable  point  D  on  the  curve : 

prove  that 

\(BCD)  +  /i(C^D)  +  r{ABD)  =  0. 

81.  The  circnmdroles  of  the  triangles  formed  bj  four  right  lines  a,  /9,  %  8 
meet  in  a  point  0 ;  tangents  at  the  vertices  of  the  triangle  fiy6  to  its  ciroum- 
^iirole  meet  a  in  the  points  Aj  A*,  A",  Similarly  are  found,  on  the  lines 
fi,  y,  «,  the  triads  B,  B',  B^';  C,  C,  C";  D,  D\  D".  These  points  lie  four 
by  four  on  three  circles,  each  passing  through  0,  and  through  the  extremi- 
ties of  a  diagonal  of  the  quadrilateral  aiS^S. 

82.  If  2  be  the  circle  through  the  circumcentres  of  the  triangles  afiy, 
-a/3S»  oyS,  fiyi,  the  diameters  of  the  circumcircles  of  the  triangles  etfiy,  a/38, 
«>8,  passing  through  the  vertices  opposite  the  common  base  a,  concur  in  2. 

83.  If  through  the  symmedian  point  three  antiparallels  be  drawn  to  the 
sides  of  the  triangle  of  reference,  tlie  six  points  of  intersection  with  the  sides 
lie  on  a  circle  [second  circle  of  Lemoine].    Find  the  equation  of  this  circle. 

An$.  XPy  tin  A-  tan^«  2a  sin^Sa  cos  A  cosec^A  s  0. 

84.  Being  given  a  self -conjugate  triangle  and  a  tangent  to  a  conic,  the^ 
locus  of  its  centre  is  a  right  line.     (See  Art.  188,  Ex.  3.) 

86.  If  one  of  four  sides  of  a  quadrilateral  envelop  a  conic,  the  other  three 
being  fixed,  the  line  through  the  middle  points  of  the  diagonals  will  also 
-envelop  a  conic. 

86.  Tangents  drawn  to  a  parabola,  from  the  centre  of  a  ciroumconic  of 
A  self-conjugate  triangle  of  the  parabola,  are  conjugate  diameters  of  the 
-conic. 

87.  If  the  centre  of  the  conic  be  a  point  on  the  parabola,  an  asymptote  of 
the  conic  is  a  tangent  to  the  parabola. 

88.  If  corresponding  points  of  similar  figures,  similarly  described  on  two 
aides  of  a  triangle,  be  the  poles  with  respect  to  a  circle  of  corresponding 
lines  of  the  same  figures ;  prove  that  the  x>oints  are  equally  distant  from  the 
-centre  of  the  circle. 

89.  Given  5  a  oj?'  +  2hxt/  +  Jy«  +  c  =  0 ;  prove  that  the  equation  of  any 
pair  of  conjugate  diameters  is 

,  dS  dS     ^ 

and  if  the  diameters  be  equiconjugate,  their  equation  is 
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90.  Tbe  equation  of  the  four  normals  from  the  point  (ctfi)  to  the  ellipse 

«*/«'  +  y*/*'  -1  =  0 

is  (aV«*  +  0^lh^  -  1)  J»  +  2  («p/fl»  +  fiy/H^  -  1)  JSTX 

+  (*»/•» +  y»/*»-l)i>  =  0, 

where  JST  ■  a 'y  (*  -  a)  -  ft**  (y  -  /3), 

(CaOFTON.) 

91.  The  equation  of  the  reciprocal  of  the  parallel  to  the  parabola  at  the 
distance  r  with  respect  to  the  circle  x*  +  y*  «=  ^t*  is 

(*»*«  -  ««y')*  =  r»«»  («•  +  y«). 

92.  The  reciprocal  of  the  parallel  to  an  ellipse  at  the  distance  r  with, 
res^t  to  the  circle  x^  +  p^^k^  u 

4**r»(ar«  +  y«)=  {(a«-r»)««  +  (^-f*)y«-*«}. 

93.  If  the  base  and  the  Brocard  angle  of  a  triangle  be  given,  the  locus  of 
the  centre  of  the  Brocard  circle  is  an  ellipse.  (Xbubbko.) 

94.  If  a  Tariable  conic  S,  passing  through  two  fixed  points  /,  Z,  touch  a 
fixed  conic  ^  at  a  fixed  point,  prove  that  the  locus  of  the  point  of  inter* 
section  of  a  pair  of  common  tangents  to  St  S*  is  a  conic  inscribed  in  the 
quadrilateral  formed  by  the  tangents  from  the  points  /,  Jto  S*. 

95.  If  the  axes  and  a  tangent  to  a  conic  be  given  in  position,  prove  that 
the  locus  of  the  centre  of  the  circle  osculating  it  at  the  point  where  it 
touches  the  tangent  is  a  parabola. 

96.  If  the  extremities  of  the  base  of  a  triangle  be  given  in  position,  and 
also  the  symmedian  passing  through  one  of  these  extremities,  the  locus  of 
the  vertex  is  a  circle.  (Nbubrbo.) 

97.  In  the  same  case,  the  envelope  of  the  symmcdian  passing  through 
the  vertex  is  a  conic. 

98.  The  extremities  B,  C  oi  &  triangle  are  given  in  position,  and  the 
vertex  moves  on  a  given  conic,  passing  through  the  points  B,  C;  prove,  if 
BA,  AC  pass  through  corresponding  points  C,  B'  of  two  similar  figures, 
that  the  loci  of  the  points  C\  B'  are  conies.  (Nbubkko.) 

99.  The  base  BC  of  a  triangle  is  given  in  position,  and  the  angle  B  in 
magnitude ;  prove,  if  A'B'C  be  the  triangle  formed  by  the  tangents  to  the 
circumcircle  at  A^  B,  C,  that  the  following  loci  are  conies:— T.  of  the 
point  C ;  2*.  of  the  symmedian  point  of  ABC;  3*.  of  the  point  of  inter- 
section  of  BB'  and  A  C,  (Ihd.) 
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100.  In  the  same  case,  prove  that  the  enyelopefl  of  the  lines  S^0\  AA\ 
and  the  join  of  the  circumcentre  and  orthooentre  are  conies.  (Ibid,) 

101.  ProYe  that  the  equations  of  the  three  axes  of  perapeotiye  of  the 
triangle  ABC  and  Brocard's  first  triangle  are,  in  normal  co-ordinates, 

sin^^.g        Bm*B.0         sin*  (7. 7 
Bin(-4-.2«)  "^  Bin(^-2«)  "^  8in(C7-2«)  **     ' 

sin B. sin ((7- 2m)      sin (7. sin (^  - 2«)     tan.A  .wi{B ^20ti)        * 


fi 


=  0, 


sin  (B  -  2a») .  sin  (7     sin(C7- 2w}  .sin^      sin  (^  -  2w) .  sin  B 
and  in  barycentrio  co-ordinates 

«  +  ^  +  l  =  o.-+?  +  l=o.  -+f  +  l=o 

I      tn     n  m     n      l^  n      I      m 

where  /=i»tf»-tf*,    iw=<f2a«-«*,    «  =  a«i»-tf*. 

102.  If  two  triangles  circumscribed  to  a  circle  be  in  perspective,  their 
Gergonne  points  and  their  centre  of  perspective  are  coUinear.       (Artzt.) 

103.  If  A%  B\  C  be  the  middle  points  of  the  sides  of  a  triangle  ABC^  and 
A\^  Bi,  Ci  the  feet  of  its  altitudes ;  a,  fi,  y  the  double  points  of  its  line 
pairs  B'Cu  BiC* ;  C*Au  CiA' \  A'Bi,AiB';  and  ai,  0u  71  the  double 
points  oi B'C,  BiCi;  C'A',  CiAi;  A'B^^  AiBif  then  the  point  pairs  oai, 
fifiit  Tn  iorm  the  opposite  summits  of  a  complete  quadrilateral,  three  of 
whose  sides  pass  through  the  points  A,  B^  C,  and  the  fourth  containing  the 
points  a,  ^,  7  is  the  Euler  line  of  the  triangle  ABC.  Also  the  lines  Aau 
BPif  Cyi  are  each  perpendicular  to  the  Euler  line.  (Schhobtbr.) 

104.  If  two  vertices  B,  C  o£  a,  triangle  be  fixed,  prove  that  the  two  vertices 
Af  A'  of  the  triangles  BCA^  BCA\  which  have  a  common  symmedian 
point  K  describe,  when  K  moves,  two  inverse  figures. 

(Nbubero  and  Schoutb.) 
106.  The  chords  of  contact  of  the  exeircles  of  a  triangle  ABC  with  the 
sides  produced  form  a  triangle  ^i^iCi  in  perspective  with  ABC,    The  cir- 
cnmcentre  of  AiBiCi  is  the  orthocentre  of  ABC,  and  also  the  centre  of 
perspective  of  the  triangles. 

106.  In  the  same  case  the  axis  of  perspective  is 

asin*J-^  +  i3sin»JB  +  7sin'J(7=»0. 

This  line  is  perpendicular  to  the  join  of  the  incentre  and  orthocentre 
otABC. 
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107.  If  a,  /9,  7  be  the  equations  of  the  sides  of  a  triangle,  the  eqnatioDt  of 
the  sidee  of  its  oosymmedian  triangle  are 

23/*  +  27/tf  -  a/a  =  0,    27/tf  +  2«/a  -  i3/ft  ■  0,    2a/«  +  2^/*  -  7/*  «  0. 

(SiMMOSS.) 

108.  The  axis  of  perspectiye  of  a  triangle  and  its  oosymmedian  trian^  ii 

the  line 

o/«  +  fijh  +  yje  =  0. 

109.  The  six  remaining  points  in  which  the  lines  a,  $,  y  meet  the  lidn 
of  the  oosymmedian  triangle  lie  on  the  conio 

6  {afilab  +  ^Ibe  +  yajea)  -  2  (aV«*  +  /S*/*"  +  7*/c^  =  0. 

110.  The  diagonals  of  the  hexagon  in  Ex.  109  are  ooncoirrat.    Their 

equations  are 

$lb  +  yje  -  2a/a  =  0,  &c. 

111.  The  equation  of  the  oircumcircle  of  the  triangle  formed  by  tiie  polsi 
of  the  sides  of  the  triangle  of  reference  with  respect  to  its  oircnmcirde  is 

(asin^  +  iS sin ^  +  7 sin (7)  (a cos ^  +  i3cos^  +  7008(7) 

+  4 cos ^  cos B cos C{$y sin^  +  Tasia/B  +  ajBsinQsO. 

112.  Let  a,  iS,  7,  8  be  four  lines  cutting  any  fifth  c  in  ^,  ^,  C,  D,  ProTe 
that  the  four  oonios  circumscribed  to  the  triangle  ^Z,  yZa,  Sa3>  aiSy,  and 

'  touching  a,  iSy  7i  9  respectively  in  A,  B,  C,  D,  intersect  c  in  the  same  point 

(Nbubxro.) 

Tbsch's  Htpbbboljb. 

113.  Dbf. — A  line  MN  through  any  point  M  of  an  ellipse  making  an 
angle  e  with  the  tangent  MT  is  called  a  9  normal.  (Tbsch.) 

Theorem, — Through  a  given  point  hk  in  the  plane  of  an  ellipse  can  be 
drawn  four  B  normals.  Their  feet  are  the  intersections  of  the  ellipse  with 
the  Tesch  hyperbole  .ff  -  P  cot  tf  =  0,  where  -ff  =  0  denotes  the  Apollonian 
hyperbolse  of  hk  and  P  =  0  its  polar  with  respect  to  the  ellipse.  Any  three 
feet  and  the  point  diametrically  opposite  the  fourth  lie  on  a  circle. 

For  if  the  co-ordinates  of  M  be  x'y\  and  if  we  form  the  condition  that 
xx'la^-^yylb'^  -1  =  0  makes  an  angle  6  with  the  join  of  the  points  x'y',  kk, 
we  get  an  equation  which  after  removing  accents  gives  Jf-  P  cot  9  =  0. 

Cor. — If  6  varies  and  the  point  hk  remains  constant,  the  Tesch  hyperbola 
passes  through  two  fixed  points,  viz.  the  points  common  to  JS  and  P,  and 
remains  homotbetic  to  S. 
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114.  If  a  Tesch  hyperbola  of  a  point  hk  meet  the  ellipse  in  the  points 
Jf,  Iff  P,  Q  any  two  of  these  points,  say  MIfy  the  pole  of  their  chord  M2f 
and  the  point  hk  are  concyclic. 

115.  If  an  equilateral  hyperbola  whose  asymptotes  are  parallel  to  the 
axes  of  an  ellipse  meet  it  in  four  points  If,  N,  P,  Q,  the  circle  through 
Jf,  N  and  the  pole  of  My  with  respect  to  the  ellipse,  and  the  analogous 
circles  for  the  point  pair  JfP,  JVP,  &c.,  all  pass  through  a  common  point. 

(Nbubbbo.) 
For  the  equation  of  such  a  hyperbola  is  xff  +  Ax  +  By  +  C  =  0,  and  this 
can  be  identified  with  the  Tesch  hyperbola  of  the  point  hk. 

116.  It  a,  fit  y  be  the  eccentric  angles  of  three  points  on  an  ellipse  whose 
$  normals  are  concurrent,  prove  that 

2ah  cot«  =  c*{8in  0  +  7)  +  sin  (7  +  a)  +  sin  (a  +  i3)}. 

117.  If  a,  /9,  7,  8  be  the  eccentric  angles  of  the  feet  of  four  B  normals 
from  a  common  point,  a  +  i3  +  y  +  9=  (2n  +  i) r.  Hence  we  haye  a 
generalization  of  Joachimstal's  circle. 

118.  Ji  Xit  xty  X3t  XI  be  the  four  sides  of  a  quadrilateral,  the  equation  of 
the  conic,  which  touches  a\Xi  -f  oitXt  +  03:^3  +  04x4  and  is  inscribed  in  the 
quadrilateral,  is 

2  {a\  -  Oif  (a%  -  «3)'  (x\xi  +  x^xz)  «  0.  (Caylbt.) 

119.  Find  the  locus  of  the  centre  of  a  conic  which  hyperosoulates 
or*  +  2hxy  +  bj/*  +  2gx  at  the  origin. 

120.  If  jTiyi,  xzyt,  xnfz^  x^y^  be  any  four  points  on  a  conic  referred  to 
the  centre  as  origin, 

2  ±  {X7yi  -  X9y%)  {x^yi  -  x^y^)  {xiy%  -  xty^i)  =  0.      (Nbubbbo.) 

121.  Prove  that  the  axis  of  the  parabola  (a?/a)i  +  (y/^)J  -  1  =  0  is 

xja  -  yjh  +  (a»  -  *«)/(a»  +  A»  +  2a^  cos  «)  «=  0, 

where  9  is  the  angle  between  the  axes. 

122.  If  the  conies  ^1,  82^  S3  hyperosculate  in  the  point  A,  and  meet  two 
Knes  AX,  -4  F  in  the  point  pairs  ^1,  Ci ;  Bi,  C% ;  ^3,  C3,  &c.,  the  chords 
B\Cu  BtC2,  BiCz,  &c.,  are  concurrent.  (Poncblbt.) 

123.  In  the  same  case,  the  tangents  at  ^1,  Bz,  Bz  are  concurrent. 

(Ibid.) 

124.  [f  a  variable  parabola  touch  three  fixed  lines,  the  chovds  of  contact 
pass  through  three  fixed  points. 
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125.  All  ellipses  which  hare  double  contact  with  each  of  two  fixed  cizQle» 
(one  internal  to  the  other)  are  similar  curyes.  The  locus  of  their  centres  is 
the  circle  on  the  line  joining  the  centres  of  the  circles  as  diam^er.  Also- 
the  locus  of  their  foci  is  a  circle  concentric  with  the  outer  circle. 

(Croptok.) 

126.  If  two  conies  of  a  oonfocal  system  whose  semiaxes  are  a,  b\  a\  h' 
respectively  intersect  in  a  point  M  co-ordinates  x'y\  then  if  J\r,  JT  he  the^ 
centres  of  the  circles  osculating  the  conies  at  My  the  equation  of  NN*  is 

(i»  +  h'*)xx''  +  (a«  +  O  yy'  =  a**'»  +  a^h\ 

127.  The  same  line  in  terms  of  the  co-ordinates  of  if  is 

(o;^  +  y^  -  c2)  *x'  +  («^  +  j^  +  c«)  y/  -  c2(«^  -  y^  -  «»). 

128.  If  a  parabola  touch  the  sides  of  a  given  triangle  ABC  in  A\  1^,  C^ 
the  locus  of  the  centre  of  perspective  of  the  triangles  ABC^  A'B'C  is  an 
ellipse  touching  the  sides  of  ABC  at  their  middle  points. 

129.  If  two  triangles  be  polar  reciprocals  with  respect  to  a  circle,  the 
barycentric  co-ordinates  of  the  centre  of  the  circle  are  the  same  for  both 
triangles. 

130.  Find  a  point  Mi  such  that  parallels  through  B^  C^AUi  AMi,  BMu 
CM\  meet  in  a  point  M%.  Show  that  parallels  through  C,  A,  B  to  AMi, 
BM2,  CM2  meet  in  a  point  Jfsj  and  prove — 1**.  that  the  points  Mi,  Mt,  My 
are  isobaryc ;  2*.  that  their  co-ordinates  satisfy  the  relation  a~'  4  /3-*  +  7^^  s  0. 

(Nbubbbg.) 

131.  Prove  that  N  in  Ex.  126  is  the  intersection  of  the  polar  of  M  with 
respect  to  the  orthoptic  circle  of  the  hyperbola  with  the  tangent  at  M  to  f^id 
hyperbola,  and  N'  is  the  intersection  of  the  polar  of  M  with  respect  to  th» 
orthoptic  circle  of  the  ellipse  with  the  tangent  at  if  to  the  ellipse. 

132.  In  the  same  case,  if  MM'  be  the  perpendicular  from  if  on  IflTy  the 
points  My  M*y  and  the  foci  are  conoyclic,  and  the  line  MM'  is  a  symmedian 
of  the  triangle  formed  by  M  and  the  foci. 

133.  If  Sly  ^2  be  conies  osculating  in  A  and  intersecting  in  Aiy  then  if 
any  line  through  A  meet  the  conies  again  in  ^1,  Bty  the  tangents  at  ^1,  ^t 
meetonAAi,  (PLrcKER.) 

134.  If  a  coB$y  b  6in0  be  the  co-ordinates  of  a  point  on  the  ellipse 
«'/a*  +  yV*^  =  1,  prove  that  the  co-ordinates  of  the  second  point  in  which 
the  osculating  circle  there  meets  the  curve,  are    a  cos  30,  —  6  sin  39. 

(C&OFTON.) 
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136.  If  n,  ff,  rs  be  central  yecton  of  a  conic  whose  semiazes  aie  a>  ^^ 
prove  that 

(2/a»  +  2/*»)  sin  (rar,)  sin  (r^i)  an  (nr^)  =  2  8in«{rira)/rs«. 

(Fauu.) 
136.  In  the  same  case,    4  sin*  (nra)  sin'(r2»-8)  8in«(rjri)/(a«A') 

=  22  8in«(rira)  sm«(rirj)/(ra*ri«)  -  2 an* {r in) In*.        {Ibid.) 

187.  The  locus  of  the  centre  of  a  conic  circumscribed  to  a  given  triangle 
■and  whose  axes  have  a  given  direction  is  a  conic. 

138.  Find  the  loci  of  the  extremities  of  the  minor  axis  of  a  conic  touching 
two  sides  AB^  AC  of  a  given  triangle,  if  the  foci  be  points  on  the  third 
^de. 

139.  Find  in  the  plane  of  a  triangle  ABC  a  point  If  such  that  the  per- 
pendiculars from  A,  B,  C  on  BM^  CiT,  AM  meet  in  tbe  same  point  Jf ',  and 
prove  that  the  locus  of  if  and  Jf'  are  Neuberg's  HyperbolaB. 

140-144.  Prove  the  following  properties  of  the  common  chord  of  an 
.ellipse  and  its  osculating  circle — 

1'.  Its  envelope  is  (xja  +  yjh)^  +  (xja  -  y/4)'  «=  2. 

V.  The  locus  of  its  middle  point  is  (*«/«'  +  vW?  =  («'/«*  -  V^l^?- 

Z".  The  locus  of  its  pole  is  «'/«'  +  y*/**  *  W^^  -  y'/*')'- 

4^.  The  locus  of  the  projection  of  the  centre  of  the  ellipse  on  the  chord  is 

5*.  Its  length  is  a  maximum  at  the  point  whose  eccentric  angle 


=  tan-i  {Jc^+y/  (c*  +  a»^»)/a). 

145.  The  centre  of  the  equilateral  hyperbola  determined  by  any  four  pointe 
^Ay  Bf  Cf  D)  liee  on  the  pedal  circle  of  any  of  them  {D)  with  retpeet  to  the 
iriangU  formed  by  the  remaining  three  (ABC). 

Dem. — Let  EFO  be  the  pedal  triangle  of  D  with  respect  to  ABC^  bisect 
BCy  DC,  AC  in  if,  /,  /;  then  the  circles  through  Ey  if,  /;  I,  J,  F  are 
evidently  the  nine-points  circles  of  the  triangles  BCD,  CD  A.  Hence  K, 
their  second  point  of  intersection,  is  the  centre  of  the  equilateral  hyperbola 
ABCD,  Join  KJB,  JST/,  KF,  Then  [Euc.  III.  xxii.]  the  angle  £KIm  IRC 
^BBC,  because  HI  is  parallel  to  ^D  =  EOD  [Euc.  III.  xxi.]  In  like 
mnsmet  IKF  a  DOF.    Renee  EKF  ^  EOF,  and  the  proposition  is  proved. 
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K\b  one  of  the  points  of  interaeotion  of  the  nine-points  circle  of  the  ^- 
an^e  ABC  and  the  circumdrcle  of  the  pedal  triangle  EFG,    If  JT'  he  their 
second  intersection,  K*  will  he  the  centre  of  the  equilateral  hyperbola,  deter- 
mined by  the  points  Ay  JB,  C,  and  jy  the  isogonal  conjugate  of  2>  with  re^ee 
to  the  triangle  ABC, 


Cor. — If  i),  jy  be  collinear  with  the  circumcentre  of  ABC^  the  hyperbols^ 
ABCBy  ABCiy  coincide,  for  each  is  the  isogonal  transformation  of  the  line 
Bjy,  Hence  the  points  Ky  K*  coincide,  and  we  have  the  theorem — If  two 
pointt  Dy  jy,  which  are  itogonal  co9^ugaU$  with  retpeet  to  a  triattgl^  be 
bilinear  with  itt  eireumantro,  their  pedal  circle  touches  its  nitu-point  circle 
a  256). 

146.  Being  given  any  foor  points,  the  pedal  circle  of  any  point  with 
respect  to  the  triangle  formed  by  the  remaining  three  all  pass  through  a 
common  point. 

147.  If  a  point  D  describe  an  equilateral  hyperbola  passing  through  three 
^Ten  points  AyByCy  the  pedal  circles  of  J)  with  respeot  to  the  triangle  A  BC 
all  pass  through  a  fixed  point.  (Soujertinset.) 

148.  If  a  point  D  describe  a  fixed  diameter  of  the  drcumcirole  of  the 
triangle  ABCy  its  pedal  circles  pass  through  a  fixed  point.  ( Ibid,) 
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149.  The  twin  point  of  D,  with  respect  to  the  triangle  ABC,  and  its 
sym^triques  with  respect  to  the  sides  of  ABC  are  concjclic. 

160.  If  L,  D'  be  isogonal  conjugates  with  respect  to  the  triangle  ABC, 
and  collinear  with  the  point  ai/Siyi,  their  locus  is  the  cubic 

5aai(iB»-7')  =  0. 

161.  A  conic  inscribed  in  a  triangle  touches  its  sides  in  P,  Q,  J2;  if  the 
normals  at  P,  Q,  B  concur  in  S,  the  locus  of  ^  is  the  cubic 

2a (0*  -  7*)  (cos  A-cobB  coaC),  (Nbubbro  and  Schoutb.) 

162.  The  point  8  and  its  isogonal  conjugate  with  respect  to  ABC  are 
collinear  with  the  sym^trique  of  the  orthocentre  with  respect  to  the  circum- 
centre.  {Ibid,) 

163.  The  circumcentre  is  the  centre  of  symmetry  of  the  cubic  (Ex.  161). 
For  the  sym^triques  oi  F,  Q,  B  with  respect  to  the  middle  points  of  the 
sides  (A  A,  B,  Ctae  points  of  contact  of  another  satisfying  the  question. 

(Nbubbro.) 

164.  If  the  lines  AP,  BQ,  CB  (Ex.  161)  intersect  in  T,  the  locus  of  Tin 
barycentric  co-ordinates  is 

2a  (3'  -  7*)  cot  ^  =  0.  (Ibid,) 

166.  In  the  same  case  the  locus  of  the  centre  of  the  inscribed  conic  in 
barycentric  co-ordinates  with  the  complementary  of  ABC  as  triangle  of 
reference  is 

2a  (i3»  -  y^  cot  A  =  0.  Ibid,) 

166.  If  ABCD,  A'B'C'iy  be  two  quadrangles  so  related  that  A,  A'  are 
isogonal  conjugates  with  respect  to  the  triangle  BCD ;  B,  B^  with  respect 
to  CDA ;  C,  C  with  respect  to  BAB ;  D,  D'  with  respect  to  ABC,  then 
the  sides  of  A'B>C*D*  are  bisected  perpendicularly  by  the  sides  of  ABCD, 
viz.,  A' If  by  BC,  B!C'  by  AD,  &c.  {Ibid) 

167.  In  the  same  case,  if  The  the  mean  centre  of  the  points  A',  B*,  C,  D\ 
the  nine-points  circles  of  the  triangle  A'B'C,  B'C'D,  &c.,  are  the  sym^triques 
with  respect  to  7  of  the  pedal  circle  of  D  with  respect  to  ABC,  of  A  with 
respect  to  BCD,  &c. ;  and  the  equilateral  hyperbola  A'B^C'iy  is  the  syrn^- 
trique  of  the  hyperbola  u^^^D.  {Ibid.) 

168.  If  J  be  any  of  the  excentres  of  the  triangle  ABC,  and  J£  a  tangent 
from  /  to  the  circumcircle,  the  isogonal  transformation  of  /^  is  a  parabola 
touching  IE  in  J,  and  passing  through  the  points  A,  B,  C*  If  the  isogonal 
conjugates  of  AB,  BE,  CE  meet  IE  in  EOS,  the  medians  through  A,  B,  C 
of  the  triangles  lAE,  IBG,  ICE  are  tangents  to  the  parabola. 
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169.  Find  in  the  plane  of  a  triangle  ABO  a  point  if  sucli  tliat  the  sum 
-of  the  powen  of  A  with  reepeot  to  the  circles  on  ^If  and  CMaa  diametecs 
shall  be  equal  to  the  analogous  sum  relative  to  B,  and  also  equal  to  the 
analogous  sum  relative  to  C.  Show  that  this  point  is  the  sym^trique  of 
the  centroid  of  ABC  with  respect  to  the  circumcentre.  (Lbmoimb.) 

160.  Let  A\  B*f  Che  ike  middle  points  of  the  sides  of  the  triangle 
ABCy  and  0  its  circumcentre.  On  A'O,  B^O,  CO  are  taken,  either 
towards  0  or  in  the  opposite  sense,  equal  lengths  A'Fm  ^  B'Pb  <=  CFe  =  X. 
When  A.  yaries  the  sides  of  the  triangle  FmP^Pc  move  on  three  parabola 
Ta,  irfr»  Te  whose  foci  are  the  projections  of  0  on  the  bisectors  AT,  BI^  01^ 
and  whose  directrices  are  the  internal  bisectors  of  the  triangle  A'B^C, 

(Mandakt.) 

161.  Being  giyen  a  triangle  ABC  and  a  point  jtf,  we  draw  through  M 
three  lines,  so  that  if  is  the  middle  point  of  the  parts  NtNz,  P3P1,  QxQit 
intercepted  in  the  angles  A^  B,  C;  let  Ni,  Ps,  Qs  be  the  points  where  those 
lines  meet  the  third  side  of  the  triangle.  The  six  points  N^  Nt,  1%  Fi,  Qif 
<22  lie  on  a  conic  whose  equation  in  barycentric  co-ordinates  is 

«yf  -  (a:  -  2a)  (y  -  2$)  (a  +  27)  =  0, 

a,  fit  7  being  the  co-ordinates  of  Jf.  It  is  an  ellipse  or  hyperbola  according 
as  if  is  interior  or  exterior  to  the  ellipse  JE  which  touches  the  sides  of  ABO 
at  their  middle  points ;  it  is  an  equilateral  hyperbola  if  if  is  situated  on  the 
radical  axis  of  the  circumcircle  and  nine-points  circle  of  ABC.  If  if  is  on 
the  ellipse  j;  the  points  iVaPaQi,  NzFiQz  are  on  two  parallel  lines  which 
•enyelope  two  curves  whose  tangential  equations  are 

\ln  +  fi/r  +  r/\  =  3,    X/r  +  fi/X  +  w/fi  =  8. 

The  line  IfiFtQz  has  for  equation 

«/o  +  y//3  +  g/y  m  2. 

The  triangles  KzFzQi,  KsFiQt  have  for  area 

ABCl22fiy2a*2l2«?; 

if  this  area  is  constant  the  point  if  describes  an  ellipse. 

(Stbinbr,  Lbmoikb,  and  Nbubbbo.) 

162.  There  exists  an  ellipse  which  has  the  incentre  of  the  triangle  ABC 
for  its  centre,  and  which  passes  through  A\  B\  C  the  feet  of  the  internal 
bisectors  AIj  BI,  CI.    Its  equation  in  normal  co-ordinates  is 

irV  +  tf-a)+y2(<j  +  «-^)+i«(«  +  ^-tf)-2ayi-2AftP-2«*r«0. 
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The  semi-axis  of  this  oonio  aie  r  and     /  — ;  the  niajor  axis  is  parallel  to 

the  line  joining  the  feet  of  the  external  hiseotors  of  the  triangle  ABC, 

(Db  Lonochamps.) 

163.  Let  M\f  Jfsy  Mz  he  the  points  of  intersection  of  the  sides  BC^  GAy 
AB,  of  a  triangle  ABC,  with  the  lines  AM,  BM,  CM  joining  the  summits 
with  any  point  M,  The  conic  which  has  M  for  centre,  and  which  passes 
through  Ml,  M%,  Mi  has  for  its  equation,  in  harycentric  co-ordinates 

a5(ft  +  7.-a.)-232.0, 

«i»  81,  y\  being  the  co-ordinates  of  Jf.  (Ibid.) 


2w 
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NOTES 


I.— Page  60.— Examplb  6. 

This  theorem,  being  subsequently  quoted,  should  be  proyed. 
On  AB,  CD  as  diameters  describe  circles.    Let  0,  (/  be  their  centres, 
P  one  of  their  points  of  intersection :  then  OFO'  is  equal  to  one  of  the 


angles  of  intersection  of  the  circles.     Now  if  the  sides  OP,  PO*,  (/O  be 
denoted  by  a,  b,  e,  we  haye 

Bin«  JOPO' =  (*-«)(»-*) /a*  =  (*  +  <?-«)  (<j  +  a-i)/ 4a* 
^(BD  .AC)I{AB  .  CD), 

or  denoting  the  angle  OPO*  by  $,  we  have  sin' JO  ^  CA  j  CD  :  BA  j  BD, 
and  similarly  for  the  other  ratios. 


II.— Pagb  128. 

It  should  be  shown  that  the  circle  whose  equation  is 
i37sin^  +  7asinP  +  ai3sin(7  =  0, 
passes  through  the  cyclic  points.    The  co-ordinates  of  the  cyclic  points 


(/./.)  are 


Digitized  byLjOOQlC 


Notes.  647 

subctitutiiig  those  of  Z,  we  get  ' 

^<t^+Y> .  am^  +  #*<>+•) .  sin  J  +  e*^*+^)  .  rinC  =  0, 

or  [cobO + 7)  +  t  sin  (/B  +  7)]  8in(iB  -  7)  +  &c.  +  Ac  «  0, 

which  being  simplified,  yanishes  identically.  Hence  the  drole  passes 
through  /.     Similarly  it  passes  through  /. 

III.— Paob  136.— Examplb  6. 

We  give  the  proof  here  for  a  similar  reason  to  that  in  Note  I. 
Transform  the  equation 

(0+3  +  7)  (/a  +  fwiB  +  «7)  -  (a«37  +  4«7a+<5»a3)  =  0 
into  Cartesian  oo-ordinates  by  the  substitution 

a  =  Jay  sin  C,        i3  =  JtesinC;        y -\{ah-ay~hx)miO, 
and  we  get 

«»+y»  +  24;ycos(7+(»n-fi-a2)s/a+(/-n-*»)y/^+  w  =  0, 

wbich  denotes  a  circle  such  that  the  powers  of  the  points  A^  B^  C,  with 
respect  to  it,  are  respectiyely  /,  m,  n, 

lY.- Paob  169.— EaiJATioM  383. 

This  requires  a  short  discussion. 
F^t  2a  be  the  angle,  between  0  and  t,  which  has  for  tangent  2A  /  (a-6). 
Then  we  can  put  20  =  2a  +  fir.    Hence 

9  =  a,         a+ir/2,         a  +  2ir/2,       or    a+3ir/2. 

These  values  give  four  possible  distinct  positions  for  the  new  positive 
axes,  viz. 

{ox\  or),   (or,  oz"),   (oz",  or'),  (or%  ox'). 

That  is,  we  can  turn  the  primitive  axes  OX,  OY  through  any  one  of  the 
four  angles  a,  a-\-xl2,  a+2ir/2,  a+3v/2,  in  order  to  get  the  new 
axes.    Taking  tf  =  a,  from  (379),  (380),  we  infer 

a'^b'  B(a~d)cos2O  +  2Asin20s2A8in20[l+--— cot20] 
=  2Arin2»[l+(--5l-y]. 

f 
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And  nnoe  iiii29  it  pontiye,  a*^V  hat  the  lame  sign  mm  %h.     Than 
a'-^V tx  +  Jt  or  -Jt. 
Aoooiding  u  A  is  positiTe  or  negatiye. 
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Abscissa,  4. 
Allenms,  218. 
Andr^  Besir^,  28. 

Angle  between  two  lines  whose  carte- 
sian equations  are  given,  36, 

37. 
same  for  trilinear  equations,  73. 
between  t\i'o  lines  given  by  a 

single  equation,  53. 
l>etween    two    tangents    to    an 

ellipse,  224,  234. 
same  expressed  in  terms  of  focal 

vectors  to  points  of  intersection, 

226. 
between  focal  vectors  bisected  by 

tangent  and  normal,  221. 
between  central  vector  to,  and 

normal  at,  a  point  on  ellipse, 

244. 
between  tangents  to  a  parabola 

in  terms  of  their  lengths  and 

chord  of  contact,  191. 
between  focnl  radius  vector  and 

tangent,  221. 
between  asymptotes,  166,  268. 
of  intersection  of  two  circles  or 

curves,  107. 
of  intersection  of  two  parabolse, 

199. 
eccentric,  206. 
intrinsic,  176,  177. 
same  half  polar  angle  of  point  on 

parabola,  191. 
first    and    second,    of    Steiner, 

426. 
subtended  at  focus  by  portion  of 

variable  tangent  intercepted  by 

two  fixed  Ungents,  238. 
the  Brocard,  64,  409,  411,  469. 


Angles 

eccentric,  of  extremities  of  conju- 
gate diameters  how  related,  209. 

sum  of  for  four  concyclic  points 
on  conic,  241,  280. 

theorems  concerning,  how  pro- 
jected, 3o3. 
Anomaly. 

true,  189,  236. 

eccentric,  206. 
Antifoci,  311,  512. 
Antiparallel,  77. 

Anharmonic  ratio  of  four   collinear 
points,  65,  163. 

of  four  rays  of  a  pencil,  67. 

of  four  lines  whose  equations  are 
given,  59. 

of  four  conies  of  a  pencil  of  conies, 
474. 

six  of  four  points,  69. 

same  expressed  by  trigonometrical 
ratios,  60. 

of  four  collinear  points  equal  to 
that  of  pencil  formed  by  their 
four  polars,  106. 

of  four  tangents  to  a  conic,  386. 

of  pencil  from  variable  point  to 
four  fixed  points  on  conic,  343. 

of  pencil  formed  by  two  legs  of 
an  angle  and  the  isotropic  lines 
of  vertex,  353. 

of  pencil  from  any  point  of  conic 
through  four  fixed  points,  to 
the  four  points,  473. 

of  pencil  same  as  that  of  the 
four  points  in  which  any  trans- 
versal is  cut  by  rays,  58. 

of  points  in  two  projective  rows, 
372. 
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Anharmonic  ratio  of  rays  in  two  pro- 
jective pencils  376. 

of  double  points  and  homologous 
point  pairs,  376. 

of  four  points  in  '^hich  tangent 
at  any  variable  point  meets 
tangents  at  four  fixed  points  on 
conic,  344. 

of  pencil  unaltered  by  projection, 
851. 
ApoUoniue, 

circles  of,  146. 

first  and  second  theorems  of,  210. 
Areas,  signs  of,  2. 
Area 

of  triangle  or  polygon  in  terms  of 
co-or£nates  of  vertices,  10, 
79. 

of  triangle  formed  by  three  lines 
whose  equations  are  given,  81. 

of  triangle  formed  by  a  given  linp, 
and  a  given  line  pair,  80. 

of  triangle  formed  by  three  points 
on  a  conic,  11,  12. 

of  triangle  formed  by  focus  and 
two  points  on  parabola,  196. 

of  triangle  formed  by  two  tangents 
and  chord  of  contact,  104,  196, 
240. 

of  triangle  formed  by  three  tan- 
gents to  hyperbola,  271. 

of  triangle  formed  by  thtee  tan- 
gents to  a  parabola  half  that 
formed  by  pointsof  contact,  179. 

of  triangle  formed  by  asymptotes 
and  any  tangent,  271. 

of  triangle  formed  by  three  points 
on,  or  three  tangents  to,  an 
equilateral  hyperbola,  283. 

of  triangle  formed  by  three  points 
in  tripolar  co-ordinates,  306. 

of  triangle  formed  by  asymptotes 
and  normal  at  any  point  on  an 
equilateral  hyperbola,  282. 

of  triangle  formed  by  joining  ex- 
tremities of  conjugate  semi- 
diameters,  210,  269. 

of  triangle  self-conjugate  with 
respect  to,  inscribed  in,  or  cir- 
cumscribed to,  a  conic,  243. 

of  triangle  which  is  the  harmonic 
transformation  of  a  given  tri- 
angle, 299. 


Area  of  triangle  which  is  the  pedal  tri- 
angle of  a  given  point,  297. 

of  triangle  which  is  the  polar  re- 
ciprocal of  a  given  triangle, 
299. 

of  parallelogram  circumscribed  to 
ellipse,  210. 

of  parallelogram  formed  by 
asymptotes  and  parallels  to 
them  through  any  point  on 
curve,  269. 

of  parabolic  sector,  199. 

of  hyperbola  and  hyperbolie 
sector,  273-275. 

conic  given  by  general  eqnatioii, 
331. 
Argument,  24. 
Aronhold'8  notation,  333. 
Artit,  292,  637. 
Asymptotes 

defined,  166. 

hyperbola  referred  to,  as  axes, 
167,  269. 

of  conic  given  by  general  equa- 
tion, 166,  465u 

of  equilateral  hyperbola  are  at 
right  angles,  166,  268. 

intersect  in  centre,  167. 

secant  of  half  angle  between,  give* 
eccentricity,  268. 

equation  of,  for  hyperbola,  26a, 
279. 

are  self -conjugate,  167. 

equation  of,  differs  from  equation 
to  curve  by  a  constant,  268. 

chord  of  contact  of,  167. 

divided  homographicaUy  by  pa- 
rallels to  from  a  series  of  points 
on  curve,  280. 

polar  of  any  point  on  either  is 
parallel  to  that  one,  281. 

eqiud  intercepts  on  any  chord  be- 
tween curve  and,  270. 

lines  joining  extremities  of  any 
diameter  to  extremiticss  ddf 
conjugate  are  parallel  to, 
208. 

points  of  intersection  of  any 
tangent  with,  and  two  foQ 
are  concydic,  281. 

constant  length  intercepted  on,  by 
joins  of  variable  to  two  fiixed 
points  on  curve,  271. 
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Arcs  of  oonics,  theorems  ooncexning, 

322,  323,  324. 
Axes 

rectangular  and  oblique,  4. 

transrerse  and  conjugate,  203. 

of  conies,  168. 

of  conic  given  by  general  equa- 
tion, 619. 

are  parallel  to  a  pt^  of  conju^^ 
diameters  of  conic  in  whose^ 
equation  coefficient  of  xj/ 
Tanishes,  167. 

magnitude  and  direction  of,  given 
two  conjugate  diameters  of 
oonic,  210,  271. 

of  conies  confocal  with  a  given 
one,  and  passing  through  a 
given  point,  232,  233. 

lengths  of,  for  conic  given  by 
general  equation,  330. 

of  parabola,  168,  169. 

of  similitude,  119. 

of  perspective,  72,  130. 

radical,  116. 

radical,  of  three  circles  are  con- 
current, 116. 

Bisectors 

of  sides  or  angles  of  a  triangle  are 

concurrent,  62. 
of  angles  between  lines  given  by 

a  single  equation,  63,  64,  466. 
BoMorieh,    method     of    generating 

conies,  206,  263. 
Biiaaelion's  theorem,  147,  319. 
Briot  and  Bouquet,  21. 
Broeftrd,  166, 174, 179, 196, 198,  441, 

469. 
Bnmiide,  226. 

Catheart,  610. 
Cayley,  468,  499,  639. 
Centre, 

theory  of  mean,  14—16. 

of  circle,  97, 

of   circle,  cutting  three  circles 

orthogonally,  117. 
of  incircle,  in  terms  of  co-ordi- 
nates of  vertices  and  lengths  of 
sides,  16. 
of  conic,  163,  164,  203,  251. 
of  curvature,  186,  186,  216,  264. 
of  parabola,  164. 

2o 


Centre  of  inversion,  408,  411. 

of  involution,  379. 

pole  of  line  at  infinity,  167. 

radical,  117. 

of  similitude,  118,  393. 

of  similitude,  six  of  three  circles, 
lie  three  by  three  on  four  right 
lines,  119. 
•^  t>f  reciprocation,  885. 

reduction  of  general  equation  to, 
166. 

recherche  of,  164. 

of  perspective,  72,  130. 

line  of  centres,  166. 
Chasles,  219,  226,  236,  324,  343. 
Chord 

joining  two  points  on  circle,  102, 
130,  133. 

joining  two  points  on  conic,  175, 
208. 

of  contact  of  two  tangents  to  a 
conic,  183,  223,  256. 

of  conic  whiih  touches  confocal, 
proportional  to  square  of  pa- 
rallel semidiameter,  225. 

locus  of  pole  of,  subtending  a 
right  angle  at  a  fixed  point, 
104,  196,  277. 

through  a  focus,  183,  222,  277. 
Chords, 

locus  of  middle  points  of  parallel, 
155,  156,  179,  208,  265. 

of  intersection  of  two  conies,  213. 

of  contact  of  common  tangents  to 
two  circles,  103. 

conjugate,  168. 

supplemental,  213. 
Circle, 

equation  of,  96,  108-111. 

auxiliary,  206,  266. 

Boscovieh,  206. 

Brocardy  408,  411,  422,  624. 

centre  of,  117. 

circum,  of  triangle  of  reference, 
128. 

circum,  is  polar  conic  of  symme- 
dian  point,  127. 

circum,  in  baryoentric  co-ordi- 
nates, 131. 

circum,  of  polygon,  129, 

circum,  of  triangle  formed  by 
three  tangents  to  a  parabola, 
passes  through  focus,  178,  190. 
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Circle  circamBcribed  to  quadnlatenl, 

143. 
cutting  three  giren  circles  at  given 

angles,   or  orthogonally,   108, 

149. 
director,  164. 
diameter  of,  cutting  three  giren 

circles  orthogonaUy,  148. 
equation  of,  on  join  of  two  points 

as  diameter,  77,  150. 
equation  of,  referred  to  two  tan- 
gents and  chord  of  contact,  143, 

342. 
equation  of  tangents  from  any 

point  to,  103. 
focal,  311. 
geometiical     representation     of 

power  of  point  with  respect  to, 

98. 
having  side  of  triangle  of  reference 

as  diameter,  144. 
having  triangle  of  reference  as 

autopolar  triangle,  339. 
having  as  diameter  chord  of  con- 
tact of  tangents  to   a    given 

circle    from   a    giren    point, 

102. 
having  as  diameter  the  intercept 

made  by  a  given  circle  on  a 

given  line,  100. 
Dr,  Hart's,  147. 
inscribed  in  triangle  of  reference, 

131. 
JoachimathaVs,    186,    187,    188, 

218,  264. 
Lionnett\  401. 
Zetnoine,  419. 
nine-points,  126,  126,  147,  303, 

434,435,  444,445,451,464. 
nine-points,  touches  both  in-  and 

ex-circles,  125,  138,  149. 
of  inversion,  104. 
of  curvature,  186,  312. 
of  reciprocation,  386. 
of  sitailitude,  119,  395. 
orthoptic,  164,  609,  510. 
orthogonal  projection  of,  206. 
osculating,  189. 
orthocentroidal,  436. 
pedal  of  a  given  point,  137. 
SUiner*8,  315. 
tangential  equation  of,  138,  139, 

HO,  141,  143. 


Circle  through  3  points,    110,    111, 

136. 
touching  three  others,  110,  111, 

121. 
through  feet  of  perpendiculm, 

144. 
Circles, 

annex,  401. 

all  pass  through  cyclic  points, 

308. 
a  system  of  tangential,  120. 
of  Apolloniut,  146. 
coaxal  system  of,  114. 
concentric,  when,  97. 
concentric,  have  double  contact  at 

infinity,  328. 
equation  of,  in  pairs,  touching 

three  given  circles,  120. 
escribed  to  triangle  of  reference, 

132. 
Fuhrman't,  431. 
M'CayU,  427,  454. 
Mutual  power  of  two,  107, 108. 
Neuberg's,    423-427,    443,  444, 

452,  459. 
Tucker'i,  415,  419,  421. 
Clebfch,  333,  337,  462. 
Coatei'  theorem,  68,  93,  127. 
Complex  variables,  24. 
Concomitant,  mixed,  463,  517. 
Condition   that   a   line  should  pa« 
through  origin,  33. 
that  a  line  should  pass  through  a 

given  point,  86,  89. 
that  a  line  should  be  perpendicular 

to  itself,  76. 
that  a  line  should  cut  a  conic  in 

two  points  which   subtend  a 

right  angle  at  the  origin,  348. 
that  a  line  should  touch  a  oonie, 

161,  163,  261,  336. 
that  a  line  may  be  cut  hannoni- 

cally  by  two  conies,  371.  ^ 
that  a  line  should  be  cut  in  invo- 
lution by  three  conies,  605. 
that  two  lines  should  intersect  on 

a  conic,  336,  520. 
that  two  lines  should  be  al  right 

angles,  36,  37,  53,  74. 
that  three  lines  should  be  conour- 

rent,  48. 
that  two  lines  should  be  parallel, 

36,  74. 
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Condition  that  a  circle  may  be  out 
orthogonally  by  four  giyen 
circles,  110. 

that  any  number  of  circles  may 
hare  one  commcm  tangentifiJ 
circle,  122. 

that  two  circles  should  touch, 
107. 

that  two  circles  should  cut  ortho- 
gonally, 107. 

that  four  circles  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  112. 

that  two  circles  should  be  con- 
centric, 97. 

that  two  conies  should  be  homo- 
thetic,  326,  327. 

that  two  conies  should  touch, 
osculate,  309,  469,  471. 

that  two  conies  inscribed  in  the 
same  conic  should  cut  orthogo- 
nally, 496. 

that  two  conies  are  so  related  that 
a  triangle  may  be  inscribed  in 
one  and  circumscribed  to  the 
other,  468. 

that  three  conies  may  have  a 
common  point,  617. 

that  four  conies  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  497. 

that  a  triangle  self -conjugate 
with  respect  to  one  conic  may 
be  inscribed  in,  or  circumscribed 
to,  another,  476. 

that  a  triangle  may  be  circum- 
scribed to  one  conic  and  have 
its  Tertices  on  three  other 
conies,  485.  ^ 

that  a  triangle  may  be  inscribed 
in  one  conic,  and  have  its  sides 
touching  three  other  conies, 
484. 

that  triangle  of  reference  may  be 
in  perspective  with  one  the  co- 
or^nates  of  whose  vertices  are 
given,  82. 

that  general  equation  should  re- 
present two  right  lines,  61,  62, 
334. 

that  general  equation  should  re- 
present a  circle  (in  Cartesian 
co-ordinates),  96. 


Condition  that  general  equation  should 
represent  a  circle  in  normal  co- 
ordinates, 134. 

that  general  equation  should  re- 
present a  circle  in  barycentrio 
co-ordinates,  137. 

that  general  equation  should  re- 
present an  ellipse,  a  parabola, 
or  hyperbola,  340. 

that  general  equation  should  re- 
present an  equilateral  hyperbola 
or  a  parabola,  609. 

that  when  general  equation  re- 
presents two  lines  they  should 
be  parallel  or  perpendicular, 
77. 

that  three  points  may  be  coUinear, 
8. 

that  two  points  may  be  conju- 
gate 'with  respect  to  a  conic, 
334. 

that  two  points  may  be  conjugate 
with  respect  to  two  lines, 
336. 

that  two-point  pairs  should  be 
harmonic  conjugates,  67,  368. 

that  four  points  should  be  con- 
cyclic,  110. 

that  four  points  on  conic  should 
be  concyclic,  241,  280. 

that  three-point  pairs  should 
form  an  involution,  379. 

that  four  convergent  rays  should 
form  a  harmonic  pencil,  69. 

that  normals  at  three  points  on 
parabola  should  be  concurrent, 
188. 

that  normals  at  three  points  on 
ellipse,  should  be  concurrent, 
216. 

that  joins  of  vertices  of  triangle 
of  reference  to  points  in  which 
general  conic  meets  sides  should 
form  two  concurrent  triads, 
627. 

that  /a  -I-  m/3  +  917  =  o  should  be 
antiparallel  to  7  =  o,  77, 

that  intercept  made  by  circle  on 
line  should    subtend   a  right 
angle  at  a  fixed  point,  100. 
Cone, 

right  and  oblique,  sections  of. 
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Ckmfocal  conies,  224-227,  232-236, 
239,  247,  248,  279,  311,  324, 
331,  332. 

oonics  are  inscribed  in  the  same 
imaginary  quadrilateral,  311. 

conies,  cut  at  right  angles,  333. 

oonics,  general  equation  (^,  312, 
612. 

oonics,  length  of  arc  intercepted  be- 
tween tangents  from,  322—324. 
Conic, 

number  of  conditions  sufficient  to 
determine  a,  170. 

eight  points  of  contact  of  common 
tangents  to  two  oonics  lie  on  a, 
488. 

nine-^int  of  quadrangle,  166. 

equation  of,  given  focus  and  three 
tangents,  391. 

isotomic  transformation  of,  296. 

isoptic  curve  of,  184,  620. 

polar  conic  of  point,  and  pole  of, 
27. 

which  reciprocates  the  Broeard 
ellipse  into  Kieperfi  hyper- 
bola, 609. 

fourteen-point,  487. 

fourteen-line,  490. 

through  five  points,  description 
of,  172. 
Oonics, 

classification  of,  166. 

diametral,  446. 

conjugate  with  lespect  to  quadri- 
lateral, 614. 

homothetic,  326. 

for  which  61  and  62  vanish,  482. 

harmonic  properties  of,  479. 

harmonic  system  of,  482. 

invariant  theory  of,  462. 

invariant  angles  of  two,  471. 

mutual  power  of  two,  493. 

orthogonal,  499. 

osculation  of  two,  471. 

point  and  line  harmonic  conies 
of  two,  371. 

pencil  and  net  of,  tangential  and 
trilinear,  463. 
Oonjugate  diameters,  167,  268. 

equation  of  conic  referred  to  as 
axes,  211,  269. 

are  parallel  to  a  pair  of  supple- 
mental chords,  218. 


Conjugate  sum  of  squares  of,  209. 
eccentric  angles   of  extremities 

of,  209. 
area   of   triangle   included  by, 

210,  269. 
Conjugate  points  and  lines,  106,  334, 

336. 
hyperbola,  267. 
Conjugates, 

harmonic,  13,  66,  117,  368,  369. 
isotomic,  13,  66. 
isogonal,  63. 
Constants,  31. 
Contact, 

of  different  orders,  309, 
double,  318,  613. 
four-pointic,  318,  321. 
Contravanants,  608. 
Co-ordinates, 

areal  or  barycenfric,  64. 

areal  of  some  important  points,  66. 

biangular  or  biradiaJ,  61. 

Cartesian,  4. 

current,  31. 

complementary  and  antieomple- 

mentary  of  a  point,  81. 
elliptic,  233. 
normal  or  trilinear,  61. 
normal  of  some  important  points, 

64. 
of  point  of  intersection  of  ^  two 

lines  whose  equationsaregiven, 

42. 
of  point  of  interBOction  of  two 

lines  given  by  a  single  equatioDf 

62. 
of  point  dividing  in  a  given  ratio 

tne  join  of  two  given  points, 

12,  66. 
of  orthocentre  of  triangle  formed 

by   tangents    to   ellipse   and 

chord  of  contact,  246. 
of  incentre  of  triangle  in  terms 

of  co-ordinates  of  vertices  and 

lengths  of  sides,  16. 
of  double  points,  334. 
of  pole  of  line  with  respect  to 

conic,  338. 
pola^  17. 

tripolar  or  tricyclic,  301. 
transformation  of,  19. 
tangential  or  Une,  86. 
point  and  line,  oomparisonof,  86. 
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Ooyariant,  462,  477. 
Cremona,  349. 

Crofton,    136,   239,  244,  279,  284, 
322,  344,  628,  530,  531,  533, 
536,  540. 
Cnrtia,  Prof.  S.  J.,  145,  146,  477, 

478,  527,  528,  534. 
Curvature, 

radius  of,  185, 186,  216,264,  313. 
circle  of,  185,  312. 
centre  of,  185,  186,  216,  264. 
Curve,  Hermite,  506,  507. 

isoptic,  of  conic,  520. 
Curves,  pencils  of,  114. 
Cubic,  the  seventeen  point,  460. 

Dandeli&and  Quetelet,  865. 

B'Ooagne,  526,  531. 

Barbonx,  111. 

BeLongoliampB,  436,  461,  545. 

Beiargaei,  521. 

Bescartet,  5. 

Determinant,  40,  41,  74,  80,  108. 

of  transformation,  462. 
Bewnlf, 
Diagonal, 

triangle,  69. 

points,  71. 

Diameters,  155,  179. 

equation  of  pair  of  general  conic, 

534. 
conjugate,  157,  534. 
equiconjiigate,  534. 
tlux>ugh  intersection  of  two  tan- 
gents bisects  chord  of  contact, 
108,  212,  261. 
Distance, 

between  two  points,  6,  78. 
between  centres  of  two  circles, 

107. 
of  point  from  vertices  of  triangle 

of  reference,  79. 
of  four  points  in  plane,  how  con- 
nected, 29. 
between  points  of  intersection  of 
a  given  line  with  two  given 
lines,  79. 
Director  circle,  164. 
Directrix,  173,201.223, 250, 811,610. 
Discriminant,  51,  334. 
Double  contact,  318,  320,  513. 

equation  of  two  conies  having 
doublecontact  withathird,  318. 


Double  contact,  properties  of  two  conies 

having  double  contact  with  a 

third,  319. 
properties  of  three  conies  having 

double  contact  with  a  fourth, 

319,  320. 
problem  to  describe  one   conic 

touching   three    others,    each 

having  double  contact  with  a 

fourth,  499. 
equation  to  same,  498. 
lines  and  double  points,  285. 


Eccentric  angle,  206. 

angles,  sum  of,  for  four  concyclio 

points  on  conic,  241,  280. 
angles,  sum  of,  for  feet  of  normals 

to  ellipse,  220. 
angles  of  extremities  of  con  j  ugate 

diameters,  209. 
Eccentricity.  201,  250. 

of  conic  given  by  general  equa- 
tion, 632. 
of  any  section  of  cone,  366. 
of  hyperbola  and^ conjugate,  how 

related,  279. 
Ellipse,  201-249. 

area  of,  given  by  general  equa- 
tion, 331. 
axis  of  confocal,  232. 
equation  of,  referred  to  pair  of 

conjugate  diameters,  211. 
equation  of,  referred  to  the  equi- 

conjugate  diameters,  212,  279. 
evolute  of,  216. 
polar  equation  of,  with  focus  as 

pole,  236. 
the  Brocardy  391,  408,  411,  420. 
equation  of  tangent  and  normal 

to,  208,  214, 
polar  equations  of  tangent  and 

normal  to,  237. 
orthoptic  circle  of,  224. 
parallel  to,  470. 
parallel  to,  reciprocal  of,  534. 
pedal  of,  with  respect  to  focus, 

221. 
pedal  of,  with  respect  to  centre, 

241. 
reciprocal  polar  of,  228. 
Sleiner's,  362,  421,  451. 
Elliptic  co-ordinates,  233. 
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Enyelope 

of  axis  of  perspective  of  a  tri- 
angle circumscribed  to  one 
conic  and  its  polar  reciprocal 
with  respect  to  another,  479. 

of  chord  of  conic  subtending 
a  right  angle  at  a  fixed  point, 
868. 

of  chord  of  contact  of  tangents 
to.  ^  hyperbola  from  any  point 
on^  conjugate  hyperbola,  262. 

of  chords  of  osculation  of  para- 
bola, 189. 

of  chord  of  conic  subtending  a 
ri^ht  angle  at  focus,  624. 

of  line  joining  extremities  of 
conjugate  diameters  of  ellipse, 
241. 

of  line,  if  sum  of  squares  of 
perpendiculars  on  it  from  any 
number  of  fixed  points  be 
constant^  347. 

of  line,  the  product  of  the  per-  ^ 
pendiculars    on    which   from 
■  ,  two  fixed  points  is  constant, 
221,  266. 

of  line  cutting  three  conies  in 
involution,  605. 

of  line  cutting  a  conio  in  points 
whose  join  subtends  a  right 
angle  at  origin,  348. 

of  line  which  cuts  two  conies 
harmonically,  371. 

of  line  joining  extremities  of 
two  perpendicular  central  vec- 
toi-s  of  ellipse,  242. 

of  line  joining  corresponding 
points  on  two  lines  divided 
homographieally,  386. 

of  lines  whose  poles  with  respect 
to  three  conies  are  coUinear, 
607. 

SermiUf  of  a  net  of  conies,  606. 

of  the  eight  tangents  to  two 
conies  at  their  points  of  in- 
tersection, 490. 

of  the  sides  of  KieperVt  tri- 
angles, 458. 

of  the  polar  of  a  given  point 
with  respect  to  any  circum- 
conic  of  a  quadrilateral,  386. 

of  the  six  sides  of  two  inscribed 
triangles  of  a  conio,  386. 


Enyelope  of  a   system  of   comfoctl 

conies,  347. 
of  polar  of  a  given  point  with 

respect  to  a  confocal   system 

of  conies,  348. 
of  third  side  of  a  triangle  in- 
scribed   in    a  conic,    two  of 

whose    sides    touch    another 

conic,  348,  629. 
of  Tucker's  circles,  421. 
Envelopes,  theory  of,  346. 
Equation, 

defined,  33. 

of  axes  of  conic,  159,  619. 

of  asymptotes  of  conic  given  by 

general  equation,  166,465. 
of  bisectors  of   angles  between 

two  lines,  63,  64,  465. 
of  bisectors  of  angles,  of  medians, 

and  of  perpendiculars  of  tri- 
angle of  reference,  62. 
of  Brocard  line  and  diameter,  67* 
of  circle    circumscribed  to  tri- 
angle of  reference,  127,  128. 
of  cii-cle  inscribed  in  or  ascribed 

to  triangle  of  reference,  131. 
of   circle    cutting    three   given 

circles  at  given  angles,  108. 
of  circle    cutting    three   given 

circles  orthogonally,  109,  149. 
of  circle  through  three  pointi, 

110,  136. 
of  circle  on  join  of  two  points 

as  diameter,  77,  99,  150. 
of  circles  in  pairs  touching  three 

given  circles,  1 20. 
of   eight  circles    tangential  to 

three  given  circles,  109. 
of   conic    referred    to  tangent* 

and  chord  of  contact,  308. 
of   the  cyclic    points,   75,    88, 

509. 
of  conic  referred  to  focus  and 

directrix,  338. 
of  conic  confocal  with  a  given 

one,  312,  612. 
of  conic  confocal  with  a  giten 

conic  and  touching  a  gi^en 

line,  629. 
of  conio  haying  double  contact 

vrith  two  comes,  318. 
of  conic,  given  focus  and  three 

tang^ts,  391. 
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Equation  of  conic  having  triangle  of 

reference  as  autopolar  triangle, 

337. 
of   four  conies   having  double 

contact   w^th  a  given    conic 

and    pass^g    through   three 

given  ]M)iiit8,  622. 
of  directnx  of  parabola,  164. 
of     directrices     of     BrocarcTt 

ellipse,  421. 
of  Euler'a  line,  67. 
of  evolute,  187,  216,  264. 
of   four   common   tangents    to 

two  conies,  488. 
of  four  tangents  to  a  conic  at 

points     of     intersection     by 

another  conic,  491. 
of  foci,  322. 
general,  of  line  or  curve  through 

the  intersection  of  two  lines 

or  curves,  39,  40. 
general,     of    three    concurrent 

lines,  62. 
general,    reduction    to   normal 

form,  168. 
homogeneous     represents    lines 

through  the  origin,  61.  ; 
of  join  of  two  points,  40,  66^ 
of  join  of  two  points  on  circle, 

102,  130,  133. 
of  join  of  two  points  on  conic, 

176,  208,  270,  338,  342. 
of  line  through  a  given  point 

making  a  given  angle  with  a 

given  line,  44,  46. 
of  line    through  a  given  point 

parallel  to  a  given  line,  76. 
of    line    perpendicular   to    the 

given  line,  46,  76. 
of  line  joining  centre  and  sym- 

median  point,  67. 
of  line  dividing  angle  between 

two  lines  into   parts   whose 

sines    have   a    given    ratio, 

46. 
of  lines  equally  inclined  to  bi- 
sectors of  angles   of  triangle 

of  reference,  63. 
of  medians  of  triangle,  41,  62. 
of  normal,  184,  190,  214,  237, 

262,  273. 
of  orthoptic  circle  of  conic,  164, 

224,  341,  610. 


Equation  of  point  pair  in  which  a  line 

intersects  a  conic,  336. 
of  polar  of  a  given  point,  106, 

163. 
of   perpendiculars    of  triangle, 

49,  62. 
of  reciprocal  of  conic,  387. 
residt   of  substituting    co-ordi- 
nates of  a  point  in,   37>  98, 

137. 
of  symmedian  lines,  63. 
of  nx  common  chords  of  two 

conies,  466. 
of  tangent  to  circle,  101,  130, 

134. 
of  tangent  to  conic,  129,  161, 

176,  189,  208,  237,  266,  271, 

273,  338,  342. 
of  tangent  pair  from  point  to 

curve,  103,  163. 
of  tangent  to  nine-point  circle, 

at  its  point  of  contact  with 

incircle,  126. 
tangential,  138,  161,  336. 

Fagnanii'  theorem,  227. 
Faore,  624,  626,  641. 
Figures, 

complimentary  and  anticompli- 

mentary,  81. 
inversely  similar,  286,  893,  396. 
Focus,  173,  201,  260,  211,  322,  611, 
612,  632. 
of  parabola  touching  four  right 
lines,  178. 
Fregier's  theorem,  227. 
Frobenius,  111,  496. 

Geometrical  signification  of  the 
vanishing  of  a  coefficient  in 
general  trilinear  equation  of 
Uie  second  degree,  337. 

Gob,  86. 

Orayei,  2)r.,'311,  322. 

Ougler,  360. 

Chindelilnger,  473,  490. 

Hamilton,  SirDmiiam,  206,  263. 

law  offeree,  proof  of,  232. 
Hart,  Sir  A.,  132. 
Hadamard,  299. 
Harmonic  chords,  theory  of,  406. 

system  of  conies,  482. 
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H6M«,  32,  616. 

Hermei,  95. 

Hermita  envelope  of  net  of  conies, 

606. 
Serroj,  94. 

Hexagon, 

Lemoine,  419. 
harmonic,  437. 
Homothetic  figures,  826. 
Homographic  division,  theory  of,  368. 
Homogeneous     equations     represent 

lines  through  the  origin,  61. 
Hyperhola,  251. 

Apollonian,  453,  604,  217,  264. 
conjugate,  258. 

conjugate,  polar  equation  of,  267. 
co-ordinates  of  point  on,  expressed 

in  terms  of  a  single  variable, 

245. 
equation  of,  referred  to  conjugate 

diameters,  269. 
equation  of  asymptotes  to,  268. 
equation  of  tangent  and  normal 

to,  256,  262,  273. 
equilateral,  252. 
equilateral,    polar   equation   of, 

267. 
equilateral,     area     of    between 

asymptotes  and  two  diameters, 

273. 
equilateral,  generation  of,  289. 
polar  equation  of,  centre  being 

pole,  267. 
polar  equation  of,  focus  as  pole, 

272. 
tangents  at  extremities  of  focal 

chord  meet  on  directrix,  277. 
KieperCf,    431,    442-445,    449,^ 

462,  453. 
JvrahekU,  448,  449,  483. 
Hyperbolas,  NeubergU^  429,  430,  431, 

640. 
Hyperbolic  functions,  276. 

Identities,  620. 

Infinity,  equation  of  line  at,  74. 

every  parabola  touches  line  at, 

308. 
centre  is  pole  of  line  at,  167. 
Intersection  of  line  and  conic,  153. 
of  two  lines,  co-ordinates  of,  42. 
of  two  lines  given  by  a  single 
equation,  co-ordinates  of,  62.     | 


Invariants,  169. 

calculation  of,  467. 
number  of  independent,  fte.,  of 
two  conies,  617. 
Invariant  angles  of  two  conies,  471. 
harmonic,  of  a  system  of  oonios, 

482. 
orthogonal,  of  a  system  of  conici, 

496. 
tact,  of  two  conies,  469. 
tact,  of  product  of  six  anhannonic 
ratios,  472. 
Inverse  points  and  lines,  105. 
Inversion, 

of  line  or  circle  with  respect  to 

circle,  106. 
quantities  unaltered  by,  113. 
Involution,  central  point  of,    double 
points  of,  hyperbolic,  elliptic, 
symmetric,  isogonal,  378 -3$0.' 
Isogonal  transformation,  428. 

Jacobian,  602,  617. 
Jacoby,  603. 
Jerabek,  448. 

Joachimsthal,  220,  see  circle. 
Join  of  two  points,  8. 
Jonqniers,  Be,  481. 

Kiehl,  297,  302. 
Koehler,  484. 


Lachlan,  111,  114,  188. 

Lagrange,  27. 

Lagnerre's  theorem,  219. 

Laisaat,  94,  143. 

Lam6,  172,  233,  465. 

Lamias  equation,  462. 

Latus  rectum,  160,  174,  203,  262. 

Lemoine,  144,  418,  629-681,  544. 

Length  of  axes  of  conic  given  by 

general  ec^uation,  330. 
of  perpendiculars  from  foci  co 

tangent,  220,  266. 
of  perpendicular  from  point  to 

line,  37,  38,  39,  7$. 
of  direct  common  tangent  to  two 

circles,  106. 
Lhnilier^s  problem,  369. 
Limiting  points  of  a  coaxal  system, 

116, 117. 
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Line,  £td^ty  67,  449. 

FateaVf,  328. 

Simson's,  136. 
lines,  conjugate,  106. 

doable,  285. 

four  coney  die,  200. 

inyerse,  105. 

isotropic,  75. 

symmedian,  63,  440. 
Locus, 

of  centre  of  conic  tlirough  four 
points,  171. 

of  centre  of  circle  harmonically 
circumscribed  to  parabola, 
621. 

of  centre  of  coiUc  inscribed  in  a 
quadrilateral,  355,  383. 

of  centre  of  equilateral  hyperbola 
described  about  a  given  tri- 
angle, 266,  290. 

of  centre  of  circle  touching  fixed 
line  and  circle,  196. 

of  centre  mean  of  feet  of  normals 
to  a  parabola,  185. 

of  centre  of  conic  through  three 
points,  haying  an  asymptote 
parallel  to  a  given  line,  172. 

of  centre  of  reciprocation,  when 
reciprocal  conic  is  an  equi- 
lateral hyperbola,  386. 

of  centre  of  conic  harmonically 
inscribed  in  four  conies,  478. 

of  centre  of  curvature,  187. 

of  centre  of  inconic  through  cir- 
cum-  and  ortbocentre,  342. 

of  centre  of  conic  touching  four 
given  lines,  526. 

of  centre  of  circumcircle,  given 
three  tangents  and  sum  of 
squares  of  axes,  527. 

of  centre,  given  a  self-conjugate 
triangle  nnd  a  tangent,  533. 

of  centre  of  Brooard  ellipse,  given 
base  and  Brocard  angle,  534. 

of  incentre  given  base  and  sum 
of  sides,  204. 

of  double  points  of  a  given  net  of 
conies,  501. 

of  double  points  of  lines  cutting 
three  conies  in  involution,  503. 

of  focus  of  variable  conic,  given 
tangent,  one  focus,  and  eccen- 
tricity, 531. 


Locus  of  foot  of  perpendicular  from 
focus  on  tangent,  177,  178, 
221,  266. 

of  intersection  of  tangents  at 
extremities  of  a  pair  of  con- 
jugate diameters,  241. 

of  intersection  of  normals  at  ex- 
tremities of  a  chord  passing 
through  a  given  point,  188, 
466. 

of  intersection  of  tangents  at  two 
points,  whose  join  subtends  a 
given  angle  at  focus,  524. 

of  middle  points  of  a  system  of 
parallel  chords  of  a  conic,  155, 
156,  179,  255,  208. 

of  middle  points  of  chords  of 
ellipse  passing  through  a  given 
point,  239. 

of  middle  points  of  variable 
chords  of  a  circle  subtending 
a  right  angle  at  a  given  point, 
101. 

of  middle  points  of  chords  of 
parabola  subtending  a  right 
angle  at  the  vertex,  196. 

of  oithocentre,  given  base  and 
vertical  angle,  99. 

of  point  whence  sum  of  tangents 
to  two  circles  is  given,  239. 

of  point  the  area  of  whose  pedal 
triangle  is  given,  135,  297. 

of  point  whence  tangents  to  conic 
contain  a  given  angle,  184, 
520. 

of  point,  fixed  in  line  of  given 
length  sliding  between  two 
fixed  rectangular  lines,  205, 
213. 

of  point  whence  tangents  to 
two  oonfocals  are  at  right 
angles,  225. 

of  point  whose  pedal  i  angle  has 
a  constant  Brocard  angle,  300. 

of  point  where  parallel  chords  of 
a  conic  are  cut  in  a  given 
ratio,  355. 

of  point  whose  polars  with  re- 
spect to  three  conies  are  con- 
current, 502. 

of  point  whence  tangents  to  three 
conies  form  a  pencil  in  invo- 
lution, 507. 
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Locus  of  point  whose  polars  with  re- 
spect to  two  circles  meet  on  a 
given  line,  626. 

of  point  the  chord  of  contact  of 
tangents  from  which  to  a  given 
circ'le  suhtends  a  right  angle 
at  a  given  point,  104. 

of  points  of  contact  of  parallel 
tangents  to  a  system  of  con- 
focal  ellipses,  236. 

of  points  having  the  same  eccen- 
tric angle  on  a  system  of  con- 
focal  ellipses,  236. 

of  points  the  sum  of  the  squares 
of  the  sides  of  whose  pedal 
triangles  is  given,  300. 

of  points  on  a  system  of  confocal 
conies,  the  osculating  circle  at 
which  passes  through  a  focus, 
331. 

of  points  whence  tangents  to  two 
conies  form  an  harmonic  pencil, 
870,  477. 

of  pole  of  a  chord  of  a  conic  suh- 
tending  a  right  angle  at  a  given 
point,  196,  277. 

of  pole  of  lino  with  respect  to  a 
confocal  system,  235. 

of  pole  of  normals  to  ellipse,  241. 

of  pole  of  chord  of  equilateral 
hyperbola  such  that  the  oscu- 
lating circle  at  cne  extremity 
pusses  through  the  other,  284. 

of  pole  of  variable  chord  passing 
through  a  given  point,  341. 

of  pole  of  line  with  respect  to  an 
inconic  satisfying  any  con- 
dition, 339. 

of  sym median  point,  given  hase 
and  vertical  angle,  331. 

of  symmedian  point,  given  base 
and  area,  626. 

of  vertex,  given  base  and  vertical 
angle,  99. 

of  vertex,  given  base  and  sum  of 
sides,  or  product  of  tangents  of 
base  angles,  204. 

of  vertex,  given  base  and  differ- 
ence of  sides,  or  difference  of 
base  angles,  262. 

of  vertex  of  a  given  triangle 
whoso  two  other  angular  points 
move  on  two  fixed  lines,  213. 


Locua  of  vertex,  given  base  and 
Brocard  angle,  423. 

of  vertex  of  all  right  cones  oat  of 
which  a  given  ellipse  can  be 
cut,  367. 

of  vertex  of  a  triangle  circmn- 
Bcribed  to  one  conic,  two  of 
whose  angular  points  move  on 
another  conic,  486. 

of  vertex  of  triangle  self-conja* 
gate  with  respect  to  one  conic, 
two  of  whose  vertices  lie  on 
another  conic,  627. 

of  vertex  of  a  ciroum.  polygon  of 
a  conic  when  nil  the  other  ver- 
tices move  on  confocal  conies, 
324. 

of  vertex  of  a  rariable  triangle 
whose  sides  pass  through  fixed 
points,  and  whose  base  angles 
move  on  fixed  lines,  376. 
Lucas,  283,  304,  306. 

Haolaiiriii'i  method  of  generatiiig 
conies,  376. 

Malet,  J.  C,  471. 

Malet's  theorem,  317. 

Hannheim,  211,  220. 

Handart,  461,  644. 

Mathesis,  306,  429,  441. 

Mathieu,  68. 

M»Cay,  96,  247,  332,  403,  404,  446, 
447,  469,  625. 

M 'Cay's  extension  of  Feurhaeh^a  theo- 
rem, 329. 

M'CuUagh,  242,  243,  324,  362. 

Minors,  52. 

Modulus,  24,  137. 

Modular  quadrangle, 

Negative,  1,  6. 

Henberg,  28,  29,  60,  90,  91,  93,  94» 
143,  144,  160,  198,  200,  242, 
300,  301,  302,  303,  314,  315, 
360,  361,  363,  367,  398,  400« 
401,  404,  423,  429,  441,  469» 
460,  461,  619,  631,  633,  636, 
637,  638,  639,  640,  643,  644. 

Kenberg  and  €k>b,  468,  469. 

Neuberg  and  Sehoute,  300,  637,  543. 

Hewton's  theorem,  167. 

method  of  generating  oonics,  876. 
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Kewtonian  of  quadrilateral,  91. 
Kine-point  circle,  126,  126,  144,  302, 
434,  435,  444,  446. 
conic,  171. 
Konn,  121,  122,  139. 
Konnal,  184,  214«  262. 
8ub,  184. 

polar  equation  of,  190,  237,  273. 
Nonnali, 

tliree  can   be  drawn  from   any 

point  to  parabola,  184. 
four  can  be  drawn  to  ellipse  or 

hyperbola,  216,  264. 
feet  of,  from  any  point  to  parabola 

lie  on  circle,  185. 
feet  of,  to  ellipse  or  hyperbola  lie 
on  hyperbola,  216,  264. 
K  umber  of  conditions  to  determine  a 
conic,  170. 
of  independent  invariants,  &c.,  of 
two  conies,  617. 


Ordinates,  4. 
Origin,  1,  5. 

change  of,  162. 
Orthocentre, 

co-ordinates  of,  64,  66. 
of  triangle  formed  by  three  tan- 
gents to  a  parabola,  172. 
of  triangle  is  a  point  on  directrix, 

178. 
lies  on  circumscribing  equilateral 

hyperbola,  290. 
join  of  to  centroid,  67,  77. 
Orthogonal 

system  of  circles,  107,  109,  110, 

117,  118. 
conies,  496,  497,  499,  601,  602. 
invariant  of  two  conies,  496. 
projection  of  circle,  206. 
Orthologique  triangles,  60. 
Osculation,  309,  471. 
chord  of,  313. 
four  chords  of  through  any  point 

in  plane  of  conic,  314. 
hyper,  318,  821. 
Osculating  circle,  186,  309,  310. 

circles,  six  of  given  conic  can  be 

described  to  cut  a  given  circle 

orthogonally,  316  ;  and  their 

centres  lie  on  a  conic,  317. 

eonic  of  a  given  ciroumconio,  310. 


Paseal*8  theorem,  146,  328. 

theorem  jyoved    by   projection, 

354. 
theorem,  reciprocal  of,  386. 
Parabok,   154,   167-160,  169,   173- 
200. 
referred   to   any   diameter   and 

tangent,  182. 
axis  of,  168,  169. 
centre  of,  164. 
directrix  of,  164.  ^ 
co-ordinates  of  origin  in,  160. 
everv,   touches  line  at  infinity, 

308. 
is  first  negative  pedal  of  right 

line,  178. 
a  tangential  equation  of,  198. 
parameter  of,  116,  160,  203. 
polar  equation  of,    focus  being 

pole,  189. 
pedal  of,  with  respect  to  focus, 

178. 
subnormal  in  constant,  184. 
Furscr^Sf  220. 
KieperCiy  468. 
Farabolae, 

Artzt't,  441,  483. 
ArtzVa  directrices  of,  442. 
Brocard,  439. 
Pedals,  positive  and  negative,    177, 

221,  266,  416. 
Pedal  and  antipedal  triangles,  296. 
Pedal  and  antipedal  triangles,  area 

of,  297. 
Pencil,  of  conies,  463. 

of  lines  when  harmonic,  69. 
PencDs,  inversely  equal,  288 
Perpendicular,  length  of  from  point 

to  line,  37,  73. 
Perpendiculars  of  triangle  are  con- 
current, 62. 
Perspective, 

triangles  in,  axis  and  centre  of, 

72. 
axis  of,  is  trilinear  polar  of  centre 

of,  130. 
triangles  in  multiple,  82. 
triangle  of  reference    and   that 
formed    by    tangents    tc    oir- 
cumeonio   at  vertices  are  in, 
129. 
Plficker,  640. 
Pohlke,  206. 
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Point, 

director,  399. 

power  of,  37. 

8teimr*t,  133. 

Tttrry*s,  446,  462. 
Points, 

co-ordinates  of  a  few  important, 
64,  66. 
adjoint,  399. 

Brocardf  64. 

complimentary  and  anticompli- 
mentary,  81. 

conjugate,  106. 

cyclic,  76,  88. 

diagonal,  71. 

distance  between  two,  6,  78. 

double,  285,  376,  393. 

double,  found  geometrically,  377. 

haimonic  system  of,  66. 

invariable,  397. 

inverse,  106. 

isobaryc  ^up  of,  86. 

isodynamic,  303. 

limiting,  of  coaxal  system,  116. 

NageVs  and  Oerponne,  96,  133, 
394,  409,  461. 

symmedian,  407,  438,  466. 

twin,  292. 

twin,  are  isogonal  conjugates  of 
inverse  points  with  respect  to 
circle,  293. 

whicb  correspond  to  infinity,  373. 
Polar  co-ordinates,  17. 
Pole  and  polar  trilinear,  68. 
Pole  and  polar  of  circle,  106. 
Poles  and  Polars,  163. 
Pole  normal,  218. 
Polar  reciprocal  of  curve,  228. 

reciprocal  of  one  conic  with  re- 
spect to  another,  480. 
Poneelet,  221,  484,  639. 
Positive,  6. 
Projection,  3,  349. 

orthogonal  of  circle,  206. 

of  a  system  of  concentric  circles, 
361. 

of  a  system  of  coaxal  circles,  362. 

orthogonal,  368. 
Projective  properties,  361. 

rows,  371. 

pencils,  374. 
Ptolemy's    theorem,     extension    of, 
329. 


Purser,    F.B.V.I.,    248,    249,    331, 

367. 
Purser,  F.T.Cl).,  199,  200,  220,  315, 

331,  626,  633. 
Piirser*s  parabola,  220. 

Quadrilateral  complete,  69. 

complete,  each  diagonal  of  divided 

harmonically    by    other    two, 

70. 
harmonically   middle    points    of 

three  diagonals  collinear,  43. 
harmonically  diagonal  points  and 

triangle  of,  69. 
harmonically  Newtonian  of,  91. 
standard,  70. 
Quadrangle    complete  and  standard, 

69.  70. 
pencil  of,  391. 
Qua&tmgles,  metapolar  and  metapole 

of,  392. 
modular,  397. 

Radios  vector,  17. 

of  circle  given  by  general  equa- 
tion, 97. 
of  circle  of  coaxal  system,  115. 
of  curvature,  186,  186,  216,  264, 

313. 
of  curvature  of  conic  at  origin, 
310. 
Radical  axis  and  centre,  116,  117. 
Ratio  of  section,  6i. 
Reciprocal  polars,  984. 

polars,  some  theorems  proved  by, 
386. 
Reciprocation,  centre  of,  386. 

centre  of,  that  polar  reciprocal  of 
a  given  triangle  may  be  similar 
to  another  tnangle,  388. 
Reduction  of  general  equation  of  line 
to  standard  form,  36. 
of  conic  to  centre,  166. 
Relation  between    area   of  triangle, 
lengths  of  its  sides,  and  normal 
co-ordinates  of  any  point  in 
its  plane,  62. 
between  normal  co-ordinates  of 

isogonal  conjugate  points,  63. 
between  normal  and  barycentrie 

co-ordinates  of  a  point,  66. 
between  barycentrio  co-ordinates 
of  isotomio  points,  66. 
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